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FOREWORD

The topic with which I regularly conclude my six-term series of
lectures in Munich is the partial differential equations of physics. We
do not really deal with mathematical physics, but with physical mathe-
matics; not with the mathematical formulation of physical facts, but
with the physical motivation of mathematical methods. The oft-
mentioned “prestabilized harmony” between what is mathematically
interesting and what is physically important is met at each step and
lends an esthetic — I should like to say metaphysical — attraction to
our subject.

The problems to be treated belong mainly to the classical mathe-
matical literature, as shown by their connection with the names of
Laplace, Fourier, Green, Gauss, Riemann, and William Thomson. In
order to show that these methods are adequate to deal with actual
problems, we treat the propagation of radio waves in some detail in
Chapter VI.

Chapter V deals with the general method of eigenfunctions. The
most spectacular domain of application of that method is wave mechanics,
as we show here with the help of some selected, particularly simple
examples. The mathematically rigorous foundation of the existence and
the properties of eigenfunctions with the help of theorems about inte-
gral equations cannot be given here; the latter are mentioned only oceca-
sionally as the counterpart of the corresponding theorems on differential
equations.

Chapter IV on Bessel functions and spherical harmonics is compara-
tively lengthy despite a development that is as concise as possible. For
the sake of brevity we have relegated some proofs to the exercises, as
we have also done in other chapters. A special section is dedicated to the
beautiful method of f"ifciprocai radut and to the demonstration of the fact
that it unfortunately cannot be applied to other than potential problems.

Chapter III deals exclusively with the classic problem of heat con-
duction. In addition to the Fourier method we develop in detail the
intuitive method of reflected images for regions with plane boundaries.
Chapter II deals with the different types of differential equations and
boundary value problems; Green’s theorem and Green’s SJunction are intro-
duced in comsiderable generality.

Chapter I about Fourier series and integrals is based throughout

on the method of least squares. If the latter is complemented by a
requirement which we called “the condition of finality,”” then we can
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Vvl FOREWORD

replace the more formal computations of the older developments in a
complete and generalizable way, not only in the trigonometric ecase but
also for spherical harmoniecs and general eigenfunctions.

As is seen from this survey, the arrangement of the material is
determined not by systematic but by didactic points of view. Chapter I
intends to put the reader in the midst of the methodology of the Fourier
and the Fourier-like expansions. Only in Chapter II do we start to
introduce the concepts from the theory of partial differential equations
that are of the greatest importance for the mathematical physicist.
From a systematic point of view Chapter I1I would be subordinated to
the general methods of Chapter V but it precedes it for historic and
didactic reasons. The lengthiness of Chapter IV may be justified by the
fact that a large part of the material contained in the textbooks on
Bessel functions and spherical harmonics is at least sketched there, and
is put in readiness for application. The formal mathematical part is
interrupted for didactic reasons for both classes of functions by typical
examples of applications.

It is obvious that this material could not be presented completely
i a short summer term. In fact several mathematically more com-
plicated sections have been added in print, some of these in the form of
appendixes. In this connection we wish to mention Appendix II to
Chapter V| which was added only after the completion of the rest of the
manuscript and which is likely to be of fundamental importance for
problems dealing with the intermittent range between short waves and
long waves, that is, for the passage from geometrical optics to wave
optics.

In the preparation of the manuscript I was able to rely on the lecture
notes of R. Schlatterer for 1935, as well as on earljer notes of Professor
J. Meixner. My friend F. Sauter critically perused the entire manu-
script and has also been most generous in giving me his own improved
version on many points. I owe him more than I can point out in the
text. My colleague, J. Lense, examined the manuscript from the
mathematical point of view. Dr. F. Renner collaborated on the last
chapter especially; H. Schmidt advised me on the arrangement of the
material.

ARNOLD SOMMERFELD.

(Publisher’'s note: This is a translation of Sommerfeld’s “Lectures on Theoreti-
cal Physics,” Volume VI. Translations of Volume I entitled, “Mechanics,” and

Volume II entitled, ‘“Mechanics of Deformable Bodies,” are in preparation. In this
text they are referred to as v. I and v. I1.]



EDITORS’ FOREWORD

Thisbook is the first volume in a projected new series of mathematical
books to appear under the title “Pure and Applied Mathematics.’’
The books of the new series will be “advanced’’ in the sense that they
will maintain a standard of scientific maturity. It is not intended,
however, to adhere to any rigid pattern of presentation or degree of
difficulty. Thus there will be a place for textbooks f or first-year graduate
students as well as monographs for research workers and possibly an
occasional treatise. It is the hope of the Editors that these volumes will

find a worthy place in the growing list of excellent scientific works which
have appeared in recent years.

P. A S.
S. E.
New York, 1949.

ERrRATUM

“Eigenvalues” (see pp. 166ff.) should be written as one word. The
two-word form is incorrect
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CHAPTER [

Fourier Series and Integrals

Fourier’s Théorie analytique de la chaleur' is the bible of the
mathematical physicist. It contains not only an exposition of the
trigonometric series and integrals named after Fourier, but the general
boundary value problem is treated in an exemplary fashion for the typical
case of heat conduction.

In mathematical lectures on Fourier series emphasis is usually put
on the concept of arbitrary function, on its continuity properties and its
singularities (accumulation points of an infinity of maxima and minima).
This point of view becomes immaterial in the physical applications.
For, the initial or boundary values of functions considered here, partially
because of the atomistic nature of matter and of interaction, must always
be taken as smoothed mean values, just as the partial differential equa-
tions in which they enter arise from a statistical averaging of much more
complicated elementary laws. Hence we are concerned with relatively
simple idealized functions and with their approximation with “least
possible error.” What is meant by the latter is explained by Gauss in his
“Method of Least Squares.”” We shall see that it opens a simple and
rigorous approach not only to Fourier series but to all other series expan-
sions of mathematical physics in spherical and in cylindrical harmonics,
or generally in eigenfunctions.

§ 1. Fourier Series

Let an arbitrary function f(z) be given in the interval — = < z < 4 2 -
this function may, e.g., be an empirical curve deterrained by sufficiently
many and sufficiently accurate measurements. We want to approximate
it by the sum ol 2n + 1 trigonometric terms

S,(r) = Ag+ Aycosz 4 dyco82z + -+ A, cosnzx

(1) -}—-B]_Sin :1:-—}-32:‘5:111 2x+--'—}—Bﬂ5inn$

! Jean Baptiste Fourier, 1768-1830. His book on the conduction of heat
appeared in 1822 in Paris. Fourier also distinguished himself as an algebraist,
engineer, and writer on the history of Egypt, where he had accompanied Napoleon.

The influence of his book even outside France is illustrated by the following
quotation: “Fourier’s incentive kindled the spark in (the then 16-year-old) William
Thomson as well as in Franz Neumann.” (F. Klein, Vorlesungen tiber die Geschichte
der Mathematik im 19. Jahrhundert, v. I, p. 233.)

1



2 PARTIAL DIFFERENTIAL EQUATIONS §1.2

By what criterion shall we choose the coefficients A, at our disposal?
We shall denote the error term f(x) — S,(z) by €.(z); thus

(2) f(x) = S, (2) + &, ().
Following Gauss we consider the mean square error
¢ 1 "32

(5) .JI :ﬂ I €n III

T 4

and reduce M to a minimum through the choice of the A, By.

To this we further remark that the corresponding measure of the
total error formed with the first power of ¢, would not be suitable, since
arbitrarily large positive and negative errors could then cancel each other
and would not count in the total error. On the other hand the use of
the absolute value |¢,| under the integral sign in place of &2 would be
inconvenient because of its non-analytic character.?

The requirement that (3) be a minimum leads to the equations

M I
. =‘i’_] {{(z) — S, ()} coskzde =0, £2=0,1,2,...,n
o
2 |
— =i @ =S ) sinkade =0, k= 1,2,...,n

These are exactly 2n 4+ 1 equations for the determination of the
2n 4+ 1 unknowns A4,73. A favorable feature here is that each individual
coefficient A or 3 is determined directly and is not connected recursively
with the other 4,13. We owe this to the orthogonality relations that exist
among trigonometric functions:?

(9) fcoskscsinla;dm:—-{),
(5a) coskzcosladx

f . . =0,k 1.
(5b) [sinkzsinlzde

t A completely different approach is taken by the great Russian mathematician
Tchebycheff in the approximation named after him. He considers not the mean but
the maximal |€4| appearing in the interval of integration, and makes this a minimum
through the choice of the coefficients at his disposal.

3 Here and below all integrals are to be taken from — x to + ». In order to
justify the word “orthogonality’” we recall that two vectors u,v which are orthogonal
in Euclidean three dimensional, or for that matter n-dimensional space, satisfy the
condition that their scalar product



§1.7 FOURIER SERIES AND INTEGRALS 3

In order to prove them it is not necessary to write down the
cumbersome addition formulae of trigonometric funections, but to think
rather of their connection with the exponential functions e***¥* and
ef*!®  The integrands of (5a,b) consist then of only four terms of
the form exp {4+ :2(k +1) 2} or exp{t<(k—1) 2}, all of which
vanish upon integration unless | = k. This proves (5a,b). The fact

that (5) is valid even without this restriction follows from the fact that
forl = k it reduces to

1 o o
E_ij(emhz_e 21k$)d$=0

In a similar manner one obtains the values of (5a,b) for! = k>0 (only
the product of exp(ikx) and exp( — zkx) contributes to it): this value
simply becomes equal to 7; for | = k = 0 the value of the integral in

(5a) obviously equals 2r. We therefore can replace (5a,b) by the single
formula which is valid also forl = k>0

(6) %fcuska:coslxd:z:=%fsink:ssinlmdm:cﬁﬂ
with the usual abbreviation

0...1%k
Oy =
1...l=%k>0.

Equation (6) for & = [ is called the normalizing condition. It is to be
augmented for the exceptional case{ = k = 0 by the trivial statement

1
(6a) E,;fdmzl.

If we now substitute (5),(6) and (6a) in (4) then in the integrals

with S, all terms except the k-th vanish, and we obtain directly Fourier’s
representation of coeffictents:

A, =%f{(m)cuskmd.r

1 k>0,
(7) B, = -;I-ff(a‘-) sin k x dx

N
(uv)= Zujv,=0
1

vanish. The integrals appearing in (5) can be considered as sums of this same type
with infinitely many terms. See the remarks in §26 about so-called ‘“Hilbert space.”



4 PARTIAL DIFFERENTIAL EQUATIONS §1.8

Our approximation S, is hereby determined completely. If, e.g.
f(x) were given empirically then the integrations (7) would have to be
carried out numerically or by machine.*

From (7) oneseesdirectly thatforanevenfunction f(— z) = f(+ ),
all I3, vanish, whereas for an odd function, f(— z) =— f(+ z), all 44,
including A,, vanish. Hence the former is approximated by a pure
cosine series, the latter by a pure sine series.

The accuracy of the approximation naturally increases with the
number of constants A,I3 at our disposal, 1.e., with increasing n. Here
the following fortunate fact should be stressed: since the A;,B; for k<n
are independent of n, the previously calculated A;,/3; remain unchanged
by the passage from n to n + 1, and only the coefficients 4, ,,, B, .,
have to be newly calculated. The A;,73;, once found, are firnal.

There is nothing to prevent us from letting n grow indefinitely,
that is, to perform the passage to the limit # — oo . The finite series
considered so far thereby goes over into an infinite Fourier series. The
following two sections will deal with its convergence.

More complicated than the question of convergence is that of the
completeness of the system of functions used here as basis. It is obvious
that if in the Fourier series one of the terms, e.g., the k-th cosine term,
were omitted, then the function f(z) could no longer be described by the
remaining terms with arbitrary accuracy; even in passing to the limit
n — oo afiniteerror A4, cos bz would remain. To take an extremely
simple case, if one attempted to express cos n2 by an incomplete series
of all cosine terms with k< n and k > n, then all A; would vanish be-
cause of orthogonality and the error would turn out to be cos n z itself.
Of course it would not occur to anyone to disturb the regularity of a
system like that of the trigonometric functions by the omission of one
term. But in more general cases such considerations of mathematical
esthetics need not be compelling.

What the mathematicians teach us on this question with their
relation of completeness is in reality no more than is contained in the basis
of the method of least squares. One starts, namely, with the remark
that a system of functions say @g, @1, -+ @& - -+, can be complete
only if for every continuous function f(z) the mean error formed according
to (3) goes {0 zero in the limit n — oo . It is assumed that the system
of ¢ is orthogonal and normalized to 1, that is

(8) ftpk(p,_da:=0, f¢2d$=1,

1 Integrating machines that serve in Fourier analysis are called “harmonic
analyzers.” The most perfect of these is the machine of Bush and Caldwell; it can
be used also for the integration of arbitrary simultaneous differential equations; see
Phys. Rev. 38, 1898 (1931).
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which implies that the expansion coefficients A; are simply
(9) 4, = fj(:r) g () dr.

Let the limits of integration in this and the preceding integrals be @ and b
so that the length of the interval of expansion is b — a. One then forms
according to (3)

. n . n n
b—a)M = [(f — X A, ) e = [fPdz — Q:Akff%dm + > A4

k=0 k=0 k=0
Equation (8) has been used in the last term here. According to (9) the
middle term equals twice the last term except for sign. Hence

Lim (b —a) M = [ f2dz — 5 43

1 —+ O ke=10(

and one requires, as remarked above, that for every continuous function
(10) S A} = [ ffdx.

This is the mathematical formulation of the relation of completeness
which is so strongly emphasized in the literature. It is obvious that it
can hardly be applied as a practical criterion. Also, since it concerns
only the mean error, it says nothing on the question of whether the
function f is really represented everywhere by the Fourier series (see
also §3, p. 135).

In this introductory section we have followed the historical develop-
ment in deducing the finality of the Fourier coefficients from t° ortho-
gonality of the trigonometric functions. In §4 we shall demonstrate, for
the typical case of spherical harmonics, that, conversely, orthogonality
can be deduced quite generally from our requirement of finality. From
our point of view of approximation this seems to be the more natural
approach. In any case it should be stressed at this point that ortho-
gonality and requirement of finalily imply each other and can be replaced
by each other.

Finally, we want to translate our results into a form that is mathe-
matically more perfect and physically more useful. We carry this out
for the case of infinite Fourier series, remarking however, that the
following is valid also for a truncated series — actually the more general
and rigorous case.

We write, replacing the variable of integration in (7) by &:
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f(z) = 5= [ 1(8)dE +
1 1 , .
= kEE-coskz 4= kEdE -sink
H;ff(é’)*?ﬂs Edé& - cos :B—!—Hk;;ff(f)sm EdE-sinkx
= 5. [ 1O + 3 3 [ cosk(z— ) de

= %{f [@de+ 3 ([ 10 e dg + [ 1) _M_adg)} '

k=1

In the last term we can consider the summation for positive k in
exp{—tk(z—¥&)} tobethe summation for the corresponding negative
values of k in exp {+ ¢ k (x — &)}. We therefore replace this term by

T [[@etea = 3 [feere—odg.
k= -1 k=—o00

Then the uncomfortable exceptional position of the term k& = 0 is
removed: it now fits between the positive and negative values of k& and
we obtain

(11) f(z) :2;. +Z' j TGl

Finally, introducing the Fourier coefficients C}, which are compler even
for real f(x):

(12) Hz) = Z‘ C.e%=, (), = f (&) e~ 1R g,

k=—oco

The relations among the C’s and the A’s and /2’s defined by (7), are
given by

T:‘:-'(‘AL_EBE:): k:}O:
Co=1,
00=A04

Our complex representation (12) is obviously simpler than theusual
real representation; it will be of special use to us in the theory of Fourier
integrals.

If we extend our representation, originally intended for the interval
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— A< <+ 7, to the intervals 2z >m and z< - then we obtain
continued periodic repetitions of the branch between —z and -+ x ; in
general they do not constitute the analytic continuation of our original
function f(z). In particular the periodic function, thus obtained will
have discontinuities for the odd multiples of 4 7, unless we happen to

have f(—=) = f(+®). The next section deals with the investigation
of the error arising at such a point.

§ 2. Example of a Discontinuous Function.
Gibbs’ Phenomenon and Non-Uniform Convergence

Let us consider the function NS

+1lfor0<cz<<xm — +1 —

(1) f(z) =

— 1 for —g<a<0.

4’:;

We sketch it in Fig. 1 with its periodic
repetitions completed by the vertical
connecting segments of length 2 at the
points of discontinuity =0, 4=, 3 . o
2w .., whereby it becomes a I Thedun ofsormens
meander line.”  Our function fis odd, gtive [z] <s and its periodic
its Fourier series consists therefore repetition represented by the
solely of sine terms as pointed out in Fourier series.

(1.7). The coefficients can best be calculated from equation (1.12),
which yields

3 0
1 —ik¢ —ik¢
Ck=2ﬂ(fe‘ ds — [e ! dg)
0 —m
(1a) 2
1 e-1km _ 1 1_e+ikn) (_lik_lﬁl_ﬁ"'kodd
=2:rc( ik —ik ]

— il
e l 0...% even

This implies according to (1.13):
4 5 =
Bk::"l_k’ k‘=1,3,3,...
We obtain the following sine series:
(2) f(x)=-:; sinm+%sin3m+%sin5m+---).

One may imagine the upheaval caused by this series when it was first
constructed by Fourier. A discontinuous chain formed through the
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superposition of an infinite sequence of only the simplest continuous
functions! Without exaggeration one may say that this series has con-
tributed greatly to the development of the general concept of real func-
tion. We shall see below that it also served to deepen the concept of
convergence of series.

In order to understand how the series manages to approximate the
discontinuous sequence of steps, we draw® in Fig. 2 the approximating
functions 8;, §;, S; defined by (1.1) together with S = f(z) .

1 . 47 . :
S,=_sinz, Sa=;(sm:c+%sm3w),

4 7/ . 1 . 1 .
S =;(smx—l—§sm3$—|——5-sm5m).

S: has its maximum value
y=4/m = 1.27,

at z = z/2 , and hence rises 279, above the horizontal line ¥ = 1, which
is to be described. S; has a minimum value at the same point and hence

y=—(1—3)=085,

stays 159, below the straight line to be described. In addition S; also
has maxima at %f4 and 3 n/4, which lie 209, above that line.(The reader
is invited to check this!) Sz on the other hand has a maximum of

y=2(1=3+2) =10,

at « = z/2 which is too high by only 109,. A flat minimum on either
side is followed by two steeper maxima situated nearzr = O and z == .
In general the maxima and minima of Szn+1 lie between those of Ssn—1(see
exercise 1.1).

All that has been said here about the stepwise approximation of the
line y=-+1, i1s of course equally valid for its mirror image y=—1.
It too i1s approximated by successive oscillations, so that the approximat-
ing curve S, swings n times above and n -4 1 times below the line seg-
ment which is to be represented. The oscillations in the middle part of
the line segment decrease with increasing »; at the points of discontinuity

®In the lectures at this point abundant use was made of colored chalk. Since

this unfortunately is impossible in print, both S, and the approximation s, which
are the most important for us, are drawn in bolder lines.
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=0, +=m 4 2=z, ..., where there is no systematic decrease of the
maxima, the approximating curves approach the vertical jumps of dis-
continuity. The picture of an approximating curve of very large n
therefore looks the way it has been pictured schematically in Fig. 3.

Ny lnu. *
// | 0 + 7T
\y JAVAVAVYIEE
\U ....... -u‘; * - 1
Fig. 2. The approximations Fig. 3. An approximation S of very

of the chain S, ; the maxima and minima high order for the illustration of
lie at equally spaced values of z, respectively  Gibbs’ phenomenon.
between those of the precedingapproximation.

We now consider more closely the behavior of S,, .,(z) for large n
at one of the jumps, e.g., for z = 0. To this end we rewrite the original
formula for S,,4+, in integral form (an integral usually being easier to
discuss than a sum). This is done in the following steps:

o
4 Ssin(Rk+ 1)z 4 &
Sop41 == : — ' cos (2k -+ 1) & dE
2n+1 n,‘;; 2k 4+ 1 ﬂ"Z‘:of

2 (& o 2k+1)ié
=_I{Zetzk+1ue+ :ZF ( ‘}d&.
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After factoring out exp (4~ 7 &) from the two sums of the last line they
become geometric series in increasing powers of exp (42 ¢ &) which can
be summed in the familiar manner. Therefore, one obtains

x £ -2i(n+1) £

2 {El_e‘ﬂ‘f{n+1]u _1‘.51“‘-’ 2 5

(3) Sont1 =7 f {f gl pepe vy (L
0

By further factorization these two fractions can be brought to the com-
mon form (except for the sign of 7):

(3a) ptind SIN(2+ 1)¢§
sin &

In this way (3) goes over into

b
2 2cos(n+ 1)§ sin(n4-1)5%
(3b) Symi1 =5 [Tt D5 g,
0

Finally for sufficiently small z we can replace sin & in the denominator
by & ; the corresponding simplification in the numerator would not be
permissible since & there is accompanied by the large factor n - 1.
We obtain therefore for (3a), if we introduce the new variable of inte-
gration u and the new argument v,

L2
(4) Szn+1‘—"‘§‘ f Sﬁud“

0

v=2(n+1)x.

From this the following conclusion may be drawn: if for finite n we set
z = 0 then » vanishes and S,,+; = 0. If now we allow n to increase
toward infinity, the relation S,,,, = 0 holds in the limit. Hence

(4a) Lim Lim S,,.,;=0.

n—+0 -0

But if for > 0 we first allow n to approach infinity, then v becomes
infinite, and, according to a fundamental formula that will be treated in
exercise 1.5: S,,4+, =1. If we then allow z to decrease towards zero,
the value S,,+; = 1 holds also for the limit z = 0; hence

(4b) Lim Lim 8,,,, =1.

z=-+0Q0 n-—->0c0

The two limitang processes therefore are not interchangeable. If the function
f(z) to be represented were continuous at the point z = 0, then the order
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of passage to the limit would be immaterial, and in contrast to (4a,b) one
would have

(40) Lim Lim Sgﬂ+1 = Lim Lim 82ﬂ+1 == f('u)

n—-o00 -0 x>0 n-=>o00

This, however, does not
exhaust by any means the
peculiarities contained in equa-
tion (4); in order to develop
them we introduce the fre-

quently tabulated® “integral
sine”’

hd + + l
. sinu 7i 27 3
(9) Si(v) = f — du |
Fd |
Fig. 4. Graphic representation of the
integral sine.

8|

and represent its general form in Fig. 4. It can be described as follows:
for small values of v, where sin u can be set equal to u, we have propor-
tronality with v; for large values of v we have asymptotic approach o =[2 ;
in between we have successively decreasing osctllations with maxima and
minima at v =z, 2z, 3x, ..., as can be seen from (5); the ordinate
of the first and greatest maximum is 1.851 according to the above men-
tioned tables. To the associated abscissa of the Si-curve there corre-
sponds in the original variable z, owing to the relation v = 2(n +4- 1) z,
the infinite sequence of points

7T 7T
(6) o T =5 Tl = sm a0

at which according to (4) the approximations S,,4+1, Sap+3s ... have
the fixed value:

(7) S = 21,851 = 118,

This value, which exceeds y = 1 by 189, is at the same time the upper
lmit of the range of values given by our approximations. Its lower Limit,
8 =—118 isassumed when we approach zero from the negative side
in the sequence of points —z,, — #,4+4, - - - - Each point of the range

* E.g. B. Jahnke-Emde, Funktionentafeln, Teubner, Leipzig, 3d edition, 1938,
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between — 1.18 and + 1.18 can be obtained by a special manner of pass-
ing to the limit; e.g., the points S = 0 and S = 1 are obtained in the
manner described in (4a) and (4b).

This behavior of the approximating functions, in particular the
appearance of an excess over the range of discontinuity = 1, is called
Gibbs’ phenomenon. (Willard Gibbs, 1844 to 1906, was one of America’s
greatest physicists, and simultaneously with Boltzmann, was the founder
of statistical mechanics.) Gibbs’ phenomenon appears wherever a
discontinuity is approximated. One then speaks of the non-uniform
convergence of the approximation process.

We still want to convince ourselves that actually every point between
S = 1.18 and S = — 1.18 can be obtained. if we couple the two passages
to the limit in a suitable fashion. According to (6), this coupling consists
In setting z (n 4+ 1) or, what comes to the same thing, setting z, equal
to the fixed value %/2 . If instead we take the more general value, g,
then from (4) we obtain v = 2¢, and (4) and (5) together yield

2 4.
Sﬂu-i-l — ;S?’ (29):

where Si(2¢) can assume all values between 0 and 1.851 with varying
positive g, as can be seen directly from Fig. 4. Correspondingly for
negative ¢ one obtains all values between 0 and — 1.851. The passages
to the limit that have thus been coupled yield not only the approach of
our approximating function to the discontinuity from — 1 to + 1, but
also an excess beyond it, i.e., Gibbs’ phenomenon.

In addition to these basic statements we want to deduce some formal
mathematical facts from our Fourier representation (2). In particular
we substitute z=x/2 therein and obtain the famous Leibniz series

T

1 1 1
(8) I=1_§+E—T+¢--

This series converges slowly; we obtain more rapidly convergent repre-
sentations for the powers of = if we integrate (2) repeatedly. For the
following refer to Fig. 5 below.
By restricting ourselves to the interval 0 < z < 7, we write
T

. 1 . .
(9) -I=81nx+§-sm3a;+?];-sm5x+...

instead of (2). Integration from 0 to z yields:
(10) 3

1 1(1 cos Hz) 4 .-

He

:c=1--cos:1:+-§§(1——-cns$x) |
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Hence for 7 = /2
: 1 1
Subtracting (10) from (11) we get:
(12) %(%——-:r)=cosm+-§—§c053x+écosf}$+-n
By another integration from 0 to x this becomes
(13) E(‘II——Q‘E)—SEIII+~1~$i113:1'—{—-1—Si115.r-{—-~
B Wwes - 33 53
Hence for 3 = 72 , as an analoguc to the Letbniz scries

(14) .:t"‘ _ 1 1

We integrate (13) once more with respect to z and set = = /2:

- - 2 1
(15) g(nf;—-f)= l—cos:r-i—%(l—(-oﬁ}r) —l-g(l—cos{i:r)—l—---

2 3
(16) NELANNE [ SN SRR

Finally we subtract (15) from (16) and have

(17) o A e & Tl a3

1 < 1 2 - .
s\ 3 ———)=ms:r:—}—g;cros.;,_c—l——gicosax—}—

3

13

The series (11) and (16) range only over the odd numbers. The

series ranging over the even ruiabers are respectively equal to 1/4 and
1/16 of the sums ranging over all integers. If we denote the latter by

Z, and 2, respectively, then we have

: = -1 <4 1
%E '}212:2'2 and 37%3+TGZI=Z"

hence

-4
(18) 22 p— % and Z: — m.
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This value of Z; was needed in the derivation of Stefan’s law of

radiation or Debye's law for the energy content of a fixed body. The
trigonometric series (12), (13), (17) will be useful examples in the follow-
ing scctions.  The higher analogues to the “Leibniz series’ (8) and (14)

as well as those to Z, and Z; will be computed in exercise 1.2.

§ 3. On the Convergence of Fourier Series

We are going to prove the following theorem: If a function f(z),
together with its first n — 1 derivatives is continuous and differentiable
between —z and -~ inclusive, and the n-th derivative, is differenti-
able over the same interval except possibly at a finite number of points
T = z; where 1t may have bounded discontinuities (i.e., finite jumps),
then the coefficients Ay, 3; of its Fourier expansion approach zero at
least as fast as ="~ 1 as k — oo.

The stipulation “inclusive’ in referring to the boundaries of the
interval has here the following meaning: every function which is repre-
sented by a Fourier series is periodic in nature. An adequate picture
of its argument would therefore not be the straight line segment from
—m to =+ &, but a circle closing at £ = 4. It is this fact to which the
continuity of f and its first n — 1 derivatives at the point = +=
refers. This point is in no way distinguished from the interior points

of the interval, just as it is immaterial whether we denote the boundaries

of the interval by —=x, +-# or, eg., by '%, ?43 etc.

For the proof of this theorem it is convenient to use the complex
form (1.12)

+ 00

+ A
(1)  f(z)= X Cret*?, (la) 2zC, =[/(5) e~ ikE g

- 00

From (1a) one obtains through integration by parts
) += 1 + =
(2) 2 0y = — /(@)™ ¢ |+ [ (e *eds.

Here the first term on the right side vanishes because of the postulated
continuity of f; the second term can again be transformed by integration
by parts. After n iterations of the same process one obtains

(3) 2 (k)" Oy = [ f™(&)em *iaE .
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Because of the discontinuities of /™ () at z = z;, this integral has to be
divided into partial integrals between z = 2, and z = 7, ; let the
jumps of f at the points of discontinuity be denoted by A}. Equation
(3) written explicitly then reads:

Tt s1
(3a) 2 (e h)" O = T‘ [ jUE) e TRgE,
i
where the point z = — 7 may be contained among the points z = ay

By one more partial integration (3a) becomes

Ty +1

, o 1 : .
@) 2R Com = A A g 3T [ nr (g gmikige
Zy

Considering the fact that the discontinuities 4} were assumed to be
bounded and that f was assumed to be differentiable between the
points of discontinuity, one sees from (4) that C, vanishes at least to the
same order as £~ "~ ! when one lets 2 —oo. For special relations be-
tween the 47 or for special behavior of f®*+1)(£) the order of vanishing
could become even higher.

This theorem is valid for negative k too. This implies that it is valid
also for the real Fourier cocficients Ay, Iy (k > 0), since according to
(1.13) they are expressible in terms of the C; with positive and negative k.

A special consequence of our theorem is that an analytic function
of period 27 (such a function is continuous and periodic together with
all its derivatives) has Fourier coefficients that decrease faster than any
power of 1/k with increasing k. An example of this would be an arbitrary
polynomial in sin z and cos z. This is represented by a finite Fourier
series with as many terms as required by the degree of the polynomial,
8o that all higher Fourier coefficients are equal to zero. Another example
is given by the elliptic ¢ series, which we shall meet in a heat conduction
problem in §15; its Fourier coefficients C; decrease as fast as ¢~ **;

It further follows from our theorem that the sum X A4% which
appears in the relation of completeness converges like Z%k~2 for every
function f(z) which has a finite number of jumps and which is differen-
tiable everywhere else (case » = 0 of our theorem). An example of
this is given by our function (2.1) where X 4} converges, although
2 A4, diverges. This function also shows that the relation of com-
Pleteness does not insure representability of the function at every
point (this has already been noted on p. 5. Namely, if we sharpen
definition (2.1) by putting f =1 for z>0 and f = — 1 for z < 0,
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then f if not represented by the Fourier series (2.2) at the point z = 0,
for there the series converges to 0.

A further illustration of our theorem is given by the sine and cosine
series which were derived at the end of the last section. The expressions
of the functions which are represented by these series were valid only
for the interval 0 << z << x. We complete these expressions by adjoin-
ing the corresponding expressions for the interval —z << £ << 0 . The
latter are obtained simply from the remark that the cosine series are even
functions of z, and the sine series are odd. The expressions thus ob-
tained are written below inside the { } to the right of the semicolon.
We therefore complete the equations (2.9), (2.12), (2.15), (2.17) as
follows:

(D) {E; —--;—I}=sina:+%sin 3m+%sin Dr — ...

oy 4

(6) {Z("E_ m); ;(;-l— m)}=cosa:+—3%ms 3z h{-% cos Oz +---
(7) {n(ﬂ-’ﬂ—fﬁz); g(ﬂ$+f£2)}=sin :t:—i——:%‘.—,sin 3z —,1--51—3sin dx + -

rfad  ma? | 2\ afat ma? 28 1
(8){3(12 2+3)3'§(12 5 =) =coset geos3a 4o

Here the functions which are represented possess successively stronger
continuity properties: in (5) the function possesses discontinuities at the
points z = 0 and z = 4+, in (6) the function is continuous but the
first derivative is discontinuous, in (7) the function and its first deriva-
tive are continuous but the second derivative is discontinuous; in (8) the
function and its first two derivatives are continuous but the third deriva-
tive is not. The discontinuity arising in each case is the same as that
of the function in (5) and it appears at the same points z = 0 and
* = =7 corresponding to the fact that each succeeding function was
obtained from the previous one by integration.

Figure 5 illustrates this. Its curves 0,1,2,3 represent the left sides
of (5),(6),(7),(8). The discontinuity of the tangent to the curve 1 at
z = 0 strikes the eye; the discontinuity of the curvature of 2 at z = 0
can be deduced from the behavior of the two mirror image parabolas
which meet there. Curve 3 consists of two cubic parabolas, that osculate
with continuous eurvature. The scale, which for convenience has been
chosen differently for the different curves, can be seen by the ordinates
of the maximal values which have been inserted on the right hand side.

The increasing continuity of our curves 0 to 3 has its counter-
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part in the increasing rate of convergence of the Fourier series on
the right sides of eqs. (5) to (8): in (5) we have a decrease of the
coefficients like 1/k, in general, in
accord with our theorem, we have
a decrease with 2™ "!, where n
is the order of the first discon-
tinuous derivative of the repre-
sented function.

The convergence of Fourier
series stands in a marked con-
trast to that of Taylor series.
The former depends only on the
continuity of the function to be
represented and 1its derivatives
on the real axis, the latter de-

pends also on the position of

th . lariti n th lex Fig. 5. Four curves 0,1,2,3, obtalned
1€ singulanties in € complex by successive integration. Increasing con-

domain. (Indeed the singular tinuity at z = 0: 0 discontinuous in the
point nearest the Origin Of expan_ ﬂr[linﬂ.te, 1 1n the tﬂ.ngEnt, 2 in the curva-

ion 1 ture, 3 in the third derivative,
sion in the complex plane deter- ' 3 n the third derivative

mines the radius of convergence of the Taylor series.) Accordingly the
principles of the two expansions are basically different: for Fourier
series we have an oscillaling approach over the entire range of the
interval of representation, for Taylor series we have an osculating
approach at its origin. We shall return to this in §6.

§ 4. Passage to the Fourier Integral

The interval of representation —7% << * <<7m can be changed in
many ways. Not only can it be displaced, as remarked on p. 14, but also

its length can be changed, e.g., to — a < z << 4 a for arbitrary a. This
is done by the substitution

nz
) z =",
which transforms (1.7) into

+a +a
A 1 cos k2 1
(2) B: ’ = ;-'{: f(z) sin " (i'z, A = 7.)*-—- ]ﬂ (Z) dz.

In the more convenient complex way of writing (1.12), one then has

+ oo t—l'z +a — i ke

@  f=23Ce® ,  Cu=gg [[Q)e ° &
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We may obviously consider also the more general interval b < z < ¢,
by substituting

' . 2 e {'—rb
{4) T=nuz->-§, ar.—E;-—b, ﬁ——-:‘rc__b
The formulas (2) then become
i A 2 ¢ , 1 7
() B: — ::55, f(2) 5o kiaz + B)dz, Ag= — ff(z)dz.
b

In this connection we mention some “pure sine and cosine series” that
appear 1n Fourier’s work. One considers a function f(z) which is given
only in the interval 0< z<< 7 say, and which is to be continued to the
negative side in an odd or even manner. For example, one gets for odd
continuation

f(z) = 3 Bysinkz, Bk=§-j’f(x)sinz;xdm,
= 0

See also exercise 1.3.
Starting from (3) we take a to be very large. The sequence of
values

T

then becomes dense, for which reason we shall write @ instead of W),
from now on. For the difference of two consecutive w, we write corre-
spondingly

-

1 dw
(?(D:—, e
a (/1

g 4

L]

If in (3) we replace the symbols 2, ¢ by the previous ones z, & then we
obtain

+a
(6) Co=52 [ 1) emivtag.

For the moment we avoid calling the limits of this integral — co and

- oo
Introducing (6) into the infinite series (3) for f(z), replacing the
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summation by integration, and denoting the limits of integration for the
time being by -+ 02, we get:
+ 0

+a
(7) f(z) = Lim Lim 31— Y7 do j f(&)e TP 4L,

.ﬂ'-:-ma-q-m"n__ﬂ

The order of passage to the limit indicated here is obviously necessary:
if the passage to the limit 2 — oo were carried out first, we would
obtain the completely meaningless integral

“+ oo .
f eta}[.r—f}dm

— 0O

On the other hand f(£) must vanish for & — 400 in order that the
first limit for @ = co have a meaning. We do not have to investigate
how fast f — 0 in order that the other passage to the limit be possible,
since for all suitably formulated physical problems this convergence to 0
will be “sufficiently rapid.”

After this preliminary discussion we shall further abbreviate the more
exact form of (7) by writing:

+ oo + 0o

(8) f(m)=$ j dw j f(E) 2@~ gk,

From this we pass to the real form of the Fourier integral (8) as it is
commonly given in the literature. We sct

=9 — cos w (z — &) + 7 sin w (z — &).

Here the sine is an odd function of @, and hence vanishes on integration
from — co to 4 oco; the cosine, being even in w, yields twice the
integral taken from 0 to oo. We therefore have

4+oco -4 oo

(9) f(z) = = [ doo [ 1(8) cos w (2 — ) dE,
0 - 0O

by which we do not wish to imply that the real form is better or simpler
than our complex form (8). We can write instead of (9):

oo oo

(10) f(x) = bf a(w) cos w z dw + ﬁf b(w) sin w z dw
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where

+ oo + 00
(10a) a(w) = %f}(‘s) cos w & d b (w) =%fj($)sinm§d§.

In particular b (w) must vanish if f(z) is even, a (o) if f(z) is odd.
We then have corresponding to the above “pure cosine or sine series,”’
a ‘“pure cosine or sine integral.” One or the other can be produced
whenever f(z) is given only for z > 0, by continuing f(z) as an even or
odd function to the negative side. We then write explicitly:
for even continuation

oo

(11a) f(z) = fa (w)cos w zdw, a(w)= %j f(§) cosw EdE .
0

0

for odd continuation

(11b) f(2) = [b(w)sinw zdw, b(w) = %fj(f) sin o £ dE.
0 0

The usefulness of this procedure will become apparent to us in some
particular problems of heat conduction below.

We denoted the variable of integration by deliberately. In
general one denotes the frequency in oscillation processes by «w. Let us
therefore, for the time being, think of z as the time coordinate; then in
equation (10) we have the decomposition of an arbitrary process in time,
f(z), into its harmonic components. In the Fourier integral one is con-
cerned with a continuous spectrum, which ranges over all frequencies
from w =0 to w = oo in the Fourier series with a discrete spectrum,
consisting of a fundamental tone plus harmonic overtones. Here the
following fact must be kept in mind: when a physicist determines the
spectrum of a process with a suitable spectral apparatus, he finds only
the amplitude belonging to the frequency w, while the phase of the partial
oscillations remains unknown to him. In our notation the amplitude
corresponds to the quantity

¢ () = Va2 (w) + 8% (w),

the phase, y (), is given by the ratio b/a. The relation between these
various quantities is best given as

(12) ¢ (w) €7 = a (w) + i b (w).

The Fourier integral which describes the process completely uses both
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quantities @ and b, i.e., both amplitude and phase.  The observable
spectrum therefore yields, so to speak, only half the information which 1s
contained in the Fourier integral.

This is noted markedly in the “Fourier analysis of erystals,” which
1s s0 successfully carried out nowadays. Here only the intensities of the
crystal reflexes, i.e., the squares of the amplitudes, can be observed; for a
complete knowledge of the ervstal structure one wonld have to know the
phases too. This defect can only be partially removed by symmetry
considerations.

In exercise 1.4 we shall deal with the spectra of diverse oscillation
processes as examples for the theory of the Fourier integral and at the
same time as completion of the spectral theory.

Once more we return to the complex form of the Fourier integral
and split it into two parts

+ oo + oo
. ‘_1_' 1wz — 1_‘ - Sl I 0 (f ]
13) f(z)= f P (@) 6% dw, g (w) 7 cfa f(2) e x

which together are equivalent to (8). Disregarding the splitting of the
denominator 27 into )2 -)/2x , which was done mainly for reasons

of symmetry, and disregarding the notation of the variable of integra-
tion in the second equation, we have @ () identical with the quantity
@ (w) — tb(w) defined in (10a); it therefore contains information con-
cerning both the amplitude and the phase of the oscillating process f(r).

Moreover (10) shows that the two functions fand @ have a reciprocal
relation: one is determined by the other, whether we regard f as known
and @ as unknown or conversely, and the determination in each ease is
by “integral equations’ of exactly the same character. One says that
one function is the Fourier transform of the other. In (13) we have a
particularly elegant formulation of Fourier's integral theorem.

So far we have spoken only of functions f(r) of one variable. It is
obvious that a function of several variables can be developed into a
Fourier series or integral with respect to any one of the variables. By
developing with respect to z,y,z for example we obtain a triply infinite
Fourier series and sixfold Fourier integrals. We do not wish to write
here the somewhat lengthy formulas since we shall have ample oppor-
tunity to explain them in their applications.

§ 5. Development by Spherical Harmonics

We do not claim that the path we shall pursue is the most convenient
approach to the theory of spherical harmonics; but it proceeds immedi-
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ately from the discussion of §1, needs no preparation from the theory of
differential equations, and leads to interesting points of view on far
reaching generalizations.

We consider the problem: Approximate a function f(z) given in the
interval — 1 <2 # << 4+ 1 by a sequence of polynomials P,, P;, P,. ...
Py,... P, of degrees 0,1, 2,...%, ...n in the manner which is the best
possible from the point of view of the method of least squares. We form an
n-th approximation of the form

n
(1) S, =X 4, P,
k=0

and reduce the mean error
R

) M=3 [ (@) —S8,Pdx
—1

to a minimum through choice of A, just as in (1.3). This leads to the
n + 1 equations:

41
(3) [[f(2)—8,]P,dz=0, k=0,1,... n.
-1

just as in (1.4). This minimal requirement we complete by a require-
ment concerning the amount of calculation that will be needed: the
coefficients A, which are to be calculated from (3) in the n-th approxima-
tion, shall also be valid in the (n + 1)-st and in all subsequent approxima-
tions; they shall represent the final Ay for all k < n, and the finer approx-
imations are to complete their determination by yielding the A, for
k>mn. In §1, p. 4 this finality of the A, resulted from the known
orthogonality of the trigonometric functions. Here, conversely, the
requirement of finality will be seen to imply the orthogonality of the Pj.

The proof is very simple. Equation (3), written explicitly, reads
(we omit in the following the limits of integration & 1):

4) 4o [ P, P,dz+ A4, [ P, P,.da + o+ 4, [P, P dv= [ [(x) P dx.

Since the right side is independent of n and the A; are to be final, this
equation retains its validity for the (n 4 1)-st approximation S, ;,
except that on the left side we add the term

Apy1 [ Poyy Prda

Equation (4) implies that this term must vanish, and since 4, , does
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not vanish (except for special choice of f(x)), the integral must vanish
for all k& for which (4) is valid, i.e., for all £ < n. But this implies that
P, y,1s orthogonal to Py, Py, ... P, for arbitrary n. Ilence, if we take
Py and P, orthogonal to each other, our requircment of finality implies
the general condition of orthogonality

(D) fPﬂPmda;:O, m == n .
Using (5) we obtain from (4)
{6) A, [ Pldx = ff(a;) P (z)dz .

The A; are therefore determined individually if we add a convention
about the normalizing integral on the left side of (6). The most obvious
procedure would be to set it directly equal to 1, and indeed we shall do
this in the general theory of characteristic functions. Here we prefer
to follow historical usage and require instead that

(7) P (L)=1.

This normalizing condition has an advantage in that, as we shall see, all
the coefficients in 72, become rational numbers.

We now pass to the recursive calculation of Py, Py, P,,... from
(6) and (7). P, is a constant, which according to (7), must be set equal
to 1. In the linear function P, = a =z -+ b we see from (5), after setting
n=0and m = 1, that b = 0 and from (7) that a = 1. After setting
P,=qaqa224+ bz 4 ¢ we obtain

szP{,dw=* a +-2¢=0; hence c-:—_%;

wl o w0

fPaPlda:-_-_. b=20; hence b=10;

Therefore P, = a (22— 3) and by (7)

3 3 1
Correspondingly we find
5 3 35 15 3
P3=—_;a:3-—§-a:, P4=FJ‘4_TTET'E’MC'

The P, are therefore completely determined by our two requirements,
the P,, aseven, the P,,, asodd polynomials with rational coefficients.
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More transparent than the recursive process is the following explicit
representation:

(8) P, () =5

We see that P, () as defined by (8) satisfies condition (7) as follows: for
z =1 we have to carry out the n-fold differentiation solely for the
factor (x — 1)", whereby we obtain n!; the factor (2 + 1)" becomes equal
to 2"; equation (8) therefore does imply that P, (1) = 1.

It remains to be proven that (8) satisfies the orthogonality condi-
tion (58), which is equivalent to our “condition of finality.” To this end
we introduce the notation

(9) D, = — (22— 1}

and write the left side of (5) (suppressing the constunt factor which is
immaterial here) as

+1
f D, D, dx,
-1

where we take, say, m > n. We now reduce the order of differentiation
of the second factor D,,,, by integration by parts; this increases the order
of differentiation of D,,. The terms which fall outside the integral sign
will vanish for 2= +1 , since in D,,_,,, according to (9) one
factor 22 — 1 remains. Repeating this process we get

fDn, o Dm, 0 dr = _fDu-l;-],n ’ Dm—],m dr =

(10)
f‘DH+2, n o 'Dm—-:'i, nt de = --- = (— l}uf D:‘!n,u ) Dm—n,mdx'

Here according to (9) D, 1s a constant, namely (2n)! Hence

fDu,u"Dm.m dr = (— 1)" (-)- ”)'I‘D dz

(11) =(—1)"2na)'D,,

+1

— =1, m -1

This vanishes, since the number m — n — 1 of differentiations that still
remain to be carried out is less than the number m of factors £ — 1 and
z + 1 which are to be differentiated. This deduction is valid for
m = n + 1, too, and fails only for m = n. The orthogonality is there-
fore proved for all m = n .
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At the same time the method just used provides a way of caleulating
the normalizing integral of (6):

\ 2

{ P? fza.-:(' 1 ) /'D,._., Dy de.

2k k1

Using the first line of (11) for m = n = &, we obtain

2, (=1 @k ek e
kafZ'-C—- -"—(‘2*;—1—”-2"— ’Dﬂ.l' d.oc = S d-6 . 2}{;3 (1 ..f-’) dr.

The numerical factor in front of the last integral s

1-3

z=._.__

'O ... (2k—1)
2:4-6-...-2k

under the substitution z = cos# the integral itself goes over into the
well known form

- ]
. ‘}'4'6-- 2k 2 ]'
P 2k+1 — - - — Bo—
Jsin?¥ 189 = 2. oo 7. Rk+1) 2k+1 2
0
Therefore, one obtains
2 1
2 3. __ = —_
(12) jP;-d'I"'"zk-f—I k+ 1

Equation (6) then gives
(13) A, = (k4 %, [ [(2) Py(z) dz.

Substituting this in equation (1) of the n-th approximation S, and letting
n =00 we get (assuming convergence and the completeness of the
system of funections £2):

oo +1
(14) fa) = 2k + 1) [ /() Pu(§)de - Py (2).

The two assumptions just mentioned can be justified here, just as in the
case of Fourier series, by consideration of the limiting value of the mean
Square error. The A-th approximating function has k zeros in the interval
of approximation just as before, except that now they are not equally
spaced. The approach to the given function, f, proceeds, here too,
through more and more frequent oscillations. Also, we find Gibbs’
Phenomenon at the points of discontinuity, ete.
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§ 6. Generalizations: Oscillating and Osculating
Approximations. Anharmonic Fourier Analysis.
An Example of Non-Final Determination of Coefficients

The following question suggests itself: Why are the two series differ-
ent, despite the identical nature of the approximation processes? Sinee
we saw that the form of the P°,(r) was completely determined by our
approximation requirements, we might think, e.g., that the pure cosine
series (expansion of an even function) would go over into a series of
spherical harmonies, if in the former we set cos ¢ = = , because then
cos k@ becomes a polynomial of degree & in x just like Pi(x), and the
interval of expansion 0 < ¢ << 7 becomes the interval -1 > z > — 1.
But the individual infinitessmal elements of this interval receive a different
weight g in each case since

dx
dp = — 2%
v V1—a2

Whereas in the Fourier approximation we associate the same weight
with all de, the endpoints z = +1 of the interval in the x scale seem to
be favored since ¢(z) = 1{[/1—--:1:E . At these points the function 1s
better approximated than at the middle of the interval. The opposite is
obviously the case for approximations by spherical harmonies which,
translated to the ¢ -scale, discriminate against the endpoints of the
interval since ¢ (@) = sing. Pictorially speaking, in the case of
Fourier series, one deals with a uniformly iweighted unit semicircle
between @ =0 and s, which, under orthogonal projection on the
diameter between r = — 1 and + 1, yields a non-uniform density; on
the other hand the case of spherical harmonics deals with a uniformly
weighted diameter, which corresponds to a non-uniformly weighted

semicircle.

A, OSCILLATING AND OSCULATING APPROXIMATION

These different distributions of weight g (that is, densities) are the
factors that, in conjunction with the delimitation of the interval of
expansion, distinguish among the different series expansions common in
mathematical physics. Here we only mention the expansions in Hermite-
and Laguerre-polynomials because of their importance for wave me-
chanics. We shall not concern ourselves here with their formal repre-
sentation — they can be obtained from the requiréement of a best possible
calculation of the coefficients satisfying a condition of finality, just as In
the case of spherical harmonics. (See exercise 1.6, where the usual
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normalizations are given; orthogonality would again be the necessary
result of these requirements.) We restrict ourselves here to a tabulation
of the most important characteristics of both polynomial series:

HeErRMITE LAGUERRKE
|
Interval e e e e e e — oo << &< F o0 0<<ar<<oo
\"l}ig'lt y{_?'l - . - . - N . E_ I‘ 'E* *
Orthogonality + 00 0
condition for m¥Fn . . . . f H o H,e = dx=0 fL,, L,e*dr=0
— 00 0
y= Sinx

For these series, just as for
Fourier series and spherical
harmonics, the approach to the
given function, f, is through
closer and closer oscillations.
However, from the calculus we
know a series whose character
1s osculating rather than oscillat-
ing, namely the Taylor series.

Fig. 6. The Taylor expansion of sin z
(heavy line) and its approximations

In the case of Taylor series the 3 ®
consecutive approximations S, S1= 2, Sy==— 317
osculate the curve to be repre- S, = z x? + al

3! bt’

sented in such a way that at a
given point S, has the same derivatives as f up to and including f
The graphic representation of the power series of sin z (Fig. 6) demon-
strates this without further explanation.

Here the total accuracy is concentrated at a single point. Following
Dirac we can express this succinetly as follows: g(z) has degenerated into
a ¢ function. Dirac defines, as an analogue to the algebraic symbol é,,
of (1.6), a highly discontinuous function & (x | Z,)

{m)

Tyt £
0 2+ 2,
(1 6(x[xo)={ N FICESEZE
00 T = z,, J

for arbitrary & For the Taylor series of Fig. 6, where z, has been set
equal to 0, we get

(1a) g (z) = d(=|0).

B. ANHARMONIC FOURIER ANALYSIS

Whereas in §1-3 we considered only Fourier series which proceed
according to harmonic (integral) overtones of a fundamental tone, we
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now consider the problem of expanding an arbitrary function f(z) in the
interval 0 << z <<z into a series of the form

(2) f(z) = BysinA; x + Bysin A,z + Bgsin gz + - - -

where the 4, are given as the roots of a
transcendental equation, e.g.,

(2a) tan An =«

(a being an arbitrary number). We do
this for use in problems of heat conduc-
tion (see §16). The fact that (2a) has
infinitely many roots is seen directly from
Fig. 7 where 4 has been drawn as the
Fig. 7. Diagram of the tran- ghscissa and both tan Az and «2
scendental equation tan Ax = oh (o tinates We  shall meet another

a < 0. In the ordinate both : .. .
y = tan Ar and y = ar have €Quation of character similar to (2a) in

been drawn. The intersections €Xercise I1.1.
yield the roots, Az, of the equa- We first show that the functions
tion. X0 = 0 1s not to be con-  sind, z form an orthogonal system with

sidered as a root; for n — o0 we . . :
et welghting factor = 1, i.e., that
get asymptotically A\, = n — 15, eighting factor g(x) y 1.6y

b 4

(3) fsilll;_.xsin;*.,.'cflx=0...k:l:l. k ¥+ 1.

0
In fact, by passing from the product of sines to the cosines of the sums
and differenecs, we obtain for the left hand of (3)

zk ;1. -~ - tan Ak T tan &I " 4
5 2 COSALTT COSA T — ,
I — A 2 2,

where the expression inside the brackets now vanishes because of (22a).
In the same manner we find for k = I

l\..l o

(3a) fsinﬂlkxdx = (1 — -1 gin AL 7T cosﬂ.k:s).
0

- ﬁ.k:'t

This calculation of (3) and (3a) which is based on special trigonometric
identities, will receive a less formal treatment in §16 where it will be

reduced to an application of Green's theorem.
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From (3) and (3a) one obtains the following value for the expansion
coefficients B; in (1):

2 f(x) sin A, x
(3b) Bk=*£f1— Bmw‘:‘;_:d.r:.

T 2arm

0

This value for By is final in the sense of p. 22. since it is independent of n
and minimizes the mean square error of the approximation

n
S, = B, sin 2, x
gl ke sin 2y

At the same time this settles the question of convergence and complete-
ness, if for n — cothe mean square error approaches zero.

C. AN Exampri oF A No~N-FINaL DETERMINATION Po-ty tra g-a
oF COEFFICIENTS .
M 'u‘:.a
As preparation for an optical (or rather ‘‘quasi- t : ;
optical”’) application, we shall consider 2 much more ‘\\‘ tea S
involved case in which the requirement of finality is P e
not satisfied. Let us consider a metal mirror in the T !
shape of a circular cylinder (see Fig. 8). The electric Fig. 8. Reflection

vector of the total oscillation, which we take as per- of an incoming

endi wing, is composed ~duasioptical”
pendicular to the plane of the drawing, P cauasioptical”

of the incoming wave, represented on the mirror by cylinder mirror of

opening @ = o and
radius r = a,

(4) w=—f(p), —a<¢g<+ « r=a

and of the reflected (refracted, scattered) wave. Let the latter be repre-
sented by:

u = u(r, @), —n<<@p<<-+xn 7<<a,innerfeld,

v = v(r, @), —an<@g<<-+ax, r>a,outerfield.
We then have to demand

()] ut+w=v4w=0 for r=a and |¢p|<ex,
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cu ov

(6) U=v, =z for r=a and |¢|>«,

the former on account of the assumed infinite conduectivity of the metal
mirror, the latter on account of the required continuous passage from the
inner to the outer field.

Assuming w to be symmetric with respect to the axis of the mirror
(as, for example in the case of a plane wave proceeding in that direction),
we write?

wu=30C, g,(r)cosng,
n

(7)
v=23 D h,(r)cosneg.

gn and h, will turn out to be Bessel and Hankel functions, respectively
(see §19); they can be chosen so that

gn-(a} = hn(a) =1

Equation (5) and the first equation (6) then imply

(8) YCocosng=3D,cosng=[flp) |p|<c«
and
(9) SCocosnp=3D, cosneg lp| > «.

respectively. Irom these two equations it follows that
S (C,—D,)cos np =0 forall ¢,
m

hence, whether the preceding summations are extended over all integers n
or only over the first N integers (the more general case), we have

D, = C,.
This satisfies (9) while (8) still requires

(10) X C, cos np=f(p) for || <o

In addition to this we have to satisfy the second equation (6) which on
account of (7) reads:

7 In view of the notations to be used in Chapter IV, it is advisable here to change
the index of summation from k& to n. For the previous n we shall write .V, and instead
of I we shall use m.
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(11) X C,p,cos np=10 for [@| >«
n
_{dg.(r)  dh,(r)
{lla) }'" T {l( I'fr --flf.r r=a

We add the factor a before the parentheses here, as we may by (11), in
order to make ¥, a pure number. Equations (10) and (11) together
determine the C,,.

Here the way is again shown by the method of least squares. We
consider the square errors corresponding to the equations (10) and (11)

x
N "2
/(i(tp) — ‘“ C, cos n tp) dp and / \‘ C, Yn COS R tp) dy.
0 =-

The sum of these two is to be minimized through choice of the C',,. By
differentiation with respeet to the C, this yvields a system of N + 1 linear
equations for C,,...C,,...Cx , of which the (m + 1)-st equation is:

N

If cos n cos medy 4 ¥, Vn f COS N @ COS m:;cd«,r’
19) 11-0

f f(@) cos mo de.

[f we pass to the limit N — oo we ubtaln an infinite system of linear
equations for the infinitely many wurnknowns C,, which are in general of no
interest to us.  We must postpone further treatment of this problem
until appendix [ of Chapter IV, for only there shall we have the necessary

values of the parameters 9,. The corresponding spatial problem, where
we have a spherical segment instead of a circular cylinder segment,
would lead in the limit N—- oo to an infinite system of linear equations,
in which P, (cos $#)would replace cos ng (by # we denote here the angle
measured from the axis of symmetry of the spherical mirror). This
problem too will be treated in appendix I of Chapter I'V. At present we
call atfention only to the difference in method between those problems
in which the method of least squares leads to a definitive calculation of
the individual coefficients C, and those problems in which the “require-
ment of finality” is not satisfied and in which therefore, the totality of the
C, must be determined from the totality of minimality conditions.
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CHAPTER I

Introduction to Partial Differential Equations

§ 7. How the Simplest Partial Differential Equations Arise

The potential equation

(1) du = 0 or (la) Au =— (4m)p

1s known in the theory of gravitation as the expression of the field-action
approach, as opposed to the action-at-a-distance approach of Newton.
The Laplace operator is defined as

7 o2 a*? :
(2) 4 = 7% o +om = div grad.

The same equations (1) and (1a) are fundamental for eloctrostatic and
magnetic fields, (1) in empty space, (1a) in the presence of a source of
density @ the factor4zin (1a) has been put in parentheses since it can
be removed by a proper choice of units.

Equation (1) appears also in the Aydrodynamics of incompressible
and irrotational fluids, » standing for the velocity potential. We also
mention the two-dimensional potential equation

o2u o%u
(3) ox + oy® . 0

as the basis of Riemannian function theory, which we may characterize
as the “field theory” of the analytic functions f (x 4 7).

Equally well known is the wave equation

1 98
c?

s

(4) Au =

¥

It is fundamental in acoustics (¢ = velocity of.sound). It is also funda-
mental in the electrodynamics of variable fields (¢ = velocity of light),
and therefore in optics. In the special theory of relativity one may
write (4) as the four-dimensional potential equation

32
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4
(9) Ou=0 with 0O = :

by introducing the fourth coordinate x5 (or zo) = ict in addition to the
three spatial coordinates z;,72,73. For an oscillating membrane we have
(4) with two spatial dimensions, for an oscillating string we have one
spatial dimension. In the latter case we write

(6) o%u 1 J%u o2 o2u

— e

o928 ~ ot or sometimes (6a) = T 0,

setting, for the time being, ¥y = ¢f (not y = ict). Nelther membrane
nor string has a proper elasticity; the constant ¢ is computed from the
tension imposed from outside and from the density per unit of area or of
length.

In the general theory of elasticity one has, as a special case, the
differential equation for the transverse vibrations of a thin disc

1 & &t ot ¢t .

for reasons of dimensionality ¢ here does not stand for the velocity of
sound in the elastic material, as it does in acoustics, but is computed
from the elasticity, density, and thickness of the disc. Analogously, the
differential equation of an oscillating elastic rod is

dtu 1 %u
(8) ozt cz o

This will be derived in exercise I11.1, where the resulting characteristic
frequencies will be compared with the acoustic frequencies of open and
of covered pipes.

As a third type we add to the differential equations of states of
equilibrium ((1) to (3)), and of oscillating processes ((4) to (8)), those of
equalization processes. As their chief representative we shall here con-
sider heat conduction (equalization of energy differences). We remark,
however, that diffusion (equalization of differences of material densities),
fluid friction (equalization of impulse differences), and pure electric con-
duction (equalization of differences of potential), follow the same pat-
tern.

Let G be a vector of the magnitude and direction of the heat flow
and let the initial point P be surrounded by an element of volume dz.
Then div G dz is the outflow of heat energy from dr per unit of time.
A decrease per unit of time in the amount of heat in dz, which we
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shall denote by —aQ 7 d¢, corresponds to this. We then have

: d
(9) dedr:——E?.
Our heat conductor is here considered to be a rigid body so that we can
neglect expansion; heat content is then the same as energy content.
Now every Increase dQ) 1n heat causes an increase in the temperature of
dz, every decrease — d@Q in heat causes a decrease in temperature. De-

noting the temperature by u, we have
(10) dQ = c dm du, dm = pdr.
¢ being the specific heat (for a rigid body we need not distinguish between

¢, and ¢,). The factor dm is due to the fact that ¢ is related to the unit of

mass.
From (9) and (10) we get

(11) divG=—c9?,

We now apply Fourier’s law, which determines the relation between
G and u. It states that for an isotropic medium

(12) G =

» grad u:

the flow of heat is tn the direction of decreasing temperature and is propor-
tional to the rate of this decrease. The factor of proportionality 2 is called
the heat conductivity.

Introducing (12) in (11) we get the differential equation of heat
conduction

QR

1
(13) du = 22, ko —

. 4
c_‘g .
k is called the temperature conductivity.

Fourier’s law was adapted to the case of diffusion by the physiologist
Fick. Here u stands for the concentration of dissolved matter in the
solvent, G for the material flow of the dissolved matter, and & for the
diffusion coefficient. In the case of inner friction of an incompressible
fluid, k¥ stands for the kinematic viscosity, and (13) is the Navier-Stokes
equation for laminar flow (i.e., flow in a fixed direction). Owing to the
tensor character of this process equation (12) has no general validity
here. The analogue of Fourier’s law in the electric case is Ohm’s law. Here
u stands for the potential, G for the specific electric current (the current
per unit of area of the conductor), and % for the specific resistance of the
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conductor. Equation (13) is of the type of NMaxwell's equations in the
case of pure Ohm conduction.

Schrédinger’s equation of wave mechanies belongs formally to the
same scheme, in particular in the force-free case, to which we restrict
ourselves here:

(14) 2m éu | A = Planck’s constant divided by 2«
' m = mass of the particle.

However, owing to the fact that the real constant, k, of (13) is replaced
here.by the imaginary constant { %/2m, equation (14) describes an oscil-
lation rather than an equalization process. We see this in the passage to
the case of periodicity in time, if we set .

(14a) w=1ype v, w = % , W = energy of the state.
Then (14) becomes
2 m

This is the same form as we would obtain from the wave equation (4)
if we set w = - exp (—iwt) and let C = w¥/c*

The so-called case of linear heat conduction, with the thermal state
depending on only one variable z, will be treated in detail in the follow-
ing chapter. In order to compare its differential equation with (3) and
(6a), we write it in the form:

o2u cu I
(16) Cu_Z_0, y=kt.

Looking back on this sketchy survey one notices a family resem-
blance among the differential equations of physics. This stems from the
invariance under rotation and translation, which must be demanded for the
case of isotropic and homogeneous media. The differential operator of
second order implied by this invariance is just the Laplace 4. In the
case of space-time invariance of relativity this is replaced by the corre-
sponding four-dimensional [J of (15). For the case of an anisotropic
medium, A must be replaced by a sum of all second derivatives with
factors determined from the crystal constants. For the case of an
inhomogeneous medium these factors will also be functions of position.
We shall deal with such generalized differential expressions in the be-
ginning of the next section.

The fact that we are dealing throughout with partial differential
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equations 1s due to the field-action approach, which is the basis of present
day physics, according to which only neighboring elements of space can
influence each other.

§ 8. Elliptic, Hyperbolic and Parabolic Type. Theory of
Characteristics

We restrict ourselves to the case of two independent wvariables,
r and y. The most general form of a linear partial differential equation of
second order is then:

4 C%u o%u ~ O*u ou u .
() L=A5z+2By 3 +Coi+ D+ Ey +Fu=0.
A,B, ... ,F being given functions of z and y having sufficiently many

derivatives. For the present we may even consider the far more general
equation:

o*u otu o*u ou oOu
(2) AL +2B o + 0 = (u, 32,5, 2, 9),

where @ need not be linear in u, du/dx, du/dy.

We now investigate the conditions for the solvability of the following
problem, which 1s put first in the mathematical theory of partial differ-
ential equations, although in the physical applications it is of secondary
importance compared to certain boundary value problems considered
later.

Let I' be a given curve in the zy-plane along which both u and the
derivative du/dn of u in the direction of the normal are prescribed. Does
a solution of (2) that satisfies these initial conditions exist?

Preliminary remark: If u is given on I’ then so is du/@ds; but from
du/ds and du/dn one can calculate du/dx and du/dy. Therefore both
u and 1ts first derivatives are known on I".

We introduce the following abbreviations, which are common 1n
the theory of surfaces:

__ou _ou
p-gz' q__ay’
r__ail 0% ___331&

a7 S T izay LT o
Written in terms of r,s,i equation (2) reads:

(3) Ar4+2Bs+ Ct=d.
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Furthermore the following relations are valid in general, and therefore
hold on I

(3a) dp = rdx + sdy,

(3b) dg = sdx + tdy.

Now, since p und g are known on 17, equations (3) and (3a,b) constitute

three linear equations for the determination of r,s,t on the curve. The
determinant of this system is

A 2B C |
A=|dz dy 0 |= Ady>*— 2 Bdady+ Cdz®.
0 dx dy

Only when this determinant 4 is different fromn zero can r,s,t be calcu-
lated from (3), (3a), and (3b). However, in general, two directions,
dy:dz, exist for every point (z,y), for which this is not the case. There-
fore two (real or conjugate complex) families of curves exist on which
4 = 0, and which, according to Monge, are called characteristics.! They
are the dotted lines of Fig. 9. Along each

of these characteristics it is in general im- y}  Wxy)-const.

possible to solve for r,s,t in terms of u,p,q. / .-" s~ T

We shall therefore demand as a necessary D

condition for the solvability of our prob- o). '*""}Gﬂfx-)’)’m"sﬁ
lem, that I' shall be nowhere tangent to a AR

characteristic.  The opposite case, in —
which I' coincides with one of the charac-
teristics, will be discussed in §9A in con- g 9 The curve I7 slong which

nection with D’Alembert’s solution. uw and du/gn are given, and the two

When the condition A == 0 is satis- families of characteristies £ = ¢(z,y)
fied, a solution of the differential equation ~ const.and 7 = y(z,y) = const.
in the neighborhood of I' must exist. Then the higher derivatives
can be calculated in exactly the same way as the second derivatives.
Let us consider, say, the third derivatives:

__aau o — P Pu = 8 4 ‘—'ﬁfﬁ
T 923 sz“axfay_”’ £ oxoy*

v S 33{3 .
Diﬁerentia.ting (3) and (3a,b) with respect to z, we get:
Ar,+2Bs,+ Ct, =D, + -+
r,dz + s, dy = dr,
8,4z 4 t,dy = ds.

Te

! A geometrically intuitive introduction of characteristics is gi.ven. e.g., by
B. Baule in v. VI (Partielle Differentialgleichungen) of his Mathematik des Natur-
forschers und Ingenieurs, Hirzel, Leipzig 1944.
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On the right . . . represents terms that contain no third derivatives, and
therefore contain only known quantities. The determinant of this sys-
tem is again 4. The same holds for equations obtained by differentiation
with respect to y. Our condition is therefore sufficient for the computa-
bility of the third and all higher derivatives. Therefore u can be ex-
panded in a Taylor series at every point of I" and the coefficients are
uniquely determined by the boundary conditions on I
We now turn to the discussion of the equation of characteristics

(4) Ady—2 Bdzdy + Cdz? =0,

where we restrict ourselves to an arbitrarily chosen neighborhood in the
ry-plane,? and distinguish between the following cases:

1) AC— B2 >0 elliptic type in which the characteristics are
conjugate complex.

2) AC— B? < 0 hyperbolic type in which the characteristics
form two distinct families.

3) AC— B?>=0  parabolic type in which only one real family of

characteristics exists.

Each of the three types can be brought into a special normal form in
which the equations of the characteristics are utilized for the introduc-
tion of new coordinates. Let these equations be

(4a) @ (2, y) = const. and g (z, y) = const.
respectively. Then through the transformation
(5) §+in=e(z ), E—in=y(zy)
one obtains the normal form for the elliptic type,
otu *u ou ou

(5&) 236_1+W=X(ﬂ:%1%$£:n)1
through the transformation
(6) =g (z.y), n=v(zY)
one obtains the normal form for the hyperbolic type,

o ou du _
(63) a&-aq=x(ul'a_ei -3-;1! E! 7})!

* When A,B,C depend on z,y, then the equation may obviously be of different
types for difierent neighborhoods of the ry-plane.
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and through

E=px,y)=yp(x,¥%), n==2

one obtains the normal form for the parabolic type,

L

(7a) ciu X ('u, ou gu £ ?})_

3”3 - ’ E'E- ’ é,,” s

Before proving this, we compare the above forms (5a), (6a) and (7a)
with the equations (7.3), (7.6a), and (7.16), i.e., with the two-dimensional
potential equation, the equation of the vibrating string, and the equation
of linear heat conduction. We observe that the left hand sides of (5a)
and (7.3) coincide except for the letters used to denote the independent
variables. The analogous relation holds between (7a) and (7.16). In
(6a2) we only have to perform the simple transformation

®) E=5 & +n),  m=gE—n)
with the inverse
(82) E=E+n, =E—n

we obtain

o’u o%u C*u

é‘ga - JE'2 on’®’
which establishes the essential equality of the left hand sides of (6a) and
(7.6a). Hence the two-dimensional potential equation, the equation of the
wibrating string and the equation of linear heat conduction are the simplest
examples of the elliptic, the hyperbolic, and of the parabolic types, re-
spectively.

Starting with the treatment of the hyperbolic case, we first show that

(6a) is obtained from the initial equation (2) through the transformation
(6). From (6) we obtain for the first derivatives

ou cu cu ou _.Ef_if E:_u
a=a‘$_¢x+'§;}.w:? aTy-—EIEq}F—{_ar}wu

where the subscripts again denote differentiation. From this we obtain
for the second derivatives

Pu __ Fu &2u #u o
Tz’=é§?ﬁ = 23531?9‘?:1}): +aa-;]-§1px +,,_
_PPu o? o*u 2u
ox oy =é—£1:97x97u + 5‘5_3_” (??:?’u -—{-q:;#y)m) -+ 3??-’31}!1, -+ -
u o' o Sy 2 |

@'i—',ﬂ:iq’y +2353,19va# +§,va LA
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where the three dots stand for terms containing only first derivatives.
Multiplying the last three equations by A, 2B and C, respectively, and
adding, we obtain for the left side of (2):

B2y
sz (A49;+ 2 Bo,g, + Cop)
cu

(9) + 2 9 a7 (Ae. . + Bl v, + 9, %) + Co,v,)

+g-:~§(‘4wi+ 2By y,+ Cyp)+ -+

But here the coefficients of d%u/d¢* and d°u/d%* vanish, since for the
family of characteristics ¢ = const. we have

Q’mdm_}_?:#dy:()!

Hence on introducing the ratio dz:dy into (4) we get
(10) Ag:+2Be.p,+ Coy=0.

The derivatives of » must satisfy the same equation. Hence (9) indeed
reduces to the hyperbolic normal form (6a) if we transfer the coefficient
of 9%u/3£0n in (9) to the other side of the equation.

Since in the parabolic case we have n = z, we must substitute in (9)

(11) p(x,y) =z, and hence yp, =1, y,=0,

whereas (10) still holds for ¢; ¢,. The first term in (9) therefore
vanishes. Owing to (11) the coefficient of the second term reduces to
Ae, + By, which also vanishes since A C — B? = 0 makes the left
side of (10) a perfect square, so that (10) can be rewritten as (A ¢, +
Be,)*/A = 0. Considering (9) and (11) the third term finally becomes
simply

o0%u

a_’;iz

which is the parabolic normal form (7a).

The elliptic case need not be treated separately. It can be reduced
to the hyperbolic case by a transformation analogous to (8a):

A

EF=E+in, n=&—in.

§9. Differences Among Hyperbolic, Elliptic, and
Parabolic Differential Equations. The Analytic Character
of Their Solutions

The problem of integration, which is illustrated in Fig. 9, is ap;.)lie_d
in physics only to the case of hyperbolic differential equations; for elliptic
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differential equations it is replaced by an entirely different kind of
problem, the boundary valuwe problem. For the time being, we shall dis-
cuss this profound difference only sketchily and refer the reader to the
following sections for a more precise treatment.

A. HryprerBorLic DIFFERENTIAL EQUATIONS

As the simplest example we use the equation of the vibrating string,
which, written in its normal form, is

2
(1) 32;;:0, E=z+4+vy, n=zxz—y, y=ct.

Here the characteristics are the lines £ = const., » = const., which in

Fig. 10 are drawn at 45° angles with the z- and y-axes. The general
solution of (1) is the sum of a function of £ and a function of »:

(2) u = Fy (&) + Fy(n).

Because of the meaning of £ and 7 this is d’Alembert’s solution (see V. IT,
§13). For the sake of simplicity, let us consider u as being given on
segments AB and AD of two of the characteristics. This determines u
in the entire rectangle ABCD. We could calculate the value of » at P
by passing in the directions of the characteristics to P, and P, and
substituting into (2) the values F,(£), F,(n) which are given at these
points. The values along two inlersecting characteristics delermine the
Junction everywhere. For example, any discontinuities of the given functions
on the characteristics wowld be continued into the interior of ABCD. Thus
the solution need not be an analytic function® of z and y over its domain
of definition.

In physics one is given the values of » and of du/dy along a segment
of length ! on the z-axis (I = length of string):

u = u(x, 0) and —gi;=—1—a—u-=v(m,0).
This segment corresponds to the curve I” of Fig. 9, on which, too, u and
dufon were given, and it satisfies the requirement of not being tangent
to any characteristic.

In order to apply the conclusions drawn from (2) to our present
problem, we have to calculate F, and F; from our given u(z,0), v(z,0).
This is done with the help of the following equations, which are immedi-
ate consequences of (2):

? A function of two real variables z.y is called analytic in a certain domain, if in
some neighborhood of each point (ro.y) of this domain it can be represented as a
power series in z — xoand ¥y — Yo.
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H(I: 0) - Fl(z) + F2($)l Fl(a:) — %{u(:r:,()) + f ’tJ(x, 0) d&'}},
v(z,0) = Fy(z) — Fy(z). Fy@) = + {u(z,0) — [ v(z, 0) da},

We conclude: the given initial values, together with any possible discon-
tinuities, are continued along the characteristics. The solution, u(z,y) is In
general not an analytic function of r and y. It is determined only within
the rectangle of characteristics determined by the length of string I as shown
in Fig. 10.

However, from a physical point of

yA ' view, tht{f f_sqlut.i?n musjt. be determined
: \B< ! frox'n tﬁhe 'Jmtlal time on, Le., f_cn.* all y > 0.
S, f% | This indicates that, in addition to the
,J‘:,"V' ";p\t’?’b’, initial values, certain boundary values

=X must be prescribed at the ends of the

string. These are the stringing conditions

u =0 for x =0and x =1 Just as for

all z such that 0 < z < I two values (u

‘and du/dy) had to be given,so for all y >0,

Fig. 10. The vibrating string of fwo values are given. This 1s due to the

length ! and the square of charac- fact that our differential equation is of

:,’;?:tmg’ determined by its end second order in both wvariables z,y and

the only difference is that both values

along the z-axis are given at the same point (z,0) whereas the values along

the y-direction are given at the different points (0,y) and (1,y). The only

exceptions to this rule of two necessary boundary conditions are the

characteristics on which, as we saw above, one value (F, or F2) is sufficient.

We shall show in §11 that these results, which we have established

for the case of the vibrating string, can be extended to all cases of hyper-
bolic type.

B
o
'
A
/00,
¥

\ -
D.'
!

B. Evvipric DIFFERENTIAL EQUATIONS

Here the characieristics are imaginary and therefore have no direct
bearing on the problems we are going to treat. These problems do not
deal with an are I', as in Fig. 9, but rather with a closed region S of the
real zy-plane. On the boundary of S, u or du/dn (or a linear combination
of u and du/dn) will be given but not both v and du/dn as in the hyper-
bolic case. Discontinuities of the boundary values are not continued 1nto
the interior of S, but only into the imaginary domain, and the function
u is analytic everywhere in the interior of S.

These are known theorems from the theory of functions (two-
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dimensional potential theory). Their proof for arbitrary linear elliptic
differential equations will be given in the following section.

The analogue to d'Alembert’s solution (2) is given in potential theory
by

w = fo(z 1 y) + falz—1 y),

. L N -
where, in order that u be real, we must set f, = f,, 1.e., fa conjugate! to f;
We may also write:

(3) u = Re[/(z)].

where f is an arbitrary analytic function of the complex variable
z = x 4+ 1y. However, this general solution of the equation 4% = 0 does
not help ys (at least not directly) in the general solution of our boundary
value problem.

C'. ParaBoLic DIFFERENTIAL EQUATIONS

Here the two families of characteristics have degenerated into one.
In the special case of the normal form of the equation of linear heat con-
duction this is the family of lines parallel to the zr-axis. Only one
boundary condition should be given on these characteristics just as in
the case of hyperbolic differential equations (see p. 42). We can also
see this directly from (7.16): here dufdyis determined uniquely if u is
given as a function of z for some fixed y. From physical considerations
one sees this in the following manner: the thermal behavior of a rod of
length [ is determined once and for all as soon as its initial temperature is
given together with conditions for the ends of the rod (the Jateral surface
of the rod must be considered adiabatically closed, if heat is to flow only
in the z-direction).

We shall see in §12, that the temperature distribution of the rod
becomes an analytic function of x and y for arbitrary — even discon-
tinuous — initial temperature. To this extent, therefore, the parabolic
type resembles the elliptic type. However, the problem is not relative
to a bounded region, but rather, as in the hyperbolic case, relative to a
strip, i.e., a region which is infinite in one direction. The parabolic type,
therefore, occupies a middle position between the elliptic and the hyper-
bolic types.

‘We use the notation f* instead of f, which is more common in mathematical
literature, since we want to reserve the use of the bar for mean values in time. Re
and Im stand for the real and imaginary part respectively.
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§10. Green’s Theorem and Green’s Function for Linear, and, in
Particular, for Elliptic Differential Equations

In (8.1) we had the general form of a linear differential equation of
second order. In order to retain a common expression for the three types,
we shall not transform this system into its canonical form for the time
being.

A. DEFINITION OF THE ADJOINT DIFFERENTIAL [KXPRESSION

We now have to introduce the seemingly rather formal concept of
the differential form M (v) which is adjoint to L(u). It is defined by the
requirement that the expression v L (u) — u M (v) be generally wnlegrable
or as we may put it, that it be a kind of a-vergence.

We demand, namely

o0X cY
(1) UL(‘H)"T'H JM(’U) - Pz BF'
The problem is to determine M and X,Y as functions of v and of %,
respectively.®
We shall use the following identities:

o*u c*Av 0 ou dAv
9 = —
() v4 5z " ax? ox (Av&a: Yoz )’ T
0%u 7*Bv 0 ou 7 oBv
(2a) ”Baxay “axay_éz(”Bay) E‘y( "é?)_
ou 7 d
(3) Do uaz(—Dﬂ)=a—z(Duv),...

Here the three dots (. . .) indicate the fact that (2) and (3) remain valid
if we replace z by ¥ and A,D by C,E respectively, and that on the right
side of (2a) we may use the symmetric expression obtained by inter-
changing z and y. From this we get:

0*Av | By 02Cv oDv oEv
(4) M (w) ox oy + oy? ox oy

X =A(oF—ui)+ BOG—uy) + (25 —F)u»
() Y — B ou ov du v oB aoC
= (vam uax—l-(}'(vay uay)-{-(E-—-a—;—-ay)ﬂ%

+ Fe,

§ The operation of divergence is properly defined only for a vecior. Since, as
equation (5) will show, X and Y are not vector components, we speak of “a kind of
divergence.” _

Obviously X and Y are determined only up to quantities Xo,Y o, whose divergence
vanishes. We can therefore change the terms in (5): we may add —a®/ay to X and

+ a®/ox to Y, where @is an arbitrary function of z,y as well as of «,v.



We see that the relati
_ ation betwee M is recipr _ : o
differential form to M (w). n L and M is reciprocal: L(v) is the adjoint

0 . - . - .
ntial ifa:tmylm Jmpoxt‘ance for mathematical physies are those differ-
By o l;:SSlOI;S fo.r which L(w) = M(w). They are called self-adjoint,
paring (4) with (8.1) we get the condition of self-adjointness

(6 04 B
) E‘l‘é‘gf":Dr o —=F.

B. GREEN’S THEOREM F
OR AN ELLiPTIC DIFFERENTIAL EQUATION
IN ITS NORMAL FORM

W 4 1 : .
and intz I;D‘:: consider a region S with boundary curve C in the zy-plane
grate (1) over S. We denote the element of area of S by do, and

the line ele . )
(see Fig. llTent of C by ds; let the orientation be counter-clockwise

Applying Gauss’ theorem® we get
(o L (w)—u M _ [[8X | @Y
é/ (u) —u (v)]da_!(ax - 22 do

=/{X cos(n, z) + ¥ cos(n, y)}ds.
s,

(7)

This is

three t;h: generaz. formulation of Green’s theorem which is valid for all

of the ezzp: > SEttfng A =C =1, B =0, we specialize 1t to the case
wptic type in normal form. We then have:

!fﬂL(u)—uM(w)]da =¢/(v%—u%)ds

(7a)
—Jf—j{D cos (n, z) + E cos(n, y)juvds.

Fig. 11. Ilustrating Green’s theorem for
an elliptic differential equation. The inte-
gration with respect to do is extended over
the domain S between the boundary curve
C and the circle K of radius g, which contains
the unit source at Q.

' 1t
states, when applied to a two-dimensional vector A with components XY,

that
fdi?&dﬂ'== fhnd,.




10 PARTIAL DIFFERENTIAL EQUATIONS § 10. 7b

This is a generalization of Green’s theorem of potential theory

/(vdu—ué]v)da:/( 3: )d

which is obtained from (7a) by setting D = E = 0. (The fact that in
potential theory also ' = 0 is of no importance here.)

We shall meet another form of Green’s theorem in exercise 112.

If, in the interior of S, u and v satisfy the equations

then the left hand sides of the equations (7), (7a) vanish. These equa-
tions, therefore, become

(7 b) 0 =f{X cos (n, ) + Y cos(n, y)} ds
c

(7¢) 0=f(vzz uzi)ds—l— f{DCDS(ﬂ, :B)—]—-Ecos(n,y)}uvds.
C C

However, this holds only if # and v and the derivatives which appear here
are conlinuous throughout S. If » has a discontinuity at the point
Q = ( &, 7n), then it must be excluded from the domain of integration,
just as in all applications of Green’s theorem. We therefore surround @
by a curve K, which we choose to be a circle of arbitrarily small radius py.
The integration in (7b,c) must then be taken over both boundaries
K and C:

f...ds—l—f...ds=0,

o

K

where the orientation is opposite on the two curves and the direction n
is to the exterior of S.
If for K we use (7¢) and for C we use (7b) we get:

[(vx uﬁz) ds + f U {D cos (n, z) -+ K cos(n, y)} ds
K K

8
©) =———f{Xcos(n, z) + Y cos(n, y)}ds.
c

or, written in terms of coordinates:

f dr.r—f[.x cos(n, ) + ¥ cos(n, y)]ds.

We apply this formally in (7) to our ‘‘pseudovector” X,Y.
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C. DEerFINITION OF A UNIT SOURCE AND OF THE PRINCIPAL SOLUTION

We shall assume that the discontinuity of » at Q consists of a “unat
source.”” By this we mean the following: the yield ¢ of a source @ is
defined as the outward gradient of its field ». If we denote the distance
from Q by p, we have

(9) g = %ds
K

where K has the same meaning as before. Assuming that in the immedi-
ate neighborhood of the source v depends only on g, we get

+ 2
(9a) = qgfzgdrp=25zgj—::.
G —n
A unit source is therefore given by:
(9b) % = z—iﬁé ? v = 2.1—:: log o 4 const for o — 0.
For arbitrary p we write:
(10) v=Ulogp+ V, 0 = ]/(2: — &) + (?f_‘-‘ n)%,

where U and V are analytic functions of z,¥ and &, n such that U becomes
1/23: for (:I, y)"*(«f, 7?).

A function of this kind we call a principal solution of the differential
equation M(») = 0. In the same way we shall speak of a principal solu-
tion of the adjoint equation L(u) = 0. Since the latter also corresponds
to a unit source it will have the same form (10), although in general
U and V will be different functions. Here too we can assume U and V
to be analytic as long as the coefficients D,E,F 1n the differential equa-
tion are analytic. In the case of the potential equation du = 0 our
principal solution corresponds essentially to the logarithmic potential,
where we have for all p

(10a) v = 'él:': log ¢.

D. THE ANALYTIC CHARACTER OF THE SOLUTION OF AN ELLIPTIC
DIFFERENTIAL IEQUATION

We return now to equation (8). Substituting (10) in (8), we see
that only the term with
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ov ov U 1
m T T T T e T T T Eme T

contributes to the integral over K, while all the other terms on the left
side of (8) have zeros of the same order as glog ¢ or of higher order. Since
% is continuous at @ and the perimeter of K is 27 gy, we obtain for the
left side of (8):

ov Ug
U ds = 2ﬂgﬂfds = Ug;
K K

and equation (8) becomes

(11) Ug = -—-éf {X cos (n, z) 4+ Y cos (n, y)} ds.

The most interesting aspect of this formula is its dependence upon &, »
which is brought about by the terms v, du/dz, dv/dy that enter in
X and Y and are given analytically by (10). When @ lies in the 2nferior
of S (not on the boundary), then log g is a regular analytic function, since
the point P = (z,y) in the integration is restricted to the boundary curve
C and does not coincide with Q. Therefore ug= u(&, 5) 1is an analytic
function of &9 1n the interior of S. This holds whether or not the boundary
values u, du/dr, du/dy are analytic; in any case the dependence of the
integrand on z,y disappears upon integration with respect to ds. Even
discontinuities of the boundary values are averaged out. Discontinuilies
on the boundary are not continued into the intertor of S. (The charac-
teristics are imaginary.) This proves the assertion of §9B.

For a self-adjoint differential equation in its normal form we have,
according to (6), D = E = 0. Using the form (7¢) of the line integral
we get from (11)

(11a) Ug =¢[(u 2: vz) ds.

Using expression (10a) for », we get for the special case of the
potential equation:

1 d 1 a
(11b) ug=u(t,n) =5= [(v25Ee—logoZ)ds.
o)
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E. THE PRINCIPAL SOLUTION FOR AN ARBITRARY N UMBER
OF DIMENSIONS

We restrict ourselves here to the case of the potential equation.
The three-dimensional analogue of (9b) is
dv 1

1 .
gT,.=4ﬂr2’ ’U:-—-m‘{‘ COl’lbt.

(r = distance from the source at Q, 4 ¥2 = surface area of the sphere.)
This is essentially” the so-called ‘“Newtonian potential.”

In the four-dimensional case we have equation (7.5). This yields
the principal solution:

ov 1 1
3 = TATn v = a7 e -+ const.

where R is the distance from Q and 22 B3 is the surface of the hyper-
sphere. The following table shows the decreasing orders of infinity at
the source with decreasing number of dimensions. For the dimension
one v is continuous at the source. In fact, the potential equation in one
dimension is d? dr>=0 which yields dv dxr= const. The constant
will have different values ¢y and C; on the right and left side of the
source respectively. This follows from the condition that it be a unit
source so that C; — C, = 1. The discontinuity has passed from v to
the gradient of ». (See exercise 11.3).

Dimension l 4 3 2 1
e ———— J —
arad 1 1 1
v l 2% Itd 4nr? 2 7o Cy or (s
v .. __1 .1 _1 log 1 | continuous
T 4n2 R? inr 2n

F. DerFINITION OF GREEN’S FUNCTION FOR SELF-ADJOINT DIFFERENTIAL
EQUATIONS

We now deal with the boundary value problem of §3. This ques-
tion is by no means settled by the construction of the principal solution.
We first consider the simplest case of self-adjointness. In order to calcu-
late u at the point Q in equation (11a) we must know both v and du/dn on C,
whereas in the boundary value problem we are given either u or du/an.

" The denominator 4z corresponds to the ‘rational units’ of electrodynamics,
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Our problem is now to modify the principal solution v, so as to eliminate
du on (or u) from (11a). We call this modified function of the two pairs
of variables z,y and &, n Green’s function and denote it by G(P,@). It
has to satisfy the following conditions:

a) L(G) = 0in the interior of C,

by G = 0(oradG/on=0) onC,
: 1
c) 1]:;‘1”; G(P,Q) 5 log ¢ (condition of unit source).
Conditions a) and ¢) are the same as for the original », but condition

b) has been added. Replacing v by G in (11a) we get

(12) qu:/ufgds or (uQ::—- %Gds).

This solves the boundary value problem in both cases (for given u or
du,/dn). However, due to condition b), the construction of G itself
requires the solution of a boundary value problem. But this problem is
simpler than the general boundary value problem, and we shall see that
in special cases it can be solved in an elegant way with the help of a
reflection process. On the other hand G, unlike %, is not regular in the
interior of C, but like » is a function with a prescribed unit source.

Equation (12) reduces the boundary value problem to a simple
quadrature. Green’s function plays the same role in the general theory
of integral equations. It is called there the “‘resolving kernel.”

Another interesting property of G which follows from the conditions
a),b),c) is the reciprocity relation

d) 6GPY=6G6Q, D).

It expresses the interchangeability of source-point and action-point, so to
speak, the interchangeability of cause and effect.
In order to prove d) we substitute in (7a)

M=L, u=G{,P), »v=G(0Q).

The point I = (z1,) shall be called “point of integration.” Since u
becomes infinite for I = P, and v for I = Q, these points must be ex-
cluded from the integration by infinitesimal circles Kp and K. Accord-
ing to a), integration over the region bounded by these circles and by C
makes the left side of (7a) equal to 0; also, according to b), the integral
over C on the right side of (7a) becomes equal to 0. There only remain
the line integrals over Kp and Kq which, according to c), yield:
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d d
"o rnoe P | 57, = G@ P —G(P,Q.

Q Kp

Since this must vanish d) is proved.

Equation (12) is the solution of the boundary problem for the homo-
geneous equation L(u) = 0. We now consider the solution of the non-
homogeneous differential equation

(13) Luy=¢

where (pz, %) is an arbitrary continuous point-function in S with con-
tinuous first and second derivatives. Substituting e=¢ (2, Q) in (7a)
we get for the first term on the left side:

ng (P, Q) dop

3
which is added to the term in (12). Instead of (12) we get
(13a) uq=ngda—|—fuZ—?:ds
¢

S

or, if du/an instead of u is given on C:

(13b) ug= [0 Gdo— [ Gds.
S C

These formulas apply to every self-adjoint differential expression in
its normal form L (u) = Au + Fu, in particular to the ordinary wave
equation (F = k? = Const.) and to the potential equation (¥ = 0).

In the case of a non-self-adjoint differential form L(u) equations (12)
and (13a,b) remain valid. But, as we see from (7a), (+ must satisfy the
adjoint equation M(G) = 0 in the variables z,y; also, condition b) must
be changed somewhat. Instead of a) and b) we now have:

a') M(G)=0:

b’) G=0 (ur ?—G—-G{Dcos (n, ) + E cos (n, y)}-:()).

on

Condition ¢) remains valid. However the reciprocity law d) now reads
d’) G(P,Q)=H (@ P).

Here H is Green’s function for the adjoint equation to M = 0, and hence
is satisfies the equation L(H) = 0 in the coordinates of Q.
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§11. Riemann’s Integration of the Hyperbolic
Differential Equation

The normal form of a linear differential equation of second order of
hyperbolic type is obtained from (8.1) by setting 4 = C = 0, B = 1/2:

o*u

0z 0y

ou
(1) L () = +D%+E@+Fu=m

Its adjoint differential equation is according to (10.4):

o%v oD v oEv | _
ox oy ox oy ' Fo=0.

(2) M) =

At the same time one obtains from (10.5)

1 ou aov
X=§('u uay)—l—Duv,

(3) %
1 ou ov
Y—-——.E('vax uax)+Euv.

Substituting (1),(2),(3) in (10.7) we get:
(4) Sf{fu L(u)—u M @)} do = [{X cos(n, 2) + Y cos(n, y)} ds.
o

In order to obtain an integration of the hydrodynamic equations
Riemann chose as the region S the “triangle’” PP,P; of Fig. 12, with a
boundary consisting of the segments of characteristics PP, and PP
and of the arc P,P; of the curve I'.

u and du/dn are given on I', which im- Y g _

plies that du/dz, du/dy are given on I' (see I X:E
p.36). The curve I' must satisfy the con- P

dition that it be tangent to no character- ¢ hyen P{";:g
istic (p. 37). The function v in (4) 1is X
determined according to Riemann by the |

conditions: Fig. 12. Riemann’s integra-

=0 i % tion of a hyperbolic differential
(52) M) 0 in § with respect to the equation in its normal form

variables z,y; ~ with the help of the charac-
(5b) v = 1at the point P with coordi- teristic function v.

nates r=¢, y=q;

(5¢) % — D v = O on the characteristic z = &,

ov

3z E v = 0 on the characteristic y = 7.

We add the following remarks.
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1. It would not be possible to replace (5b) by a condition of dis-
continuity as in (10.10), since a hyperbolic equation does not admit
isolated singularities (every singularity is continued along the charac-
teristics). For this reason we no longer call v the “principal solution” or
“Green’s function” but call it the ‘‘characteristic function.”

2. The conditions (5¢) prescribe only one condition each on the
characteristics « = & and y = 7, whereas on I" two conditions have
to be given for u. This corresponds to the fact that the characteristies
are an exception with respect to the boundary conditions that are to be
prescribed on them :; we saw this in §9 in connection with the equation of
the vibrating string. If we call the boundary value problem along two
intersecting characteristics a boundary value problem of the second kind,
in contrast to a boundary value problem of the first kind along a general
curve I, then we can say that Riemann’s method consists of the reduction
of a boundary value problem of the first kind to a much simpler boundary
value problem of the second kind.

Substituting condition (5a) in (4) and remembering that L(x) =
we get

6 P P,
©) 0= [t oot ]

In the last integral cos (n,y) = 0 and only the X term remains.
We transform the term with du/dy by integration by parts:

P,
17 1 P'__lfu.a_"d
2z aydy‘_ “Lﬂ 5] “oy"Y
P P

Combining this with the other terms we get

P, P,
1 ¢
(6a) fXdy=%(vu)P’——2-(vu)P—fu(5§—Dv)dy.
P P
For the middle integral of (6) where cos (n,z) = 0 and cos (n,y) = —1

(n is the outer normal) we get in an analogous manner:

(6b) — fPY dz = %(”“)P, (v u)p + f ( — v )d:z:
P

The integrals on the right sides of (6a) and (6b) vanish on account of
condition (5¢). If we consider (5b) equation (6) becomes,
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(1) up= f{X cos (n, ) + Y cos (n, y)} ds + %{(-t.lru);,l + (vu)p,}.
r

The value of u at an arbitrary point P 1s given here in terms of the valuesof u
and its first derwvatives on I' as they enter in X and Y (up, and up, are
among those values). We state: Equation (7), reduces the boundary
value problem of the first kind for u to the problem of the computation
of v, that is to a boundary value problem of the second kind which is
given by the conditions (5a,b,c).

The computation of v is not difficult. It is particularly easy in the
hydrodynamic example that was treated by Riemann. In that case we
have$

(8) D=E= a F=O-

Condition (5¢) implies

1 ov a _ -—a
3:=§_ ;-ay—- £+y, 1)——01(54'9') »
1 dv a _ —-a
y=17_ :’-az:: £+1’]’ U—02($+ﬂ) .

Both these conditions and condition (5b) are satisfied if we set:
§ - n\a
(9) 01=02= (E+ ﬂ)ur T = _I_-l:y) .

In order to satisfy (5a) Riemann modifies (9) as follows:

(x—§) (y—n)

(10) u=(§:—j;—;{)“'ﬁ'(a+ 1, —a,1,2), = — A,

where

(x+1)B(B+1) 22
(108) Fofy,5)=1+2L 5 426X DACED S 4o

is the hypergeometric series. In §24D we shall see some of the function-
theoretic properties of this series, and in appendix II of Chapter IV
we shall prove that » in (10) satisfies condition (5a), in other words, that
it is a solution of the equation M(v) = 0. We note that on the charac-
teristics we have z=§ or y =7, and therefore z = 0 and F = 1,
which makes (10) identical with (9). Equation (10) for » and equation
(7) for u solve our hyberbolic boundary value problem completely.

*The constant a which enters in (8) is expressed simply in terms of the equnent
in the anisotropic equation of state from which the hydrodynamic problem is derived.



ot

§ 12.3 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 5

§12. Green’s Theorem in Heat Conduction. The Principal
Solution of Heat Conduction

The differential equation (7.14) of heat conduction

otu 311_0

(1) Lw=55—5

y = kt,

is not self-adjoint. The adjoint equation of (1) 1s:
) My =224+ 2 =0,

We see this from (9.4) if we substitute the values of (1)
B=C=D=F=0A=1FE=—-1;
from (9.5) we get

(3) X=v§2 uzi, Y=—uv.

Just as in the elliptic and the hyperbolic case we get Green’s theorem for
linear heat conduction from (1),(2),(3) by integration over the interior
and the boundary of a bounded domain in the z,y-plane. However, since
T represents a spatial measurement and y a time measurement, we shall
not consider here a region with curved boundary, but only such regions
whose boundaries consist of segments parallel to the x- or y-axis, as that
shown in Fig. 13.

Fig. 13. Reduction of the general boundary value prob-
lem of heat conduction to the principal solution V' for a
rod with endpoints x, and r,. The unit heat pole is at Q
and has the coordinates » = £, y = 7.

Along the side A.B of the figure we have ds = dr, dn = —dy,
cos (n,x) = 0, cos (n,y) = — 1 and therefore

B B
[ {X cos (n, ) + Y cos (n; y)} ds =—[Ydz.
A A

The same thing holds for the side CD which is also parallel to the z-axis

and where the signs of both dz and cos (n,y) are reversed. Correspond-
ingly we have for the sides BC and AD parallel to the y-axis
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c ¢
[{X cos (n, z) -+ Y cos (n, y)} ds = + [ X dy.
B

B

Using the values of L,M,X,Y given in (1),(2),(3) we get the following
form of Green’s theorem:

f{”(zi: z:)_' “(gi;-i-g—;)} dz dy
= [uvdst [(vZ—wg) .

where the first integral on the right side is taken over the two sides of the
rectangle that are parallel to the z-axis and the second integral is taken

over the other sides.
Formula (4) also represents Green’s theorem for two-dimensional or

three-dimensional heat conduction if we perform the following replace-
ments:

(4)

do (two-dimensional case)
(52) dr by
dv (three-dimensional case)
du 2 2y dy ds (two-dimensional case)
(5b) 5;? a_!;: d?j by E’ z'—:;, - _
dy do (three-dimensional case)
24 2
(5¢) 2"5;5 » g—; by  Au, 4v.

In the three-dimensional case we integrate over a four-dimensional
cylinder whose base is the three-dimensional heat conductor and whose
generatrix is parallel to the time-axis; the integration in the second term
on the right, which is indicated in (5b) by dy and is now replaced by
integration with respect to dy do = % dt dg, is extended over the three-
dimensional lateral surface of this cylinder.

Before we apply these general formulas we must decide how we
want to define the analogue of the ‘“principal solution” of (10.9). We shall
see that the “unit source” will have to be replaced by a “heat pole of
strength one.”

We first consider the case of linear heat conduction and its differen-
rial equation L = 0; the passage to the adjoint equation M = 0 and to
the two-and three-dimensional cases will then be easy.

Let the heat conductor be infinite in both directions and let 1ts
temperature for ¢ = 0 be given as a function of z:
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u=f(z), —oco< z< + 0.

We represent f(z) by a Fourier integral as in (4.8):

4 oo + 0O

(6) f(m]=§1—nf do j f(E) eb=E—OgE

In order to obtain a solution of equation (1) we must merely complete
exp [t w (¢ — &)] to the product

(7) ‘P(y) et' m{::-&)_
Substituting this in (1) we get:

—w?p(y) =d%(;2= ply) =Ce *7.
Here C = 1 on account of the obvious condition ¢ (0) = 1. We therefore
replace in (6)

(7a) exp [t o (z — &)] by exp[iw(z— &) —w?y].

This seemingly complicates the Fourier integral (6) but in reality
it makes it much simpler. In (6) f(z) must converge to 0 “sufficiently
rapidly”’ in order that the integral with respect to & will converge, and
this integration must be performed before the much simpler integration
with respect to e, which would otherwise not converge. But now the
order of integration is reversible and f(z) is less restricted in its behavior
at infinity. The new factor ¢ (y) = exp (— w"y) serves as convergence
factor® for all y > 0.

Combining (6) and (7) and substituting y = kt we get:

+ co + o0
(8) u(z, 1) = 5= [ f(f)d,ff e~ @ ktHinE=804,

We abbreviate the exponent in (8) by — & w? + # @ and complete the
square:

—aw?+ fw =—a(w—§ﬂ—a)2 T3

*See the author’s dissertation, Konigsberg 1891: ‘“Die willkiirlichen Funktionen
1_211’-'1' mathematischen Physik’’ where the general case of the limit for ¢ — 0 of a Fourier
Integral with a convergence factor is considered. The function f(x) may then have,
for example, “‘an infinity of maxima and minima’’ or arbitrary discontinuities.
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Substituting » = @ — §/2x: we get:

+ O + 0o
(z — &)*

- . - - 1 -
(9) _2_1_H e o'kt +io(zx ﬂdm=2—;‘:8 4 kt e n:p!dp.

— a0 — 0

We have the well known formula for the Laplace integral:

4+ oo + oo
f e” ?'dp = |/, and therefore f e”*Pdp = V%:
Denoting the right side of (9) by U we get
1 _(z=¢r
_ ikt
(10) o Varkt ¢
Equation (8) then becomes
+ 0o
(10a) w(z,t) = [ f(&) Udg:

We note that the initial temperature at the point z = & spreads In
space-time independently of the initial temperature at all other points.
(This is due to the linearity of the differential equation which permits
the superimposition of solutions.) For ¢ — 0 we have u(z,t) — f(z) and
(10a) becomes:

. +00
flz) = [ &) U dé .

This shows that U has the ‘“‘character of a 8 function.” As on p. 27
this means that U vanishes in the limit ¢ — C for all values of z = £ and

becomes infinite at z = & so that

z+s

(10b) f Udé =1
T=—1i
(These properties of U are easily seen from (10).) Ignoring the distinc-
tion between heat-energy and temperature we may say that U describes
the space-time behavior of a unit heat-source or of a heat-pole of strength 1.
For the case of a general initial time ¢ = 7 we get instead of (10):

(10c) U={4nkt—2)}* exP{ 4(: }f:)}
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For the special case of a heat-pole at £ = 0 we get

10d [ — TANE —_— _EE._
(10d) U= (4nkt) exp{ 4’”}.

Before discussing the deeper meaning of these formulas we shall
generalize them to two and three dimensions.

We noted the possibilities of generalizing Fourier’s double integral

to quadruple and sextuple integrals at the end of §4. We perform this
generalization by writing instead of (6):

a1 Hay) = o, [do [ (&, g) = =D dg
and
(11a) f(&, y) = %;fd""ff(‘fﬁ n) i’ W—n) dn;

Combining (11) and (11a) we get
(11b) f(=z, y) = (ﬂi)ﬂfdwfdm'fff(é’ p) EeEOFICW=D g g,

The same process which led from (6) to (10a) leads for the two-dimen-
sional case from (11b) to

+ 0o
(12) u(z, yt)= [[1(§n) Udsdn

- 00
where U is the product of two factors of the form (10):

{ - (z—EP 4+ (y — )

(13) U= (4nkt) e 4kt

[n the three-dimensional case U is the product of three factors of the
form (10):

3 (z =&+ (- +(z—=10)*

(14) U= (47:1:13)_?3- Akt

Equations (13) and (14) stand for unit heat-poles in the plane and in
8pace. Equations (10), (13), (14) indicate the connection between heat-
conduction and probability.

We compare (10d) with the Gaussian law of error

(16) AW = ]ﬁ? e~ 2" dz .

a
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Here 7T is the probability of an error between r and z + dx in a measur-
ing process whose precision is given by the “precision factor” « . In our
case this factor is (44)7}; “infinite precision” is given by { = 0 which
means absolute concentration of heat in the point z = 0; ‘‘decreasing
precision” corresponds to increasing {. Fig. 14 shows the well known
bell-shaped curves which for decreasing & give the behavior of U for
increasing {. The function U in (10d) is equal to the “probability
density™ d1 dr.

In an analogous manner we compare (13) to the measuring of
a position in the zy-plane whose

ey e oA ' ne -
a=b A% ovact position is given by (&7 );

and (14) with the measurement

R Y of a space point with the true

position ( &, n, {). The precision-
""" a= %At = factor in both cases is a = (4kt)™!
as before. This suggests that the

4 3 -2-1 0 I 2 3 & physical reason for heat-conduc-

Fig. 14. The Gaussian error curve for tion is of a statistical — not dy-
the precision Ffactr}rﬁx a_=.4.1.1/4. _heing namical — nature. This becomes
o the same tme the prineipal sluin of - apparent n the treatment of heat

conduction in the kinetic theory
of gases (or, more correctly, the “statistical theory of gases”). Con-
nected with this is the following fact which we discuss for the spatial case
of equation (14). Fort¢ = 0 the total heat-energy is concentrated at the
point ( & 7, £), but after an arbitrarily short time we have a non-
vanishing temperature U at a distant point (z,y,2). Hence heat expands
with infinite velocity. This is impossible from the point of view of
dynamics where no velocity may exceed c.

From §7, p. 34 we know that diffusion, electric conduction, and
viscosity satisfy the same differential equation as heat conduction.
Here too the statistical approach is clear. Diffusion is based on the
Brownian motion in a solvent of the individual dissolved molecules, and
the statistical origin is ascertained both by theory and experiment. The
electron theory of metals shows that upon electrical conduction the
electrons are diffused through the grid of metal molezules etc.

The function U of the equations (10), (13), (14) is the principal
solution of the differential equation L(u) = 0. We now wish to transform
it into the principal solution V of the adjoint equation M(v) = 0. Com-
paring (1) and (2) we see that this is done by reversing the sign of
y = ki; we shall also reverse the sign of y, = %7 so that the heat pole will
again be situated at the point z = & t=7. Thus we obtain from
(10c):
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16 — e -1 { (x—&)*
(16) V={4ak(zr—1{)} " exp 4“1_”}
V has an essential singularity for £ = ¢ and is defined only for the past
of 7, ie., for t< 7, in contrast to the principal solution of U which is
regular only for the future of =, ie., for t > 7.

We return to Green's theorem (4). Setting » = V and taking for u
a solution of L(u) = 0 we get:

ou ovy 5,

(17) /qum+k/(VE—u )de=0.

ox

The two integrals are extended over the sides of the rectangle of Fig. 13,
the first over the two horizontal sides, the second over the two vertical
sides.

Since V too is a ‘‘ & function’’ the first integral taken over the side
t ="t yields — ug. If we decompose the second integral into the two
components which correspond to the two rod ends xo and r; and denote
this by 3. 20 e get:

T

(18) Ug =ju Vedz +k D & =°‘/(Vg: u ';:)dt.

0

Here V,is V fort = 0.

_ This representation of u is general since the source point @ can be
Situated at the arbitrary point z = £, ¢ = 7. However it does not yet
solve the boundary value problem of §9C, since in addition to the initial
values of u it assumes that the boundary values of u and of du/dxr are
Biven at the endpoints, whereas in the boundary value problem only « or
9u/3z may be prescribed. In order to solve the boundary value problenfl
We must replace V in (18) by Green’s function G which Satisﬁ?s.the condi-
ton G = 0 at the endpoints and thereby makes the term containing 9w/ 9x
in (18) vanish. We shall see in the next chapter how G can be con-
structed from V by a reflection process. Lxercise I1.4 contains an
application of (18) to laminar fluid friction.

The above considerations can be transferred immediately to 'E,he
tWo- and three-dimensional cases. As remarked above in connection
With (5a, b), we merely have to extend the integration in the first integral
of (18) over the base, and in the second integral over the lateral surface
of the three- or four- dimensional space-time cylinder. However the
construction of Green'’s function G by a reflection process for the two and

;}irﬁe dimensional problems will succeed only in exceptional cases (see
7)..
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On the other hand equation (18) (in terms of V, not () suffices to
insure the analytic character of u, since the coordinates &,7 (oré§,n, zor
£,n,¢,7 ) of @ appear on the right side only in the principal solu-
tion V, that is, only in analytic form. The solutions of our parabolic
differential equation are analytic in the interior of their domain just as
in the elliptic case. However, the domain here is not bounded as in the
elliptic case, but is an infinite strip (as was pointed out at the end of
§0). From this latter point of view the parabolic boundary value prob-
lem resembles the hyperbolic one.
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CaAarTER III

Boundary Value Problems in Heat Conduction

§13. Heat Conductors Bounded on One Side

In the preceding section we treated the equalization process for a
linear heat conductor that is infinite in both directions and represented
1t by equation (12.10a):

+ o0 .
1) w(@y=[fOUE, U= @zk)texp(— 5.

By the substitution
(1a) &=z ]/:ﬁ:?z

it goes over into the Laplace form

+ o

j fz+ |/ 4ktz) e~ %dz.

-_— 00

(2) u(x,t) =

-~
:.-al|"‘

It is instructive to compare this with d’Alembert’s solution (9.2): in the
latter we have two arbitrary functions Fy, Fs, corresponding to the hyper-
bolic type of the wave equation, whereas in (1) and (2) we have one
arbitrary function f corresponding to the parabolic type of the equation
of heat conduction.

In the case of a heat conductor which is bounded on one side,
0 <z <<oco, we have to deal first with the boundary condition at z = 0:

a) A given temperature u(0,t); in particular the isothermal boundary
condition

(3a) u = 0.

b) Agivenheatflow G (0,¢) (notationasin §7, equations (9) to (12));
in particular the adiabatic boundary condition

(3b) 2 —o.

¢) A linear combination of both which takes into consideration the
so-called outer heat conduction, written in the conventional form

63
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(3¢) X+ hu=0.

Here n stands for the outer normal which in our case is in the direction
of the negative r-axis. The name “outer heat conduction” summarizes
the effect of conveetion, the radiation into the surrounding medium and
the heat conduction into that medium which is usually negligible. We
note that (3¢) is obtained as an approximation of the radiation law of
Stefan-Boltzmann which states: the radiation of heat per unit of time
and area of a body of absolute temperature 7 is proportional to 7%, If we
denote the factor of proportionality by a and if the end of the rod!isin a
neighborhood of temperature T which radiates towards the end of the
rod an amount of heat ¢Z per unit of time and area, then the energy
emitted in the normal direction by a surface element do of the end of the
rod is given by:

Q. — a(T4— T4)do dt.

Since usually both temperatures T and T’ are far from absolute zero, we
get

4)  dQ, ~4aT3udodt with u=T—T,<T and < T,

This amount of heat dQ, must be balanced by the heat flow from the
interior of the rod which is given by Fourier’s law (7.12). Hence we
write:

(42) dQ, = — = do dt.
By comparison of (4) and (4a) we obtain:

0
4&Tgﬂ=-'x£:

and hence
®) % hu=0, h=257,

x

which corresponds to (3¢) and shows k to be a posttive constant. .
We first treat conditions (32) and (3b). These conditions are §at15-
fied if we develop f, whichisgivenonly for 0 < z << oo, Into a pure stne or

1 We speak here of a “rod” although the linear heat conductor need not have the
form of a thin rod but may have an arbitrary cross-section so long as its state depends
only on one coordinate; for a real rod one must add the adiabatic condition du/dn =0
for the lateral surface (see the end of §16).
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cosine wntegral, or in other words, if we continue f in the negative z-axis
as an even or odd function (see equations (4.11a,b)). If as in (12.8) we
append the time dependence factor exp (—w? % ¢) which is required by

the equation of heat conduction, and integrate with respect to w, then
(1) becomes

(6) u(z, 1 =ff(§) U (€)dEF [ 1) Ut ds

The second integral which was originally taken from — oo to 0 has been
converted by a change of sign of the variable of integration into an

integral from 0 to + oo . The principal solution U(£) is then transformed
into

= - + £)?
0 Ut = (4 m by exp |- 55
which is the expression for a unit heat pole at z = —¢, ¢ = 0. Equation

(6) becomes:
®) w(z, )= [ (&) GdE,  G=UEF U—b.
)]

This Green's function G satisfies all the conditions of p. 61. It has only
one heat pole in the region 0 < z < oo , since the additional heat pole
at x =— £ lies outside the region; it also complies with the condition
that G satisfy the adjoint equation in the variables &7, since in our case
G is independent of z and a change of sign in 7 becomes immaterial.

It would be more intuitive to start from a single heat pole at z = &
and to reflect it on the boundary z = 0, with a negative or positive sign
of U depending on whether we impose condition (3a) or (3b). In this
manner we would first con-
struct Green’s function and 4s
then reconstruct the given
initial temperature f(z) by
the successive superposition
of the heat poles of strength
f(§)dé. From now on we
shall use mainly this intui-
tive process, that is we re-
strict ourselves to the con-
Struction of Green’s function

from which we can write Fig. 15. Green’s function for a linear heat
down the solution for arbi- conductor which is bounded on one side with

init: outer heat conduction. A heat pole is ai z=
trary initial temperature f(z) ¢ its mirror image at z=—¢&, with an

8 in (8). We first use thiz associated continuous spectrum of heat sources.




60 PARTIAL DIFFERENTIAL EQUATIONS §13. 9

process for the somewhat more complicated boundary condition (3c).
(In problem III.1 we shall treat the same boundary condition according
to Fourier’s process.)

We notice at once that an isolated reflected point z = — & will not
be sufficient, but that we also need a continuous sequence of heat sources
which we shall place at all points n << —&. Let A and a(n) dn be the
yields of the isolated and the continuous heat sources (see Fig. 15). The
corresponding function G is then

— ¢
G = U(§)+AU(——£)-I—_IG(??) U (n) dn

- ¢
) _1) == _(z4+ 8 _(z—n*
—=(4nkt) 2le 4% L 4e ¥ L | a(p)e ** dy

-0

Hence at x = 0:
- §
1 -8 "

(10) akt)2 G=Q+ d)e **+ | a(n) e ** dn.

From (9) we form dG dx. Then if we replace 8 'dxr by —a/on under
the integral sign we obtain for z = 0

—¢
1 & n!
5 o 1 A - 0 T 1kt
(10a) (4mkt)® 7 .—_-.5(2,“ “‘)e 4“-/::(7;) e Fn.
and after integrating by parts:
35 oG ¢ e T o
(11) (4::153)”6—3::[(1-—‘4)2“ a(—&)|e "'“-i-fa'(@e X dn.

If we substitute (10) and (11) in condition (3¢) with 8 dn replaced .b}'
—38/ 9z, then (3¢) must be satisfied identically for all? > 0. By setting
the terms of different time dependence individually equal to zero we
obtain:

(12) A—1=0 ... A=+1,
(13) a(—8)+h(l+4)=0 ... a(—¢)=—24,

and the differential equation:
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(14) a’(n) —ka () =0
Considering (13) we see that (14) has the solution
a(n) = beh" — — 9 Hlé+n)

This determines the constant 4 and the function e (). The fact that
this determination is unique will be demonstrated in §17.
The result is

- ¢
1 _{z— o _(z+&F _(e=aF R
(15) (4,;]53)2 G=e 4% + e 4kt __9 p hE | o 4kt "dy.

For numerical applications this integral can be reduced to the tabulated
normal error function.?

Only when the given initial values f(z) are particularly simple will
1t be more convenient to use equations (1) and (2) instead of the more
intuitive method of Green’s function. We illustrate this by an example
which also shows the translation of problems of heat conduction into the
language of diffusion problems.

Let the bottom section of a eylindrical vessel, 0 < z < H, be filled
with a concentrated solution ( say CuSQ0,); above it let there be a layer
of pure solvent (water) to an arbitrary height x = co. Let the concen-
tration of the solution be u and let the initial concentration be 1. At the
base of the cylinder we have oufox = Qat all times, since the dissolved
salt molecules cannot penetrate the base.

This condition may also be satisfied by extending the vessel down-
ward and by prescribing the reflected initial distribution as above. (For
a finite height of water column one would have to use the somewhat more

complicated reflection process of §16.) The initial distribution of u is
then:

]__H(g;{:-{—-ﬂ,

f($)={0... H<|z| <oo.

Equation (2) yields

(16) u(z, t)='/17 f‘e"' dz.

*E.g., in Jahnke-Emde's tables of functions, 3rd ed., Teubner, Leipzig, 1938, p. 24
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The values for the limits of integration z; and 2, are obtained if in (1a)
we let &§= 4+ H:

Z':_._} ey =
L Y4k 2

Using the customary notation

(18) D (z) = V’;_ f e d

0

for the error function, we can write our solution (16) with astonishing
simplicity:

(19) u(z, t) = 5 {P (@) — (%)}

§14. The Problem of the Earth’s Temperature

We treat the surface of the earth as a plane and assume an averaged
purely periodic temperature f(f) (annual averaged or daily averaged
temperature). In order to determine the temperature in the earth’s
interior® we can in general use the method described in Fig. 13, by
setting zo = 0 (surface of the earth), z, = co(great depth), and uo = f(t)
for x = 0. It is convenient in our case to expand f(¢) into a complex
Fourier-series:

+ 00 *
1 = X2 C, g2 mint/T T = length of year or day

fi=— 00

and to set for the temperature in the interior of the earth at a depth z:
<4 0o
(2) u(z, t) = X C,u,(z) 2nintT
n=— oo
Each individual term of this series must satisfy the basic law of heat
conduction. This yields the ordinary differential equation for u,:

d?u, 2min

(3) dz3 =p§uﬂ" with P?‘:_W'

In order that (2) go into (1) for z = 0, we must have (3a)
(3a) u,(0) = 1.

3 The physical problem of “geothermic depth” (increase of temperature in the
interior of the earth due to radioactive or nuclear processes) is of course ignored here.
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Depending on whether = is positive or negative we set

24n = (14 4)2|n

and

(4) Pn = (1 - ?') Gn > In = I?;;lTﬂ > 0.
The general solution of (3) is then

(6) Up (@) = A, €1 EDT | B, = EDIE,

Here we must have A, = 0, since otherwise the temperature would

become infinite for # —» co, and B,= 1, to satisfy (3a). Substituting
this in (2) we get

+ oo ) .
(6) u(@t) = O C,e¢ 1Edwmz 2nindiT

Ne=—0o0

In order to translate this into real language we write for n > 0

c,=|C

nI ei}'n )
According to (1.13) C, for » < 0 has the same absolute value but the
Degative phase. Equation (6) then becomes

(7) u(z,t) = C,+ 2 f‘ |C,, |e~ % cos (gﬂn % + yﬂ—gnﬁ:) .

ne]

We see that the amplitude | C, | of the n-th partial wave Is damped
¢Tponentially with increasing depth z, and that this damping increases
With increasing n. At the same time the phase of the partial wave is
retarded increasingly with increasing z and =.

: We now consider the numerical values. For an average type of
801l we have the approximate temperature conductivity

k—2.10-3 .

8ecC

For the period of one year7 = 365 X 24 X 60 X 60 = 3.15 X 107 sec.
&nd for z = 1m = 100 em. we have then

(8)

1

et 4 - .
—_ e QI N?'

q1$=0.7~ 4’
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At a depth of 4 meters we already have a “phase lag” g1z = = and an
amplitude damping 2-4= 1/,.. [iven for the first and principal partial
wave of temperature fluctuation 2t @s winter at a depth of 4 meters when
ot 1s summer on the surface; the amplitude is only a fraction of the surface
amplitude. For the higher partial waves n > 1 the phase lag and ampli-
tude damping are correspondingly greater owing to the factor VI_nl in qy.
We may say that the earth acts as a harmonic analyzer (see p. 4) by
singling out the principal (though much weakened) wave from among all
partial waves.

As a special example we consider the yearly curve of an “extremely
continental climate,”” namely a uniform summer temperature and the
same negative winter temperature which we shall set arbitrarily = £ 1
This year-curve is represented graphically by the meander line of Fig. 1.
and analytically by (2.2)

by 2

9) u((},c)=i(sinr+-§sin3r+%sin5r+--=). r=2x%7 .

In order to obtain the corresponding series u(x,t) we must, according to
(2.1a), specialize the coefficients C in (7) as follows:

2
02n=0 ’ |02“+1|=:u(2n+1)’ Yen+1 = —

o] 8

However it is somewhat simpler to apply the calculation process used for
(2) directly to equation (9). We immediately get:

(92) u(zt)= -:;(e'q‘”sin (t—q; %)+ %-e““""“ sin (837 —¢q32) + * ) .

Then, substituting the values of the ¢ we get for z = 100 cm.

u(z,t) ~ %[%sin (T*"E') + 3,13_4sin (37—-@)

- +5-]i.83in(5’*2"§£)+"']

and for z = 400 cm.

31_01__; sin 37 —)/3 =)

20 sin (BT —)/Bn) + ++)-

4/1 .
u(a:,t)as;(ﬁsm(r )

(9c)

A comparison of (9) with (9b,c) shows clearly the influence of depth on
the amplitude and the phase of the temperature process.
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This shows the usefulness of a deep cellar. It has not only much
smaller temperature fluctuations than the surface of the earth, but is also
warmer in winter than in summer (or it would be if there were no air
flow).

Our conclusions become even more striking if we pass from the
consideration of an averaged yearly temperature to that of an averaged

daily temperature. The g, are then increased by the factor V365~ 19.
Hence the damping and phase lag which for a yearly period belongs to a
depth z occurs now at a depth of z/19. The decrease of amplitude to
1/16 for the principal term (see (9¢)) and the reversal of the time of day
(midnight instead of noon) will now occur at a depth of onlv x = 400/19
= 21 cm. Hence the daily fluctuations of temperature enter into the
earth with noticeable intensity for only a few centimeters; the whole
process takes place in a thin surface layer.

We deal here with an obviousanalogue to the skineffect of electricity.
The fact that in practice it is particularly observable on eylindrical wires
makes no difference here; for a conductor bounded by a plane it occurs
quantitatively in almost the same manner. Our daily curve corresponds
to an alternating current of high frequency, our yearly curve to one that
is 365 times slower. We know from §7 that the differential equations
are the same in both cases, but for electricity we interpret the coeffi-
cient k as the specific resistance of the conductor.

§15. The Problem of a Ring-Shaped Heat Conductor

We now turn to the case of a heat conductor of finite length 1.
However, at its two ends £ = 1/, we do not prescribe the boundary
conditions a),b) or ¢) of p. 63, but instead the much simpler condition of
periodicity. By this we mean that not only u but also all its derivatives

~ Fig. 16. Heat conduction in a ring. Heat pole at z = 0 with periodic repeti-
tions, Temperature distribution for k¢ < 1 (steep curve) and for k¢t > 1 (flat curve).

shall coincide at the ends. We achieve this by bending our rod into a
ring so that the two ends coincide. The shape of the ring is of no
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importance since, as in all cases of linear heat conduction, we must con-
sider the lateral surface of the ring as adiabatically closed. In Fig. 16
we have drawn a circular ring.

As initial temperature we take f(z) which is arbitrary but sym-
metric with respect to z = 0. Its Fourler expansion is a pure cosine
series which automatically satisfies the periodicity condition at the ends
From (4.1) and (4.2) we get, after settinga = 1/2:

+ /s

- Ad,= '!f(z) dz,
(1) f(z) = Zdncos (27 n x), - f:l-‘,f.
n=0 d,=2 [ fz) cos(2mnz)dz.

— lf'

In order to obtain the corresponding solution u(z,f) of the equation of
heat conduction we merely must multiply the n-th term by

—_ Y
e (2rn)*kt

We then obtain

(2) u(z, t) = E‘T)Aﬂe‘*"'“'“cos@ﬂnm).
n=
We now consider f(z) to be a *“ § function” by writing
+ 2
f(£) =0 for 2340, but [f(z)dz=1.

Then in (1) we get Ao = 1, Ay = A; = ... = 2, and if we replace » by
the customary 9 we get:

(3) Pz, t) =14 21:328_”‘“'“ cos 2w nx).

The letter & stands for the theta-function which was introduced by
C. G. J. Jacoby in the theory of elliptic functions and which is of para-
mount importance in all numerical computations.* The fact that it
satisfies the equation of heat conduction is frequently used there as an
incidental property, whereas we use this property for the definition of .

We now have to adjust our notation ¢ to the theory of the ¢ func-
tion by setting

4 The reason for its spegial convergence was mentioned in §3, p. 15: sinpe the ¢
series together with all its derivatives is periodic, and therefore has no jumps at
z = + 1/2and z = — 1/2, its terms vanish with increasing n more rapidly than any

power of n.
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(4) t=4mikt.

This 7, which of course has nothing to do with the symbol ¢ — 7 of the
principal solution U, does not have the dimension of time and is positive-
imaginary in our case. (In the theory of elliptic function z is in general
complex with positive imaginary part, namely the ratio of the two
periods of these functions). Written in terms of 7 (3) becomes:

(5) Fz|r)=1+2 Ele*”’"’cos@ﬂnm).

This form converges very well for large 7 or, in other words, for
large kt. 1t represents the later phases of the damping out of the unit
source exceptionally well, but it does not help us for the beginning of
this process. We therefore complete Fourier’s process which, in analogy
to the reflection process, is based on a periodic repetition of the initial
state (see the right half of Fig. 16).

We have rolled off the cut ring on the z-axis both to the right and
the left in an infinite sequence. From the heat source Uy(z,t) given in

the ring we get, at the pointsz = n(n = = 1, £ 2, . . . ), the identical
heat sources:

_ 1 (z—n)?
(6) U,(z, t) = ey exp{ Th } .
In the series
+ co
(7) w(z,t) = 3 U,(,1)

we have a second representation of the damping out process which
converges excellently for small values of kt. This is so because for such
values we need consider only U, and its immediate successors, the
subsequent U, having no effect on account of the factor exp(n?,/4 k¢)
of (6). Equation (7) is therefore the desired complement of (5). The
figure shows the nature of both representations: the flat curve shows the
behavior for large ki according to (5), the steep curve shows the be-
havior for small kt according to (7).

Oddly enough we can bring (7) into a form very similar to that of
the o seriesin (5). All we must do is put the factor exp (—z%/4 k¢)

outside the summation and combine the terms with == n. Equation (7)
then becomes

(Ta) u(z,t)=(4 ﬂk‘t)"exp {—- ﬁ%} . [1 + 2 Z; e 4kicos 2%5 .
1) -
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If we replace ¢ by 7 according to(4) then the bracketed term becomes
nint

oo _ ! .
1+2Ze 005233%?.

n=1

This differs from (5) only in that z/r has replaced z in the argument
of the cosines and that — 1/r hasreplaced 7 in the exponents. Hence
the bracket of (7a) 1s
x 1
(31— 3)-

Substituting this in (7) and remembering that both (5) and (7) are
solutions of the same problem of heat conduction we obtain

Hz|r) = (-%—)_i exp {——ﬂ?z} -ﬁ(:—: [—%)

or conversely
1 ; 22
®8) #(Z | —2) =]/§ exp {Z2) . 9(al7).

This is the famous transformation formula of the ¢ functior. It is used
in the theory of elliptic functions to transform the series #(z|z) which
converges slowly for small 7 into the very rapidly converging series

P (-:— ]-—%-) . For us it constitutes the passage from Fourier’s method to

the method of heat poles. In quantum theory formula (8) is of impor-
tance for the rotational energy of diatomic molecules and for the calcu-
lation of their specific heat for low temperatures.

§16. Linear Heat Conductors Bounded on Both Ends

By setting the length of the ring in the preceding section equal to 1,
we tacitly introduced a new dimensionless coordinate z’ = z/l and wrote
z instead of z’. For the case of a rod of length [, which we shall con-
sider now, we must replace z by z/l whenever we apply one of the pre-
ceding formulas. The meaning of 7, which has the dimension of 7%,
must then be amended in the manner described on the followng page.

We first give a table of the problems corresponding to the boundary
conditions a) and b) of p. 63 and of their solutions by both Fourier’s
method and the method of heat poles. The latter leads to an infinite
sequence of reflections since not only the primary heat pole but also all
its images are reflected at both ends of the rod. Let us consider a room
with parallel mirrors as an optical example; the chandelier will be
reflected in both mirrors not once but in infinite repetition.
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3) 3) T=—1 T=0 T

()= D'B,sinan>, B, =

=0 (3t 10)—0 (54 1)

o) b2

b) b)

I
du o [2=0 + ' +  + + |+
§;==Uiur| | —o— | —————|—» |- >—|—s

|

f(z) = ZA cosnni A -?—ff(z)cusnn dz, A,= %—[f(z)d::,
0

G — a("’"ﬂ )+.9(£;T‘5|r).

a) b)
U=0 for =0 I = -+|+ | _
Bu |—e I ~—|—e | ~— —
5;:":0 ss =1 | : ] | |
5 !
H(z)= 3 B,sina(n+3) 7. B, T!’;(m)sin(n+5)§d:c
—_ x—¢ x+-& +&—21 r—5—21
G“'?(d ) ( ) ( Iy ]") ’9( 11 |")'
b) a)
u I | I |
m=0 for z=0 —e ' t—|—o | ;:+
u=0 34 z =] | | | | I

!
Hz) = Zdﬂcns:n:(n-l-i)%, An=%ff($3003(ﬂ+%)%d$,

::—I-E ) ﬁ(x”"(‘;_gﬂf) ﬁ(:_E_mh)-
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We see immediately that the functions f(z) in this table satisfy
the boundary conditions a)a) to b)b); these boundary conditions then
hold for the corresponding solutions of the boundary value problems
u(z,t), which are obtained from f(x) according to Fourier’s method by
multiplying the series of f termwise by

- L ]
e~ (mnil)ikt or e — [m(n+ 1)/ 11kt

The diagrams show the positions and the signs of the heat poles accord-
ing to the reflection method. In the first two cases the heat poles are
seen to have the period 2, in the last two they have the period 4I. Their
summation yields Green’s function @ = XU which is expressed here in
terms of the ¥ function of the preceding section. In the formulas of the
preceding section, where the period was taken equal to 1 and the heat

for a)a) and b)b) and

x—§&;
21

by = 4_5‘ for a)b) and b)a), where &; stands for the position of any heat

pole of the sequence which is summed by #. (Due to the periodicity
the choice of the heat pole is immaterial.) In our formulas we have
chosen for &, the heat pole of the initial region 0 < z < ! or of one of the
adjacent regions. From Green’s function we get the solution of the
boundary value problem for arbitrary initial values u(z,0) = f(z)
according to the general formula

pole was at x = 0, we have to replace z by

4
(1) u (2, 1) =0ff(§) G (z, &;¢) dE .

We now wish to treat the boundary condition c) of p. 64, where we
particularly consider the combination a)c). In order to satisfy condi-
tion a) at x = 0 we set

(2) f(z) = E'aninﬂﬂﬂ—?.

n=1

That is to say, in the solution for a)a) we replace the sequence of integers
n by the sequence

I T T

which we wish to determine in such a way that for z = [ condition ¢c) is
satisfied. This leads to the transcendental equation

A, % cosd, m+ hsind, =0,
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or

3 ___ = 2

(9) tan 4, = i

This is equation (6.2a) with &« = —=/h I ;its solution was illustrated in

Fig. 7. Hence we are dealing here with a typical case of anharmonic
Fourier analysis. The values of the coefficients B, in (2) can be taken
directly from (6.3b). We obtain the final solution of our boundary

value problem a)c) if we multiply the terms in the sum of (2) by the
required time factors:

(4) u(x, 1) = zm‘ B, sinl, ® % . eXP {—* (Aﬂzn)z k 3}-

n=1

We mentioned in §6 that the formal computation of the coefficients
B can be replaced by a physically meaningful one. We s__-'.hall dg this
now in such a manner that we shall be able to refer to this case in all
future expansions in “eigenfunctions.”

We consider two arbitrary terms of (2):

(5) nx

u, = sin 4, 7*, Uy, = SI0 Ay 3

They satisfy the differential equations:

T
lkn — ln T:I
dzu“ o (Ezum P u :0:
(53-) _Eg__l-knun:oj dx? +km m lkm=zm_:;_‘
Hence
2 d? u,, 2 .
(ob) m%’%_uﬂ‘d:z = (kfn_'kn) Um Un

The left side is a total derivative (for the case of Green’s theorem, p. ;‘L
we spoke of a “divergence”). The integration of (5b) over the fl}n a-
mental region 0 < z < ! reduces to the boundary points on the left (1'n
Green’s theorem we said ““to a boundary integral”). From this we
obtain the value of the right side without further calculation:

I -]
du" dﬂﬂ! z
(6) (kﬁ,—l,ﬁ)fumundz= Un gz = " dx zm=0
0

Here the right side vanishes for z = 0 since accordiflg to (5) we lclia"e
then u, = 4, = 0; but it also vanishes for z = [, since the boundary
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condition c¢) holds for every individual term of (2) and hence the du/dz
are proportional to the u. Therefore the condition of orthogonality (6.3)
is satisfied for %, = %k, .

We shall show in exercise I111.2 that the normalizing integral (6.3b)
can be obtained almost without further calculation.

The expressions as well as the mathematical formulations in this
section were based on the assumption that the lateral surface of the rod
is closed to heat flow, an assumption that is open to reasonable doubt.
We shall show now that our formulas can be used also in the case of
incomplete closure with respect to heat flow.

Instead of imposing the adiabatic condition b) on an element of
area do of the lateral surface of our rod, which we assume to be a circular
cylinder, we impose condition ¢) which states that an amount of heat

—-xg—:da'=xkudo

passes out through do per unit of time. We apply this to the case of an
element of a cylindrical rod of altitude dx and radius of cross section b
so that the lateral area is 2z bdz and the outer normal dr is in the direc-
tion of the extended radius. The amount of heat passing out of the
lateral surface is

(7) dQ, =xhu-2nbdxdt.
The amount of heat flowing out of the bases x = const. and z + dz
= const. of this element is

(8) dQy = — x a7 b2 da dt

According to (7.9) the total outflux of heat from the rod element is equal
to the product of div G d¢ with its volume. Hence we have

(9) div G - b%dz dt = dQ, + dQ,.

and after substituting (7) and (8)

2::};% 2u
b i vl

(10) div G =

According to (7.11) div G is proportional to — du/dt. Substituting
thisand dividing by 2 we obtain

o*u 1 eu 2h
(11) T Fa t e W

Hence the “outer-heat conduction” through the lateral surface only
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modifies our differential equation by the additional term of equation (11).
Our derivation depended on the assumption that the linear character
of the thermal state, i.e., its sole dependence on z, i1s not affected by the
lateral radiation, an assumption which seems plausible for sufficiently
small cross section.

The integration of (11) is very simple. We let:

u=uve *;

After division by exp (— At) equation (11) becomes:

oy 1 éev (2 h y)

oz* ~ kot B %7

which is the ordinary equation of heat conduction if we set:

(12) A= Eij'—"f

Hence all the developments of this chapter are valid for a rod with outer

2Rk
heat conduction if we multiply by the factor exp (— - t)

In exercises 111.3 and IIL.4 we shall see an elegant experimental
determination of the ratios inner to outer heat conduction and heat
conduction to electron conduction in metals.

§ 17. Reflection in the Plane and in Space

We finally leave the case of linear heat conduction and turn to
spatial regions which are bounded by planes and which can be treated
by the simple reflection method. The corresponding plane regions
bounded by straight lines will be treated in a very similar manner.

The simplest case is that of a half space with the boundary condi-
tions w = 0 or du/on =0. Since we know the spatial function of a heat
pole from equation (12.14), we can write Green’s function for the half
space directly. If we take the boundary of the half space to be z = 0
and the source point to be ( &, n, {) then we have

(1) (4:.1};:)2 G—e ‘;‘:F . u;{fz = (z—&P+ (y—n)*+ (z — §)3,
2= @—E+ =0+ G+ 0P
Since for z = 0

ort or's
2 — o'2 —
r2=1¢"2 and o oz
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we get

. oG oG .
G=0 or 3—5_—&—0 forz = 0.

Even for the boundary condition c¢) of p. 64 we can transfer the solution
(13.15) directly to the spatial case. We have

—¢
3 - _r _e [ _=A
(2) Arkt)2G=e ikt 4 o ¥t __ 9 h et e 4.&th 4kt ehﬂdﬁ.
-— 00

o® = (z— &)+ (y —n)%

Not all spatial regions bounded
by planes can be treated according
to the reflection process. It is neces-
sary that, under successive reflections
of the original region, space be cov-
ered completely and simply. We
demonstrate this with the example of
a wedge. If it has an angle of 60° (see
Fig. 17) then it is reproduced five
times upon successive reflections

, _ whereupon the process terminates.
Simﬂﬁ';ni; iﬁj‘;ﬁi‘ﬁﬁjﬁfﬁl‘?ﬂz;ﬁ Hence Green'’s function can be repre-
upon successive reflection. sented by a sum of six heat poles

where, for the boundary condition
3 = 0, half the poles (the original pole @ and its images Q»,Q) are posi-
tive and the others (Q,,Q3,Qs) negative.

From this figure it becomes apparent that the reflection process
may be attempted only for those polyhedrons whose face angles are all
submultiples of ® (not merely of 2 7). In the case of wedges the angle
9 /8 = 120° leads to a double covering of space, 3 ®/2 leads to a triple
covering, and every angle which is incommensurable with = leads to an
infinite covering. A particularly interesting case is that of space with a
half plane removed, a wedge of angle 2x so to speak. Itstreatment accord-
ing to a reflection process requires the study of the principal solution in &
“two-sheeted Riemann space’’ whose branch line is the edge of the half
plane.®

s This solution was given by the author in 1894, Math. Ann. 45, ﬁrst:. for the case
of heat conduction and soon thereafter for the refraction of light (ibid. 47). For
details see Frank-Mises, 2nd ed. (8th ed. of Riemann-Weber), Vieweg, 1935, chapter 20.
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Among the polyhedral regions we consider first the interior of a cube
(the exterior would lead to most complicated ramifications) and as its gen-
eralization the rectangular solid. The mirror images of the given primary
source point form eight superimposed spatial lattices corresponding to
the eight combinationsof signs 4 &, + 1, 4+ {. Eachof theselatticestaken
separately forms a triply periodic solution of the differential equation,
so to speak a higher & function (sce below). If the base of a rectangular
solid i1s divided by its diagonals into four isosceles triangles then a
rectangular cylinder with one of them as base is also a polyhedron of the
required kind. Another example is given by a rectangular eylinder whose
base is an equilateral triangle or half an equilateral triangle obtained
through bisection by the altitude. A rectangular cylinder whose base is 2
regular hexagon has face angles of 2 &/3 and therefore leads to a double,
not a simple, covering of space.

Everything said about the subdivision of rectangular solids is of
course true for cubes. In addition, for suitable subdivisions the
cube yields permissible tetrahedra: Lamé’s ‘“‘tetrahedra 1/6 and 1/24,”
of which the former fills out the cube upon six reflections, the latter
upon twenty-four, and another tetrahedron which was discovered by
Schénflies in his general investigations on crystal structure.®

For all these regions we can not only solve the problem of heat
conduction but any physical process of isotropic symmelry, such as an
acoustic, optic, or electric process, by the reflection method. The very
word “reflection’’ reminds us of the optical application.

The set of permissible regions is extended very considerably if we
no longer impose boundary conditions, but require periodicity, as in the
case of the ring in the beginning of §15. Then instead of a rectangular
solid we can treat an arbiirary parallelipiped; all we have to do is to
repeat periodically the pole of Green’s function in the initial domain in
all its images under the translation group. The elliptic ¢ function of
the ring is then replaced by a higher # function (hyperelliptic Abelian);
however we shall not go into this since there are no immediate physical
applications.

Everything said here about spatial regions can be transferred directly
to plane regions. Half space is replaced by half plane, rectangular solid
by rectangle, the rectangular cylinder whose base is an equilateral
triangle by that triangle. In formula (1) for Green’s function of half
space we have to replace the exponent % on the left by the exponent 1,

¢ G. Lamé, Lecons sur la theorie de la chaleur, Paris 1861; he does not use the

reflection method but Fourier's method with a suitable continuation of the arbitrary
initial distribution. For A. Schonflies’ tetrahedron see Math. Ann. 34.
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and the three-dimensional square of distances on the right by the corre-
sponding square of distances in the plane.

Unfortunately this method of reflection for problems of heat con-
duction can not be applied to spherical (or circular) regions (see §23).

§ 18. Uniqueness of Solution for Arbitrarily Shaped Heat
Conductors

The physicist may consider such a proof superfluous; we shall
consider it, however, on account of its mathematical elegance and the
importance of its method.

It will suffice to use Green’s theorem of potential theory which we
formulated in exercise I1.2 as the “second form.” The parabolic char-
acter of the equation of heat conduction plays no particular role here;
it would become important if, as in Fig. 13, we were to impose time
dependent boundary conditions, but we shall restrict ourselves here to
the boundary conditions a),b),c¢) of p. 63.

Our heat conductor may have an arbitrary boundary; as part of this
boundary we include the boundaries of any possible inner cavities. On
this total boundary surface o there may be given an arbitrary combina-
tion of the boundary conditions

a) u=f(@), b E=f0), ©) gt hu=1(0)

(“non-homogeneous’” boundary conditions where f1,f2,fs are arbitrary
point functions on ¢, In contrast to the previous ‘‘homogeneous”
boundary conditions where the right sides are zero). In addition we
assume the initial temperature u» to be given as an arbitrary point
function f(z,y,2).

Let u; and u; be two different solutions of the equation of heat con-
duction under these initial and boundary conditions. Their difference
u, — u; = w then satisfies same differential equation as u;,uz

1 ow
(1) Aw = - =
with a distribution over ¢ of the “homogeneous” boundary conditions
c) e

aﬁ+hw=0

(2) a) w=0, b)3=0,

and the initial condition

(3) w=0 for t = 0.
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Setting both « and v equal to w in Green’s theorem of exercise I1.2 we
get.

(4) fwdwd‘r + f(grnd w, grad w) dr=]w g—gda.

Considering (1) and (2) this becomes

(5) ﬁ-g}/widr;——-—[l)w dr——fﬁwﬂdcrc.

where Dw is the so-called first differential parameter:

ow\2 ow \2 ow\2
Dw=(52)'+ (&) + (&)
The last term of (5) is to be considered only over that part of ¢ on
which the boundary condition ¢) holds, as indicated by the subsecript ¢
attached to dgo.

Equation (5) contains a contradiction: the right side is negafive
since A > 0 as established in (13.5). (We no longer have to assume that
h is a constant; A may vary on the surface ¢, depending on the local
structure of the surface.) The left side of (5) 1s certainly positive for
small ¢, since w? is 0 for ¢ = 0 and therefore can only increase for increas-
ing . In order to make this contradiction even more apparent and to
extend it to arbitrary {, we integrate (5) with respect to ¢:

(6) ﬁfwﬂdr=—fdcfﬂwdr—fdtfhwﬁ'da,.
0O 0

The only possibility of removing this contradiction is in setting:
(7) w = 0, hence U = u .

This uniqueness result can also be expressed as follows: in heat con-
duction there exist no eigenfunctions for any shape of the conductor
(see Chapter V). In this sense heat conduction and all analogous
equalization processes differ in a characteristic manner from oscillation
processes.



§19.1

CHAPTER Iif

Cylinder and Sphere Problems

This chapter serves to complete our stock of mathematical tools
rather than to solve any new physical problems. A necessary part of
the tools of a mathematical physicist are cylindrical and spherical
harmonics. We shall develop these tools with the help of simple physical
considerations rather than in an abstract mathematical manner. We
shall connect spherical harmonics with pofential theory (in which they
first arose) and cylindrical harmonics with the wave equation and its
simplest solution, the monochromatic wave.

§ 19. Bessel and Hankel Functions

We assume the time dependence in the wave equation (7.4) to be
periodic, and write it conveniently in the form

(1) e~ o, @ = circular frequency.
We introduce
(2) k= %J ’ k = wave number;

and then write (7.4) for one and two dimensions:

d?u
(3a) et Ru=0, (3b) 2% ;g;':+k2u-_—o.

Equation (3a) has the integrals
(4a) u=Aet* and @ = Be %7,

Because of our choice of negative sign in (1) the first equation stands
for a plane wave which progresses in the direction of the positive
z-axis, the second for one which progresses in the direction of the
negative r-axis. The fact that it is simpler to operate with a wave
which progresses in the positive z-direction is the main reason for the
choice of sign in (1). For the two-dimensional case (3b) we get

{a=kcoso¢,

— f(az+bdy) 2 2 __ L2
(4b) u=4de , a®+b" =K, b— ksine.

84
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Introducing the plane polar coordinates 7, ¢ with

2 = 7 COS @, y = rsin @,
we get from (4b)
(5) u=Aeklren®—a,

Equation (5) represents a plane wave which progresses in the direction
@ =« ; for &« = O it becomes (4a2). From such solutions we can con-
struct the general solution of (3b) by summation (integration) over
with coefficients A which may depend on e.

Written in terms of 7,@ equation (3b) reads

(ﬁ) 3_:1_{ 1 ou 1 1 du

24 —
o T ror Trge tFv=0

orif weset p=14kr ,

(6 a) otu |

We seek the solutions of this equation which have the form
M u=2Z,0)e"",
For this purpose we set
A = c,¢'"?, ¢, being a constant independent of «,

and integrate with respect to « between suitable limits £ and 7:
) S ]
(8) uzcn!e‘“mw_ et % g

Equation (8), unlike (5), does not represent one wave of direction «,
but a bundle of waves with directions varying from « = 8 to &« = ¥, which
obviously satisfies the differential equation (6a). In order to bring (8)
into the form (7) we write

(8a) x=w+ g, wo=p—o, w,=y—@,
Equation (8) then becomes

w, .
(9) u=c, [ " dw - &'"”.

W

The coefficient here of €™ is a function of p alone if, and only if, we
remove the dependence of wo and w, on @. This is done in (8a) by
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letting 8 and %, and with them wo,w,, increase to infinity in some way.
In order to accomplish this we first must investigate the convergence
of the integral in (9) in the neighborhood of infinity (see Fig. 18). Thisis
obviously a question of determining those regions of the complex w-plane
in which the real. part of the exponent z g cos w of (9) is negative. We
assume for the time being that p- is real and positive and set

w = P+ © ¢, and hence Re {7 cos w}=sinh ¢ sin p.
Hence for the upper half of the w-plane, ¢ > 0, we have

(10 a) sin p << 0, —aA<<p<<0mcd2=x'
and for the lower half of the w-plane, ¢ < 0,

(10 b) sinp >0, O0<p<mmod2m

Since conditions (10a,b) depend on only the real part p of w and not on g,
we know that the regions in question are strips which are parallel to the
imaginary axis. The regions for which the passage of we and w; to
infinity is permissible are shaded 1in Fig. 18.

If p isnot real and positive, say = [elew, then the above pattern
is maintained and is only shifted by 4+ @ in the direction of the real axis,
where the + and — signs are for the upper and lower half planes. In the
convergence considerations of (10a,b) we merely have to replace sin p by
sin (p F @) (see the beginning of exercise I1V.2).

For each choice of the limits wo,w; which satisfies the stated condi-
tions the coefficient of ¢"? in (9) is a possible form of the general
cylinder function Z,(p) of (7). Substituting (7) in (6a) we see that the
functions Z, satisfy the differential equation:

d*Z, 1 dZ, n? .
(11) +E@+(1——E)Zﬂ_0.

do?

A. THr BesseL FUNCTION AND ITS INTEGRAL REPRESENTATION

Our first special choice 1s
wy=a-4+toco, —ap<a<0,

(12) .

n = b+ 1 oo, n<b<2m.
The corresponding path of integration is denoted in Fig. 18.by Wo;
the function obtained is called a Bessel function if the factor ¢, in (9) 1S
normalized by:

"Two numbers » and p’ are said to be ‘‘congruent modulo 2w ” (written
p=7p mod 2 ),if p — pis an integral multiple of 2 r .
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1 minme s S
(13) Cn =5, € . v b
| i J
Using the common? notation I, we |/ : 7 [
obtain | : //
. . / M A
(141 Iﬂ (9) - Qifewcosw e‘lﬂ{w "a’zjdw //// - A I P
. by 4

F

% B

Fig. 18. Regions of the plane

W,

The normalization (13) has been chosen

so that Iy(e)= 1for p =0 and I,(p)
is real for arbitrary n and p. The

\\

former follows from (14) if we passto "

the rectangular form of Wy, which is
depicted in Fig. 18 by the dotted path.
We thereby cause the two partial in-
tegrals along the parts parallel to the
imaginary axis (which are otherwise

p + 14 in which the real part
of ig cos w 1s negative are shaded.

The path of integration W, for the
Bessel function I goes from Wy =

a+ 100 to wy = b + 1 co. In
addition to u we use the variable
of integration f = w— /2

divergent for @ — 0) to be complex
conjugates. In order to prove this we make the substitution w—z/2 = §
The rectangular path Wy is then, in terms of 8,

—T+ 100 —>—m >7 =7+ 100,

which lies symmetric with respect to the f- axis.

For real o and n,
I,(p) decomposes into the two parts:

<+ n (we

In(?)":ﬁfe(nﬂ esin ) 78 ~ fe (ny+e mhy}d?,

— 0

(15)

where the second term is obtained from the integrals over the two paths
7 —>n -+ too and —& - 100 —>—az by the substitution g= +=x
+ 49 ; it does not vanish in general as it did for n = 0. Hence under
the normalization of (14) I,(p) is indeed real for real ¢ and n.

Since our integral representation converges for all values of p it
follows that I,(o)is an everywhere regular transcendental function except
for a single essential singularity at infinity and a branch point of order n at
e = 0 which for negative n is also a pole of the same order.

If n is an integer then the second term in (15) vanishes and we get
+n

I =5= f gl®f—elndg,

(16)

? In the English literature one writes J, instead of I, and sets I,(p) = Jn(ip).

We wish to reserve the letter J to denote “‘intensity” an« we shall need no special
symbol for 7, (i p).
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If we express the exponential function in terms of trigonometric functions
and consider the odd and even character of the sine and cosine, then we
get a representation which was given by Bessel:

T

(17) I(e) == [ cos (esinp—nf)dp.

0

We can see this directly from our original integral with respect to w.
In the rectangular path W, the two parts which are parallel to the imag-
inary axis will cancel for integral values of n, and only the section of the
real axis from — 7/2 to 3 /2 remains. Due to the periodicity of the inte-

grand this can be replaced by the path from —=z to +z. Wethus obtain
+ n
(18) In(e) — _91? / et‘g CoS w ein{w— nfﬂ)dw’
—n
which agrees with (16). The integral over a complex path W as in (14)
has a great advantage over the real representations in that it is not
limited to integral values of » but remains valid for arbitrary =. The
integral (14) is first mentioned in Schlifli 1871,° though only with a
rectangular path of integration. The following integrals (22) were first

published by the author in 1896.
Since the differential equation (11) depends only on n? we know that
if I, is a solution then so is I_,. The general solution can therefore be

written in the form

(19) Z,(0) = ¢ I,(0)+ coI_,(0)

However this holds only for non-integral n. For integral n, I, and I _n
are not linearly independent; we have rather

(192) I_,(@=E1)"1,()

This follows directly from (16) if in I_, (¢) we make the substitution
B=n—-4.
B. TueE HANKEL FuNcTION AND ITS INTEGRAL REPRESENTATION
As limits of integration in (9) we now choose
wy=@a,+100, —JwA<Lae <0,

(20) .
w, = b — 100, 0<b <=:;

3 For details see G. N. Watson. A Treatise on the Theory of Bessel Functions,
Cambridge 1922, p. 176 and 178.
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and
(20) wO“—"az_iDO, 0{02{3:,

a
w, = b, + 100, n<b, <2m.

These paths, which are largely arbitrary and are restricted only asymp-
totically to the shaded regions, are denoted by W,and W.in Fig. 19. The
fact that they have been drawn through the points w =0 and w = 7 is

also arbitrary but will prove convenient later. The constant ¢, is now
determined by

1 o n;-qq-:'w " o= %;;‘m
(21) Ca=—e "2, 2

The cylindrical functions thus obtained are / Z /
called the first and second Hankel funclions. é%/’é " ///
H};(Q) :__:_r [ 61’.9 CcOs to 6in{w— n/2) d‘EU, W, ‘é_' /

W
(22) . . |
Hﬁ(g)zlﬂ fewmswetn(w—n;z]dw' i
W, :

A [
They are almost more important to mathe- Wed i, Waa i~
matical physicists than the DBessel func- i 10 The mathe of
tions I,. They differ from the latter by the e 1% path:

: _ mtegration W, and 1172 for H!
fact that they become infinite at o = 0 and H®. Combined in suc-

even for positive n. This follows from the Eff*ﬁi“"uﬂla}: are equivalent to
fact that the integral 1e path Wo.

f Et‘n{w — nf2) dw
wl: Wl

obtained from (22) by setting ¢ = 0, diverges in the infinite part of the
lower half-plane.

The singularities of H! and H? at ¢ = 0 will be discussed in Sec-
tion C. Due to their construction /f! and //* are again solutions of the

differential equation (11). The general integral of (11) can therefore be
written in the form

(23) Z, () = C, Hy (o) + C, Hy (o)

We now want to show that the special integral 7, is obtained from this
formula by setting

1

as is seen by looking at Fig. 19. If we traverse the paths W, and W in
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succession then the lower parts cancel and the whole path contracts to
W,. Considering the new determination of ¢, in (21) we have twice the
amount obtained with the previous definition (13). Hence we indeed
have

(24) I, (0) = 5 {H: (o) + H: (o)}-

With this we compare the difference H; — HZ, which, writtenin terms
of the variables of integration 8 and y of (15), is purely imaginary for
real pand n. We denote this difference by 20N, and call N,(e) Neumann’s
function:

(25) N, (o) = 5; {H} () — HZ (0)}.
From (24) and (25) we have

H}(0)=1I, (o) + iN,(e),

(26) 2 :
Hn (Q) — Iﬂ. (e) — i'Nﬂ (Q)'

This decomposition of H',H? is completely analogous to the decomposi-
tion of the exponential function into its trigonometric components,
as indicated in the following arrangement:

P e '* COS T sin &

H* (p) H? (o) I (o) N (o) -

We shall see in Section D that this is not only a qualitative analogy, but
that asymptotically (for g — oo)it holds quantitatively also. Just as we
prefer the exponential imaginary representation to the trigonometric
real one in descriptions of wave phenomena, so as a rule we prefer a
representation in terms of Hankel functions to one in terms of Bessel and
Neumann functions, especially since our complex integrals are equally
convenient for all three.

For non-integral n the H',H? must be expressible in the form (19).
In order to determine the coefficients c;,c. we make the following observa-
tion: according to (14)

(27) 2 ne““"mlﬂ(g) — f&inmw+inwdw
Wo

and if we replace n by — n and w by — w (or Wo by — Wo),
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(28) _2ﬂe—innjz I_"(Q) — feipwsto+inwdw.
— W,

In Fig. 20 we have W, and — W,, drawn for convenience in rectangular
shape, with their properorientation. Theircentral parts from @ = —z/2
to w = +4-m/2 cancel. There remain two rectangular paths, which, for
convenience, we have deformed into paths of the type W, in Fig. 19.
The right hand path from 1;- —{ oo to 3T" + 700 coincides with W,
Let the left hand path from — g—]— ¢ oo to

3 x

2

¢ co be denoted by
W.'. Adding (27) and (28) we obtain then

(29) 2 m{e™* I, () —e "M I_, ()} = (n'! +W£) glecoswtinw gy,

Here according to (22) the integral over Wy /:

equals i /

(29a) 77 B2 (o), wi P4,
,;/4" A w=0

I i

RN “\_
MAN

b

The integral over W’ differs from this only Y, 2

in the orientation of the path and in its /é “Wo / f/; W
translation by — 2z This integral, ac-

cording to (22), is then

n

/] /

g 'Y
Y "%
Fig. 20. The paths W},

(29b) — gz e~ 89072 Hi (o) . and — W, for 7, and 7, are
equivalent to the paths W; and
Substituting (292a,b) in (29) we obtain }r_,:‘“'h‘“h belong to the type

2[I,(0)—e """ I ,(e)] = (1—e™ **"") Hf (o)
and hence

(30) H2(p) = I @—1ale)

s8in R

The corresponding representation for H! is obtained from (24):

-inm —_—
(31) Hi(e)=2 I, (o) — H(e) = =@~ 1-n(@

— s Binnn
The coefficients ¢;,c2 for Hankel functions in equation (19) are thereby
determined. We note that for real » and complex p

(32) Hl(e*) = [HZ(0)]*, hence  Hi(o*) = [HL(0)]*.
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Here the asterisk * stands as usual for the passage to the complex conju-
gate. In the derivation of (32) from (30) and (31) we use the relation
I, (0*)=[1,(0)}* which follows from (34). We further deduce from

(30) and (31) that
(32a) H, (o) =" HXo), HZ%,(0)=¢ """ Hy(o)-

and from (25), (30) and (31) that

__cosnnl,(e) — I_,(0)
(33) Nﬂ(g) - sin 7T -

(. SERIES EXPANSION AT THE ORIGIN

We have seen that I, (p) is regular in the entire finite plane. It can
therefore be expanded in ascending powers of @. Indeed we see directly
that the differential equation (11) is satisfied by the series:

_ 0 n o0 (_1)1! 0 “m
(34) I. (o) = ('2—) ﬂ;mll’(r&+m+ nH\2

For n = 0 it assumes the particularly elegant form

. 2 (—1™ 2m
(35) L@ = 3 war (8)

which was known to Fourier. We shall demonstrate in exercise IV.1 that
these series agree with the integral representation (14).

In order to obtain the series for the general cylinder function Z, and
to investigate the singularity at o = 0, we proceed as in the case of ordi-
nary linear differential equations: we write

(36) Zﬂ=g"‘(aﬂ—{-alg+a293+...+a#9*+...)

and substitute this in the differential equation (11); the resulting power
series must vanish term by term. The lowest power 9""2 yields the
determination of A, the general term @***~2 yields a recursion formula
for a;. We obtain

(87) AA—1)+A—n2 =0, A= +n,

and

(37 a) A+ A+k—1)+2+kb—n%a,+a,_»=0,
By the use of (37) equation (37a) can be simplified to
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(37b) (kR4 2kA)a,+ a,_o,= 0.
By repeated application of this recursion formula we get for £ = 2m

. TOm—3 _ (—1)? Ao m — 4

Ymn= Tomm+a) 20 mm—1) (m+ i) (m+a-1)

If,asin (34), we choose ¢y = 1/2" I'(A + 1) and set a; = 0 then we obtain

(—1™ 1
(38) T2m= Qzmtn m! D(m + A+ 1)’ Gam+1 =0
This establishes the validity of (34). According to (37) it is equally valid
for A=—n and for A = +n. As mentioned on p. 88, equation (11)
has the solucion I_, () in addition to I, (g). If n has a positive real
part the latter vanishes for ¢ = 0 with the same rapidity as ", whereas
the former becomes infinite with the same rapidity as ™.

What we have said so far in Section C holds only when n 1s non-
integral. For integral n, or more generally for the cases in which the
difference of the two roots of (37) is integral,* we encounter in the solu-
tion belonging to the smaller \ a difficulty that is well known from the
general theory of linear differential equations, namely, that in addition
to powers with negative exponents we have logarithmic terms. We
demonstrate this as follows.

Substituting in (37b) A=—mn and k = 2n, we obtaina,,_,=0.
Hence, tracing the recursion formula for az, backward, we see that in the
series (36) for Z,=I_, all the terms a; = a2, vanish. This implies the
relation (19a) previously established between I, and I_.

The problem is to find a second solution of Bessel’s differential
equation (11) which is linearly independent of 7,,. We do this by a limit
consideration in which 7 is taken as a positive number which is arbi-
trarily close to an integer. Instead of applying this to the Hankel
function H we apply it directly to the Neumann function N of equation
(33), the decisive function for the singularity under discussion. Before
passing to the limit N is given by (33); in the limit it becomes 0/0 due
to equation (19a). The limiting value is determined according to
De I’Hospital’s rule. Dénoting the integral limit of n by =n, we get for
the denominator of (33)

a%ainnn=wcosn:r=n(~—1’l“

) ¢ This is the case for Bessel functions in which n is half an integer. The fact that,
In spite of this, the complications which are discussed in the text do not arise, will be
explained in §21 C.
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and for the numerator

. ] 2
—nsinnnl, (o) 4 cosnn a_ﬂIn (0) —671[_,,(9)

= (— "2 L@ — (— V" 5 I, @)}

-t

hence

(39) 7N, @ =Lim {2 I, () — (— 1" 5 I_, ()} -

ﬂ.-a-;

Here the limit sign indicates that the differentiation with respect to n
must be performed before the passage to the limit, i.e., for non-integral n.
Since we are primarily interested in the neighborhood of =0, we
naturally use the series (34) which (for non-integral n) represents not
only I, but also I_,. We compute the two parts of the right side of (39)
separately.

Using the well known formula

T2 @ = a*log a

we obtain from the first term of the series (34)

.2 . 1 o \P e I'GR4+1) , ..
(40)  Lim I, = e (§) {los 3 rEt) T

where the three dots indicate terms of higher order than ¢®. We use the
abbreviation introduced by Gauss

I'(z+1) — /1 1.
(#1) V6 = Tern = G"‘,Zl(? )

where C is Euler’s constant

C=Lim(l+-é-—]— %.f...._[_ %—logn)=0.5772.

If we set

(41a) C=logy, y=1781,

then using (41) and (41a) we can write for the term { } in (40)

_ &y 1
(41b) log '%‘ — ¥(n) =log %‘g ——’Zl >
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The coefficient of the term { } in (40) is equal to I, (p) except for higher
powers than p” Using (41b) we can rewrite (40) as

"

(42) Lim 6%1"= {log}%}—z-:—} I7(0) ...

ve=1]

The three dots indicate that equation (42) is exact only up to terms of
order o®,

The computation of the second term on the right side of (39) is
somewhat different. We start from

o = O e — e O
T ﬁ!F(tn1:ﬁ+ D (:-TQ)HWL o}

By first differentiating only the term (o/2) ™" with respect to n we get as
in (40)

-—-log%(%)_ﬂ {F(—:rlr.—i—l) v ﬁsr(-[-:-gl-];+1)(%)2ﬁ}+ -

For n — 7, all the I"’s become infinite except the last. We have then:

—1)8

(44) — log %%—(—_g—)ﬁ=(~lj*‘“lng§Iﬁ-(g)-}-'--

On the other hand the differentiation of the term {}in (43) yields®
o\ W(—n) W(—n+1 fo\2,  (ZDWntRioN2m

(44a) (‘E) {F(—n-{-l] 1:r(—u+2;(§) +o ﬁ!I‘(-—-ﬂ+ﬂ+1J(2) j+

The function ¥(z) has simple poles at the points z=—1,—2,—3, ...

just like I'(z4+1). According to (41) we have in the neighborhood of the
v-th pole

1
(45) ¥(z)=— ol
The development of I'(z+ 1) at the same point is°
(—1r-* 1
(45&) F(z-—i— 1) —— {1.!—-—1)! - + 3 a
® In (44a) two minus signs have cancelled each other. Namely for z=—n 41,
—n<42,... we have
d 1 I'(z) dz __ (— 1) Iz _ ¥(z—1)

an Tz  [T@Pdn A A )
¢ For this and the previous formulas see Jahnke-Emde’s tables of functions,
3rd ed., Teubner, Leipzig. 1938, p. 10, 11, and 18.
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Hence

(45 b) ¥(2)

Iz + 1)

= (—1)" (v—1)! for z=—w.

Since I'(1) =1 and ¥(0) =— C we have, in the neighborhood of z = 0

¥(z)

Fe+ 1) = —C = — logy.

(4b¢)

After these preparations we can pass to the limit in (44a). Accord-
ing to (45) and (45a) all the terms ¥/I", with the exception of the last,
have the form oofoco which accordingto (45b) canbe replaced by (—1)

(v —1)! where » = # in the first term,» = # —11n the subsequent terms.
For the last term we apply (45¢) and obtain
(—1)» 2 A A
= log y(—g—) = (—1)° (%) logy I,(e) + ---

We have as the limiting value of (44a) (instead of # we now write n,
which is still an integer)

46) (1" {m—-1)1(%) "+ .“*:_!21!(%)-"”_,_ o logy L} + o
The sum of (46) and (44) now yields the second term in {} of (39)

" Lim 2 —n —2)! —n+2
— 1 im 5 1= — 01 (7 5 (8

— et log B I, 4

Combining this with (42) we obtain in (39) for n > 0

—_ —_ 2} —n+2
AN, (@) =—(n— 1)1 (8) "= - (%)
(47) n
2102, — > S
v ]

The terms on the right are written in decreasing order, the term with
(¢/2)~" having highest order and the logarithmic term having lowest
order. This implies a simple logarithmic singularity for n = 0; we have
then:

(48) 5 Nole) =log B Iy + -+,

or the complete form, which we state without proof

@8s) ZN,@—=lg¥L@+2(L—3L@+31 @—: ")
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According to (26) this logarithmic singularity arises in H just as it does
in N. We see from this that the A, have branch points at the origin of
the complex p-plane even for integral n. From (26) and (47) we see that
upon continuation around the origin H,increases by F 41, (g) (for details
see exercise IV.2). In exercise IV.3 we shall deduce the existence of the

logarithmic singularity of H, in a more direct, though mathematically
less satisfactory, way.

D. REeEcursioN FORMULAS

The Z, (o) satisfy adifferential equation in ¢ anda difference equation
in n, for arbitrary, not necessarily integral, n. We can deduce this from
our integral representation for the H and hence for arbitrary linear
combinations of the H, in particular for the I and V.

Remembering that the paths of integration W, and W, in (22) are
independent of n we form:

(49) %(H,ﬁl 4 H,_;) = [elecowetn W= {1} dw,
(50) %‘,(Hﬂ_‘_l _ Hn—l) — feipcusw ein(w—n,-'z){ }2 dw .
where

{ h =L@ 4 e i@ —sinw,

{ )} = % (efw—"D _ e~ i) = — ¢ cosw .

We may therefore write for the integrals on the right of (49), (50)

(49a) ilefgw (efecosw). einw—ni2) go,
(60a) — _g_ piecosw  pin(w—7ni2) gy .
e

and by integration by parts (49a) becomes

(49]3) _'g'_feiomw et (w—7/2) Jap .

We now can express the right sides of (49) and (50) in terms of Hankel
functions of index n. These formulas are valid for both H' and H*
depending on the path of integration; we may write them directly for the
general cylinder function Z, which is a linear combination of the two.
We have

2n

(bl) Zn+1 + Zn-—l = _9_ Zn ’
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and

az,
do °

(52) Zn+1 T Zn—l — 2

These are the recursion formulas we were seeking. They hold for n
integral or non-integral, positive or negative.
For n = 0 we get as a special case

(bla) Zy=—Z4

and

(52a) zZ, = —32,

and by further specialization of (52a) we get the relation
(52b) Lo =—3L@-

which could also have been obtained directly from the series (27) and
(27a).

E. AsyMPTOTIC REPRESENTATION OF THE HANKEL FuNcTIONS

The integrand in our representations (14) and (22) oscillates more
and more rapidly with increasing @, for the non-shaded regions of the
w-plane with increasing amplitude, for the shaded region with amplitude
decreasing to zero. Asshown in Fig. 19, the paths W, and W for H' and
H? can be drawn completely in the shaded regions for real @ . The
figures illustrating exercise IV.2 show that this is no longer the case for
complex o . Wealso see from Fig. 19 that the points w = Oand w =,
at which the paths touch two non-shaded regions, will play an important
role for the asymptotic computation of H' and H*.

We shall develop here the method of saddle points in an intuitive,
so to speak topographical, manner, and leave all analytic refinements
and generalizations for §21. We assume

(53) o real > 1 and n<op.

For H! the path W, begins and ends in the shaded “low lands,” and the
same holds for H2 and W.. The deciding exponent has its extremum at

sinw=20, w=

{0 on W]_

& 0O Wg.
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This extremum, like all extrema of real or imaginary parts of complex
functions, is not a maximum or a minimum but a saddle point. To the
right and left of W, and W at these points there tower steeply rising
mountain ranges. Between them run W, and W, as mountain passes.
The saddle point method is therefore also called the pass method. The
altitude of the pathsat w = 0and w == 1s

|e“’| =1 and Ie_"-"l = 1.

What path should a mountain climber take in order to surmount the
pass in the fastest possible manner? The answer is, the path of steepest
ascent and descent, the so-called ‘“‘drop lines.”” However this prescrip-
tion is not binding and it may be amended for reasons of convenience
(analytic reasons’ or mountain climber’s reasons). The English name
“method of steepest descent’’ instead of pass method is therefore not
entirely appropriate.

We consider a short segment of the path W, in the neighborhood
of the crest of the path: let ds denote the arc element on this path with
the orientation Wi, and let the crest itself be given by s = 0. We write:
(54) w=se"? icosw =i(1 -—-:'f—;-ez"’" =§sin 2y + ?:(1——%20052})).
The level lines of the real part are perpendicular to both the level lines
of the imaginary part and to the drop lines, therefore the level line of the
imaginary part is at the same time the drop line of the real part which
determines the altitude of the pass. In our case the level line of the
imaginary part of (54) is given by
52

1_2

cos 2 y = const.

with the constant equal to one, since the line must pass through the
crest s = 0. Hence we have

(b4 a) cos2y =20, y=:F-T—.

For H! we must choose the minus sign for % (see Fig. 19) whereby (54)
becomes

(64b) w=e"*"4s, dw = e~ "t ds, icosw:i———%’.
We substitute this in (22) and at the same time set s = 0 in the

“slowly varying’’ factor exp {tn(w — =/2)}; the integration can obviously
7 G, Faber, Bayr. Akad. 1922, p. 285.
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be restricted to the immediate neighborhood of the pass, say to distances
<< & . Weobtain

+ &
. e .,
.. 1 1 ile— (n + §) #/2] —= 4
(540) Hn(E’) — *—3;6 e ds.

— £

This integral can be reduced to the Laplace integral with the help of the

substitution s = 'I/;E.—g, which, at the limits of integration, becomes

'l/%a—a- co and — —g-e —>—o00. We therefore have the final
result:

1,0 1/.2 _ite—(n + P =/2)
(55) @) =7z -

For H 9,_\~.‘here we have to use the path W, with the saddle point at w = &
and where in (54a) we have to choose the plus sign for g, we obtain
correspondingly

(56) H2(g) = :,, e—ile—(n+ D2l

By taking half the sum of (55) and (56) we get

(57) I (p) = ]/zcos [9 -—(n + %) %] .

These asymptotic representations, though derived for real @, can be
continued analytically in the complex p-plane (for the representation
of the two H’s this plane must be cut along a suitable half line because
of the branching discussed at the end of Section C). On the basis of
equations (55) and (56) we state: H' vanishes asymptotically Jor
Im p— —+oo, H? for Ing — —oo. This is the reason for the particular
suitability of Hankel functions for the treatment of problems of damped
oscillations. On the other hand both the Bessel function I and the
Neumann function N become asymptotically infinite in both half planes.

We shall show in §21 how our asymptotic limits can be extended
into asymptotic expansions and how the condition n < e of (53) can
be dropped. The factor o~} in (55) and (56) is connected with the fact
that H'o (or, for another choice of time dependence, H?,) represents,
upon introduction of a coordinate z which is perpendicular to the 7, ¢-
plane, an expanding cylindrical wave with source r = 0. Since the
energy 2z r |Hyl? passing through a cylinder of radius r must be inde-
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pendent of  (in the absence of absorption), we see that H, is proportional
to ¢+ or in other words to g~ t.

One may think of the real and imaginary parts of H's and I, as
defining surfaces over the complex p-plane.  The surface of Re {Hp}
osculates the positive p- half-plane exponentially and in the negative
half plane it has exponentially rising mountain ranges separated by
correspondingly deepening valleys. The surface of Im (Hg) behaves
similarly and in addition has a
narrow funnel at the origin I, [(Z)
which corresponds to the loga-
rithmic singularity of H, (also
of Ny: see (48)), as well as a dis-
continuity along the negative
real axis corresponding to the

branching discussed above. The o .
The surface of Re(fy)consists Fig. 21. Representation ot 7, (heavy line)

. . and of 7, (dotted line) along the real axis,
of a rmldly undulatmg depl'ﬂ“s' The first three roots of I, (g) = 0.
sion flanked on both sides by

rising mountain country. The undulating nature of the depression
follows from the asymptotic equation (57) and indicates the existence
of an infinity of roots of the equation I, = 0 along the real axis. These
roots are represented in Fig. 21. The surface of Im (Iy) 1s very similar
in appearance except that the bottom of the depression islevel through-
out, corresponding to the fact that I, is real along the real axis.

:-———3, 115 —-*:-—3. !3#——-1
' [ |

] -
-
I

] I i
2.405 5.520 8,654

§ 20. Heat Equalization in a Cylinder

As an excellent example for the application of the theory of Bessel
functions we again consider a special problem of heat conduction. The
problem was treated by Fourier, who, in fact, mentioned the functions

with integral n whence they are sometimes referred to as Fourier-Bessel
functions.

We shall treat our problem in three steps:
A. For an infinitely long cylinder and an axially symmetric initial state

J = f(r).
B. For an initial state which depends also on the argument f = f(r, ).

C. For a cylinder of finite length and general initial state f = f(r, @, 2).
The boundary condition shall, for the sake of simplicity, always be
that of isothermy

(1) u=20 for r = a = radius of cylinder.
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For the complete cylinder this is augmented by the further “boundary
condition’ of finality along the axis:

(1a) % %= 0o for 7 =0.

A. ONE-DiMmENsiONAL CAsSE f = f(r)

The equation of heat conduction 1s:

o*u 1 ou 1
(2) 7 T Ya —Fa

Making the special substitution
(3) u = R(r) e ¥¥¢

we get the differential equation for R

dzR dR
(3&) {?;;-+%-&-;+32R=0.

This is Bessel’s differential equation (19.11) with n = 0 and ¢ = Ar.
Its general solution can be written as:

Z,— A I,(Ar) + BN, (Ar).

However, the condition of finality (1a) requires that we set 3=0; because
of (1) we must further demand that

(4) I,(Aa) = 0.

We already know that this equation has an infinity of roots such that the
distance between consecutive roots approaches =z ; from (19.57) we get
for the m-th root

(4a) Zma—--'j:—: =(m~—-—;—-):=, hence ﬁ.ma=(m—%):u.

This approximation is valid down to m = 2 with an accuracy of about
19,; for m = 1 we get

as compared to 2.36 from (4a) (see Fig. 21).
We have then at our disposal an infinity of solutions of (32):

R(r)=A4,1I,(A,7), m=12 ...

Correspondingly we get from (3) as the general solution of our problem
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(5) u= 4 mlo An7) € m L

m=-1

We now merely need to satisfy the initial condition

(6) fr) = "A mdo (An7) -

A way of doing this is indicated by the treatment of the anharmonic

sine series in §16. In order to emphasize the complete analogy with the
equations (5) and (6) of §16 we write

U, = I[I (A'n 7), Up = Iﬂ (;"m 7)

and then write our present equation (3a) in the form:

(du“)—l—ﬂzru = (), %(ri{)ﬂ—d ru, =0.

Multiplying by u,, and u, and subtracting we get as an analogue to
(16.5a)

(7) U, :r( dr) U, = ( — Ay ru,u,

Integrating over the fundamental domain 0 <r < a we get as an
analogue to (16.6)

&

dr n dr 0

(7a) (;{fﬂ — Aﬁ) fﬂ‘r w, U, dr =1r (um Quty u dum)
0

This is Green’s theorem applied to the two-dimensional circular region
r = a,.

The right side of (7a) vanishes for the upper limit » = a on account
of equation (1), for the lower limit » = 0 on account of the factor r and

equation (la). Since A, & 4,, for m > n, we have the orthogonality
condition:

3
(8) O[umunrdr='0 for m = n.
The “weighting factor” r is due to the two-dimensional element of area

rdrdp in Green's theorem.
From (7a) we may also deduce the normalizing integral

=fuﬁ‘rdr

if we drop the assumption that 4, is a root of (4). We consider A,



104 PARTIAL DIFFERENTIAL EQUATIONS §20.9

rather as a continuous variable which in the limit coincides with 4, .
Equation (7a) then represents N, as a fraction which for 4, — 24,
assumes the form 0/0. By differentiating the numerator and denomi-
nator with respect to A, and substituting »r = @ and r = 0 we find,
because of (1), that

a (du, du, a [AUm QUm
(9 No=s71.\7, & ),-g., ~ 2 A,..(dl.. dr )r-n'

But forr = a

’ du,,
B — 0 Iy(Rn®), 52 Am LR @)

Substituting this in (3) we get

(9a) Np=2114na)].

The coefficients A, of the series () can now be calculated from (8) and
(9) in the Fourier manner:

(10) A, N, = ff (7) Iy (A7) T dr,

We substitute this in the series (5), thereby completing the solution of
problem A.

B. Two-DiMENSIONAL Case f = f(r, @)
We first develop f(r, @) in the complex Fourier series ( 1.12)

fi = 4 0O +%
i 1 —in
1) ()= > Coé™®, Co=Co=55 [ frg)e " dgp.
il — 00 '
Due to the two-dimensional equation (2)
1 2% 1 ou

o 1 ou
(12) ot ia Trg ko
and the generalized substitution (3)
(13) u=R,(r) e ¥

we have the differential equation for RB,(r)

&R, . 1 dR, nt\ o _
(14) I ';'3;,—+(1’—;)R..—0-
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This is Bessel’s differential equation (19.11) with @ = 4r . Equation
(l1a) requires that the only permissible solutions be of the form
A,I,(Ar). Onaccountof (1) 4 must satisfy the equation I, (Aa)=
which, just like I (Aa@)=0 , hasan infinity of roots:

An1s Ap, 25 -

ey Apyms v oo
Each of these roots yields a particular solution of the form (13):

(15) Up,m = 'A'n m ﬂ(ﬂ mT) en e g tmm “:

and these solutions satisfy the differential equation (12). Through
superposition we can construct from them the general solution of (14)
which at the same time satisfies our boundary conditions:

06) 4= Stpp=_ 3 I Ay ol (ynr)e™® e mmbt,

Wm0 M=l
Here the constants 4,,,, must be chosen so that for { = 0 and every
integer — oo << n << + 00 we have the equation

(1) Cotr) = 3 Anm Iy (Anm?)

where according to (11) the left side is a known function of . Equation
(17) necessitates the development of this function in Bessel functions 7,.
This is possible due to the orthogonality of the latter, which follows
from Bessel’s differential equation (14) and Green’s theorem as in (7)
and (7a)%, Using the abbreviations

'l.?m=In (An,mf) ’ UI-=IH ()-m;f)
we obtain as generalization of (7)

(22 . —2Z) frv v, dr —'"(”mf,_”‘ v ::"‘)

Here, too, the right side vanishes. We thus have for [ = m

(18) J-vmv,rdf=0.

At the same time we obtain by a passage to the limit as described in (9)

® In order to avoid the trivial result 0 = 0, in the application of Green’s theorem
to the circle r = ain the r,@- plane we must use the two functions

Vam =1y (An,m?) et "® and v,,=1I,(4, 1) i"?
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(19) Npm=[rdr =51 (Rnma) -
0

The A, in (17) can now be calculated in the Fourier manner from the
given C,(r) by (18) and (19) in analogy to (10). Substituting these
expressions for C(r) in (11) we obtain

a -+ .
(20) AN, nApm=[ [10.@) L, (As,mr) e”"Prdrdy.
Q0 —=n
which concludes the solution of (16).

C. Turee-DiMeNsioNaL Case f = f(r, #, ?)

Let the eylinder have the finite length A and let 0 <2z < h. We
first develop f(r,@,2) in a Fourier scries with respect to z, which, due
to the boundary conditions » = 0 for z = 0 and z = h, becomes a pure
SINe series:

h
ff(r, @,2) Sin p 7 & dz ;
0

& w

(21) f(r,g,2) = > B,sinum~, B, =

p=1

We then develop B, = B,(r,¢) in a series of exp (tne):

b4 ]

-+ oo ] . —t
22) B,(rng)= .5 Cune™®, Cun=35 [ B.np)e " .

fi= — O Ha T T

Finally we represent C,,, = C, ,(r) as a series In the Bessel functions

I.(Ar), which progresses according to the roots of
I,(Aa) =0, A= 2Apm> m=12...

Due to the three-dimensional equation of heat conduction

Pu 12w 10w  Pu _ 1du
ors ror ' r2opt ' oz kot

the time factor has the form

e~ "kt with o2 = 45, + ($)2 '
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The complete solution is given by the triply infinite sum

@3 u= > s

= — OO

i‘ A#nm In (Ar;.,m ‘I') eimPSiIl J7) ﬂ%g—- ['1'2“’“ +(£E)2]J:t '
me1

The coefficients A are calculated from the N, . of (19) in analogy to
(10) and (20)

a<+ah

+
ff ff('r, @, 2) LA, mr)e” " Psinp n%r drdpdz.
—mn

0

(24) mhN

n,mAp,n,m

This completes the solution of (23).

In the case of a hollow cylinder the condition of finality (la) 1s
dropped. Hence in the expansion of the solution there may appear
terms with A, in addition to those with I, (or, in other words, terms in

H!, and H?,). Heat conduction through a heating pipe is an example of
this.

§ 21. More About Bessel Functions

A GENERATING FUNCTION AND ADDITION THEOREMS
In §19 we started from the two-dimensional wave equation
Au + k2w = 0 and its simplest solution, the plane wave

(1) @ =— gtk % — glecos P o=Fkr, k = the wave number.

If we develop this into a Fourier series then, due to the origin of Bessel’s
differential equation (19.11), the coefhicients must be Bessel functions,
and because of the regularity of (1) for r = 0 only the I functions will
appear. Hence, we set the coefficient of exp (¢ % ¢) equal to ¢, and
according to (1.12) we then have

+ =
1 - i
¢, I,(0) = 35 glecn PN dy,

— X

If we compare this with (19.18), in which we may replace w by — w,
we obtain

c, = et'nnfz.

Hence we have the Fourier series
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~4-

8

(2) eiemsw=
mn

I

"L (o) €

oo

I
|

or upon the substitution p = @ + =/2

(2a) gesiny — 3 I, (o) €.

= — 0O

In the older literature (2) is usually written in the less symmetric form

(2b) €0 ® — I (o) + 2 E’la‘" 1, (o) cos nep.
=

The left sides of (2) and (2a) are called generating functions of the Bessel
functions with tntegral indezx.

We now pass from the case of a plane wave to that of a cylindrical
wave with its logarithmic source at the origin, which, according to p. 100,
is represented by Hy(e). (We omit the upper index since the following
is valid for both functions H, i.e., both for radiated and for absorbed
waves.) We now shift the origin from p =0 to o=04, ¥ = o
whereby Hy(p) goes over into

H,(R), R =Vo®+ 0i—2 @ 0003 (p—Po) -

If we develop this into a Fourier series with respect to @— o, then
the coefficients must again be eylinder functions, namely functions H,(o)
for o << gy and functions I,(g) for @ = @o. The latter follows from the
fact that o = 0 is now a regular point, the former from the fact that
each term in the series must have the same type of radiation or absorp-
tion for @ =00 as Ho(R) itself. For reasons of symmetry the same
consideration holds for the dependence of our coefficients on the variable
0o, except that the functions I, and H, are interchanged since‘the
condition g = g, is the same as gy = 0. Hence the n-th Fourier coefficient
must be

o { In(el)) Hﬂ(@) for e > Qo>
"\ H,(go) I(e) for o <go-

The numerical factor ¢, is independent of @ and g andis the same
for both expansions, since the two series must go into each other con-
tinuously for @ =@, (unless at the same time @ =@ ,In which
case both series diverge); it turns out to be equal to 1 if, in the case
o < gy, we pass to the limiting case of a plane wave gy —>09, setting
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o= and comparing the resulting asymptotic formula with equa-
tion (2). We thus obtain the addition theorem:

I L(e) Hale) " 2> eos
3) Hy(R) = {
.n.§ H, (g,) I,(e) €™ *~ % e <eo-

If we consider this written for both Hankel functions and take half the
sum then we obtain the addition theorem for Bessel funclions:

Ba)  I(R)= 3 I,(e)I,(@) ™" 0= 0p.

T == = OO

In the same manner we get from half the difference the addition theorem
for Neumann functions, where we again have to distinguish between the
cases @ > gy and g <@g .

Concerning (3) we note that the series in I, corresponds to T'aylor’s
sertes in the theory of complex functions, whereas the series in H,
corresponds to Laurent’s series.® This is illustrated by the following
example, in which one may | replace z and z, by pe'® and gye'® :

z—z. — Zzuzuﬂ 2] > |z,
(4) ne=(
= S e 2] < |z

n ==
In §24 we shall develop corresponding addition theorems for spherical

waves in space: there will also be a counterpart to the representatioh (2)
of a plane wave.

B. INTEGRAL REPRESENTATIONS IN TERMS OF BESSEL FUNCTIONS

We shall give here the development of a given function f(r) in terms
of Bessel functions which is analogous to a representation by a Fourier
integral. According to (12.11b) a function of two variables can be
represented by the Fourier integral

®  Hny) =g ff deo> deo’ ff dgdn f(§m)ete=m OHie W,

° This is further discussed, together with questions of convergence, in §2 of the
author’s work which was cited on p. 80. We also refer to the great work of H. Weber,
Math. Ann. I, p. 1, which was a fitting beginning for that journal. It is the problem
of adapting the methods of Riemann’s dissertation, i.e., of adapting the theury of the
differential equation gy =-0, to the differential equatmn Au+kBu=0.
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We introduce the polar coordinates:

T =Trcosg &=pcosy @ = 0COS&
y = 7rsing 7 =p@sIny w =osnx
dEdn = pdpdy dw dw' = cdodx.

We assume the special angular dependence of f(z,¥):

(6) f(z, y) = f(r) €™® (n integer).

By using the relations
wx+ o y=orcos(x—e¢)
wé + o' n=0cpcos (p—«)

we can transform (5) into

o o0 +

+n
(7) f(f)e“‘"'= ocdo f(g)gdgé_!;feiur cos (a— @) da;_ﬂfeinwe—-iapma[\'—n)dw_
0 0 —n —_n

In order to compare these integrals with respect to « and y to the
representation (19.18)

kL

+
1,(2) = %j i 20088 Hin(B— nf2Jdﬁ

—_—
+ n
— Q%; j’e—t‘zcos B’ E11:1(413’+ n{2) dﬂ' (ﬁ: — ﬁ — )
-_

we multiply under the integrals of (7) by

81 n (a-x /2) and 6‘ " [—a+:f2),

and divide through by ¢™. We thus obtain the simple representation
oo oo
(8) f(r) =6fodaﬁff(e) I,(c7)I,(c0)ede.

In analogy to the form (4.13) of the Fourier integral theorem we can
write this relation in the symmetric form:

Fr) = fa do (o) I(07) ,
(8a)

?(0) =fe do (@) I.(c0) -
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The transition from rectangular coordinates to polar coordinates in the
passage from (5) to (7) requires certain conditions about the behavior
of f at infinity which we do not diseuss here. Equation (7) will be useful
in the treatment of spherical waves in §24.

We obtain a further application of equation (8) if we let f(r) degen-
erate to a J-function, namely,'? let

0 . F e

(9) f(ry=4a(r]s) = { for ?':1=sl , with f f(ryrdr = 1.
oo for r=s §—e

We then obtain from (8)

(9a) fIn (er)I,(cs)odo =0d(r|s) .

This equation represents the orthogonality of the two functions I, at the
points r and s of the continuousdomain 0 < § < oo ;itisacounterpart
to (20.18) in which we deal with two points m and [ of the discrete A-
sequence. We shall return to the important relation (9a) in §36.

C. THE INDICES n + 14 AND n == 14
Substituting n = 1/2in (19.34) we get I'}) = V::_z, I'é)y=s4% I/—, .

~ 1| X — 22 (&) s, —(-‘i)*_.-']
(10) Ii(e)"]/;[ﬁﬂl'ﬂ/;(E) T 5135y 7\2
2e e* et .\ _ 1/2esine,
— /;(1—5";4—'51— )_]/ﬂ .

in the same manner we find forn = — 1/2

(10a) I_;(0)= l/—g—}' ca;e .

We write generally

2 : . . __8in g
(11) I,..00)= I/..;@ y, (@),  in particular o= —

From Bessel’s differential equation (19.11) we get the differential equa-
tion for y,,

19 \We draw the reader’s attention to the weighting factor r in the integral of (9).
Becnuse of this factor we no longer have [ é(r[s)2s = 1, but instead [ érla)
rdr = 1, as in equation (9).
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1de (er,un) n(n-! Dy, _
(11a) = +( ) ¥a=0.

We shall meet this equa.tlon again in the theory of spherical harmonics.
We now wish to show that the solutions which are finite for ¢ = 0 can
be obtained from %, by the following rule:

(12) vo = (—o" (55,) ¥o-

We start from the series (19.34). Let p be an arbitrary index (in our

case we have p = 1/2) then we have
oo

I, (o) (— 1™ (0%/2)™
13 =
(15) (0/2)® mz=‘o m!'(p+m+1) 27

We differentiate this equation m times with respect to @2/2. Then the
right side becomes

i’- (— 1™ (e%/2)™—"
(m—n)!' C(p+m+1) 2m )

m=mn
By introducing a new index of summation (u = m—n, m = n+ p) We get

{‘_" 1)“ < (_ 1)‘“ {9214)'“ _ (_‘1)“ In-i—p(?)
gn L= u! T@p+nt+p+l) 2% (e"T

At the same time the left side of (13) becomes (because of

d(¢*/2) = ¢ dp)

(13a)

(13b) (5 )ﬂ 12 Q)
ede/ (2/2)®
Comparing (13a) and (13b) we get
1,40(0) n nl, (9)
(13¢) @) — (—oy'(555) 5

due to (10); this coincides with (12) for p = 1/2.
If instead of the ratio of I (o) and (p/2)" we differentiate their
product n times with respect to g%/2, then instead of (13c) we get

(13d) I_nyp(0) - =0"(5q5) Us@ -}

If we again set p = 1/2 and apply definition (11) we get as the comple-
ment of (12)
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. _ d \n
(13e) Y_nle) =0""" (m) {e vo} -
From (12) and (13e) we deduce the recursion formulas for .,
= _Wn 7
(14) 11011 =1 dQ + o Tpﬂ ’
—  fy_. _ 1
Yn-1= do 0 Y—n-

The corresponding formulas for Z_ , were discussed in §19 D.
According to (14) we get successively from y, = sin g/p:

__sinp —pcosp 3(sinp — p cosp) — p?sing
1‘)1 - p 1 w‘;-!= 3 3 = & &
e e
cosp cos o + o sing
(14a) ;= , Y= — 2 ;
e e
3(cosp + psing) — p®cosg
Y3 = 93 y *

We see from this that for integral = all %,, can be expressed in an
elementary form with the help of the sine and cosine functions. This repre-
sentation confirms the non-logarithmic character of the half-index
Bessel functions, as stated in footnote 4 of this chapter.

The ‘“Hankel functions” ¢, which coerespond to the , are
given by the equation

(15) H,,,@) =%t

analogous to (11) (the upper indices 1 and 2 on both sides have been

omitted). We are particularly interested in the functions &,. We

obtain them from the functions Hj, which we get from (19.31), (19.30),
and (11):

—

Hl__'_'if.}'—f-} 298“? Hﬂ_i‘ri_‘r-*= Zgia'iﬂ
YT 7 TV e ? i % e °

Hence according to (15) we have

ete

(15a) =15 o=

L —-*IEQ *

e-1e

Concerning the notation we make the following remark: our nota-
tion coincides with the original definition of the y, in Heine’s Handbook
of Spherical Harmonics and with that used by the author in Frank-Mises.
However it differs by a factor ¢ from that of other authors!! who instead

1 P, Debye, Ann. Physik 30 (1909), B. van der Pol and H. Bremmer, Phil. Mag.
24 (1937). Further references in G. N. Watson, Theory of Bessel Functions, p. 56.
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of (11) write:

(16) Ly y©@ =75 a0

which is sometimes convenient.

In analogy to the equations (14a) for the u, we can express the $n
in elementary form with the help of exp (41p) . This states the fact,
which will be derived in Section D, that Hankel’s asymptotic expansions
break off in the case of half-indices.

The differential equation for Z, ;(kr) assumes an unexpectedly

elegant form if we replace the independent and the dependent variable!?
by

(17) kr = 2o, Z,,(kr)y = tP() .

The functions ¥, in (16) are denoted by Sy in acoustical engineering; the cnrrespﬂndiqg
C., would, in our terminology, have to be called a “Neumann function,” since it 1s
proportional to C:‘—C: . _

12 The direct computation would lead to lengthy transformations. We avoid
them. and at the same time recognize the generalizability of the relations (17) to (20),
if we start from the conformal mapping

1

through which

(1) A, u—+ Bu=0

goes over into

(2) dgg v+ (E+in) | v=20;

where u(z, ¥)= v(§,n) (see equation (23.17) below). If in (2) we set f propor-
tional to o powerof &4 ¢1, e€.g.,

z+iy=re®?

kf(E+in)= % (& + sn)H, {

§+in=ce'"
then we get
. 2 > /s 2 /3 I o
3 k|lz+iy|=kr="218+3n" == e=3¥
and E|f(§+ in)|=e"?/e.

The solution of (1)
u= Iz u(kr) e

then goes over into the solution of (2)

(4) V= I_!: 1u (—?‘- Q."f’) E"{!;
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It then becomes

(18) D" (o) + e Pe) =0 .

If we write its solutions as a series with undetermined coefficients start-
Ing with % and p!, we get

S —-1—1-2411.4.-2_1.4.7.C4 ..
(19 o=1—1-%+ s L & THR sl
D, — _2.15’:_}_2.5.!2_2.5.3.25-
1= @ 4 .r 10! T

Considering (19.34) we see that the first is proportional to I_,, the second
to I ,, namely, that we have

Do) =37 I (1—3)e Iy (5 ¢1),
D, ()= 3" I (1+ %)9* Iy (§ e*) -

We shall meet the functions I, , againat the end of Section D.
and therefore

(20)

10 ov 1 9% oD gy

?39(93_9) tam TV
Substituting v = p~t & (p) ¢! ¥/3, here we get:

d*d
(5) F+QF'3¢=0,
with the easily verifiable series representations for its solutions:
¢ e*# e
(6) Po=1 P(F‘_I)_l—#{#'—l) 2p(2pu—1) ’
ep +1 eﬂ M+l
D, =p

GiDa T GFDe@aTDZE

We can relate these solutions to the solutions (4) for v; namely we have:

@ 2
(7) q,: } = Cz ¥ Iz1u (; e“*’“) -

where Cyare constant factors. Substituting the power series for I from (19.34), and
comparing with (8) we get

(7a) C. = p-V» p(1 — %) ,  Ca=ptl# P(l + —::) .

For p=3 the equations (5), (6), (7), (7a) go over into the equations (18), (19),

(20) of the text. _ _
For u=2 equation (5) reduces to the differential equation for the trigo-

nometric functions, and @®,, ®, become cosp, sin g. For 4= 1 our series

representation breaks down, since then o= 0 isa singular point of the differential
equation (5).
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D. GENERALIZATION OF THE SADDLE-POINT METHOD ACCORDING
TO DEBYE

Although in later applications we shall in general apply only the
asymptotic limiting value of the Bessel functions as determined at the
end of §19, we wish to discuss here certain more general expansions due
to Hankel, which progress according to negative powers of ¢ and in
which the first term is the above mentioned asymptotic limiting value.
Actually these series are divergent, being developments at an essential
singularity, but they are frequently called semi-convergent. The first
terms decrease rapidly, but from a certain term on they increase to infin-
ity. We obviously must break off at that term in order to obtain
approximation formulas.

The shortest way of obtaining these series is from the differential
equation for the Hankel function, by substituting formal power series,
and then computing the coefficients by setting the factor of each power
equal to zero (this is obviously not completely rigorous). Considering
(19.55) and (19.56) we write

L2y 1/.2 _tile— (n+)n/2) @y 92 ., g 9m ...
(22) Hy%(o) = I/ngff e (ﬂo-i-el'l-uz‘{‘ +em+ )

and after dividing out the factor V2= exp {& i(e — (n-+ 3}) 7/2)}
from the differential equation (19.11) we find the terms with o—™-% tobe

—Op 1 F2t(m 4P a,+ (m+3)(m—E)a, 1,
+ 2 a,, —(m—23)a, _1,
+ 4, 41 —'ngam_l.
where the consecutive rows correspond to the consecutive terms

a3 Z 1dZ ne
o ea (@)

in (19.11). Summing the three rows we get the following first order
recursion formula

(23) F2ima,=n2—{m—3*a,_,.

Setting ao = 1 we get

4 a, 4n2—1 a, (4n2—1)(4n2—09)
(24) e 23 (F210)’ o 2021(F 25902 77
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Using the symbol
(4n2—1) (402 —9) - (4n® — {2m — 1}3)

23m n

, (n,0)=1

which was introduced by Hankel, we get the general formula:

26 Im __(2,m)
(26) o™ (F2ig™ "

The series in (22) for H' and H? then assume the final form:

2 ie- a2 n, m)
(27) Hl(p) = ﬂ—e‘{“ (n + ) 7/2) Z {—(—2;'9}“"
Q m=0,1,2,...
(28) 2.y _ /2 —ile—(n+dni2) (n,m)
Hﬂ(g) ﬂee g; (—}—Eig}"‘
m=uU,1,4,...

Taking half their sum we get:

m

I, = Vﬂie cos (o — (n + %) =/2) Z (— 1)? E::;z
(29) B m=0,2.4,... o |
2 . 2 (n,m
Vﬂ . sin (p — (n + %) =/2) m=§5 m_(— 1) Lk

In exercise IV.5 we shall apply a similar method in order to determine
the leading terms of the series (27), (28) (which here were borrowed
from the saddle-point method) from Bessel’s differential equation with
large ¢ . This method does not include the normalizing factor which
remains undetermined by the differential equation.

Extensive mathematical investigations about the domain of validity
of such asymptotic series exist, starting with a great work of Poincaré,'?
which we cannot discuss here. Exceptions to the divergence are the
series with half-integer index » =%, which, according to the defini-
tion of the symbol (m,n) break off with the »-th term and represent the
Bessel function in question ezactly. We then obtain the elementary
expressions for ¢,, w, Wwhich were given in Section C.

Our considerations so far are essentially restricted by the condition
n & 9; they fail if n becomes infinite with @ . The latter is the case
in all optical problems which are on the border line between geometrical
optics (optics of very short wavelengths) and wave opties. It was in
connection with the investigation of a problem of this type, namely
that of the rainbow (radius of water droplet approximately equal to

3 Acta Maih. 8, 1886.



118 PARTIAL DIFFERENTIAL EQUATIONS § 21. 30

wavelength of light) that Debye!* discovered his fundamental generaliza-
tion of Hankel’s asymptotic series. In order to understand its origin we
first have to generalize the saddle-point method.

The exponent

(30) f(w) = 2 [p cos w + n (w— 7/2)]

in our representation (19.22) of the Hankel functions now depends on
two large numbers @ and n. For convenience we take @ and n to be
real and positive. Depending on whether » is smaller or larger than ¢
we set

(30 a) n = pCOS& Or (30b) n = p cosh «;
in addition we use the variable of integration
(30 ¢) B =w—mf2.
as in Fig. 18.
a) For n<p we have
(31) fw) = F(B) = —i g (sin p—Pcosa).

The saddle point F’(8) = 0 is given by
cos B—cosa = 0;

it lies at B, = T «, for H' and H? respectively. This corresponds to the
previous values for the saddle points wo = 0, %, which by (30c) go into
Bo=F w2 . From (31) we get

F'"(By) = -F tosine
which yields as the expansion of F(8) up to the quadratic term
(31 a) F(p) = :i:'!:Q(Sin'cc-——mcosoc):F%ifgsinrx(ﬁ—ﬁn)z.

Instead of B we introduce the arc length s measured from the saddle
point fy— F & and set (B—fo)f= (Bka)=Fist, df = ¥ d,
Concerning the J-sign in the last equation we refer the reader to the
discussion in (19.54b). Integrating over a neighborhood of the saddle
point we get

+s
: @sina- L2
(31 b) H}t,2(e)=i_fel?(ﬂ) dﬁ=e:ttﬂ(alna—-ncma)lfe—-§ 1 D"e:F : ds.

7T
—8

4 Math. Ann. 67, 1909 and Bayr. Akad. 1910.
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This again can be reduced to the Laplace integral. We have:

ey

(32) Hl.ﬂ(g) — ‘l/{_____r"f___ eii@fﬂiﬂﬂ-nﬂ&sa);fzfg'

n 7 p 8in «

In the limit &« — #z/2 our form (32) goes into the previous representation
(19.55), (19.56).

b) The same calculation holds in the case n >p if in (30b) we
replace cos & by cosh x and hence (31) by

F(f) = —ip (sin § — B cosh «)

That one of the two saddle points 8, = == ¢ & , which yields the domi-
nant term, is the one with greater altitude, namely f,=—t«. At
this point F’’(f,) = ¢ sinh «. Instead of (32) we now get

(33) H;II’E (9) — V 2 - eﬂfﬂ cosh & -sinh «) F i:t)'?-

71 0 sinh &
From these limiting values (32), (33) Debye deduced series develop-
ments of the Hankel type, which we may omit here.
¢) The only remaining case is the transition case n ~ ¢.in which
according to (30a,b) we have « ~ 0 and hence the representations

(32), (33) fail on account of the denominators Vsin « and V sinh «x .
This indicates that now F'’(B,), also approaches zero and that only the
third term of the Taylor seriec for F(B) is appreciably different from

zero, We therefore need a better approximation in the neighborhood
of the saddle point. This was carried out by Watson,' who instead
of (31a) used an expansion which goes up to the third order in (8 — f,) .

The Laplace integrals of the Airy type (see end of this section) which
arise there can also be computed rigorously. We thus find:
In the case n <o,

(34) Hi'z (o) =tﬂ;_; ed:in(tana—-«}fan“a— a) & 1 7/6 Hi.2 (% n tanaﬁ);

in the case n > p (where n = ¢ cosh « asin (30b)),

(35) H::'z (o) Ja% ¢~ n(tanh a + § tanh’a— &) ¥ 2i7/3 Hf. 1 (:I: fg_" tanh?3 a)'
Taken together the Watson formulas (34) and (35) cover the entire

_ ¥ Chap. VIII, and in particular p. 252 of his Theory of Bessel Functions, Cam-
bridge 1022.
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asymptotic range of the Bessel-Hankel functions including the border
case n ~ p, we are now treating. In this case we are in the neighbor-
hood of «=0. Hence we may replace H, by its limiting value for
small arguments, which according to (19.31) and (19.30), is (since we
may neglect I, ascompared to I_, )

t

Hyf(z) = F 73 I_,(z).

Since in (34) we have 2= 4n tan®ax we get I_; proportional to
1/tan «, which cancels with the factor tan & on the right side of (34);
hence after the necessary contractions we get from (34)

(36) HY? (o) = Ffi) (55)F ™7 .

The same expression is obtained from (35). As the corresponding limit-
ing value of I we get

(37) I,() = P]{l?;) (929 b

This coincides with the original results of Debye.

We also see that if » is not too near @, equations (34), (35) coincide
with the Debye formulas (32), (33). For, in this case we may substitute
its Hankel limiting value (19.55,56) for the function H, (large argument

and small index):

tn ’

+ — tan*es F i(d+ a2
1,2 l 3 )_ ._ﬂ e 3

H; (antan )= ]/s-mtan’a ,

whereby (34) simplifies to

HL2 (g) = V 2  Tin(tana— a)F ind

nntan «

Due ton = p cos « this coincides with (32). In the same way one shows
that (35) and (33) coincide.

Finally we have to consider the problem of the roots of the equations
HY}%(p) =0 forlargenand g. However, while up to now we assumed
nand p to be real, we now have to admit arbitrary complex values fcu: n;
we still may assume ¢ to be real on account of its physical meaning
(e =kr) . Concerning the parameter «, whose sign is undetermined

in (30a), we agree that its real part is to be positive. _
It would seem from (32), (33) that no roots could exist even for
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complex n, since the exponential function vanishes for no finite value of
the exponent. However these representations were obtained (see p. 119
under b) by considering only that one of the two saddle points which has
the greater altitude. If they are of equal altitude and if the required path
of integration (leading from depression to depression) can be made to
lead over both passes, then as sum of the two exponential expressions
we get a trigonometric function, which makes the existence of roots
possible.

Using the notations of equations (30) to (32) we represent the saddle
pointsby 8 = Fa and the corresponding exponential functions which
appear in H by

ex {e(sina — acos &) F in/4

The altitude of the passes is determined by the real part ot the exponent.
Equal altitides therefore mean equal real parts of the exponents, and
since @ was assumed real, this means equal imaginary parts of
4+ (sin & — & cos &),  or in other words,

(38) Im (sinax — xcosax) = 0.
For small « this yields:
Im (x?) = 0,

This means that & lies on one of three curves that pass through the
origin and intersect there at angles of 7/3, one being the real «-axis.
The real axis remains a solution of (38) even for infinite «, while the other
branches are continued into curves that are mirror images with respect
to the imaginary «- axis.

Considering the path of integration, described in Fig. 19 for the
Hankel function, we see that the path of integration for H! can be taken
meaningfully over the two saddle points only if they lie on the branch
of (38) which leads from the second to the fourth quadrants, i.e.,if «
has a positive real part whenever it has a negative imaginary part; hence

= p cos & (with real @) has a positive imaginary part. On the other
hand the path of integration for H? must lead from the.third to the first
quadrant, so that « has a positive, and n a negative, imaginary part.

Superimposing the contributions of both saddle points according to
(32) we get the following representation for f*

Hﬁ (9) — 2. (e{q(alna— acosa)—in/d __ ,—ie(slna— acqs a)+ inﬂ)
(39) I/ nmesina

. 2 . .
— 'l / ( — —
2¢ o fin [e fsin & — x cos &) — 7/4].
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From this we obtain the roots of the equations H} () = 0 directly:
they are the roots of the following transcendental equation in «

(40) o(sinx —xcose) — 7wfd =— mm, m=12,3,...,
where we have to choose the negative sign on the right in order to satisfy

our requirement that o be in the fourth quadrant.
For small « we obtain from (40)

ewg =— (4m—1)=/4

and after the correct choice of the cube root of unity, we have

3n —in{3
x = 1—9(4m-—1)]*e inl3
Now « is related to p by equation (30a), which for small « ,
2
after we make thesubstitutioncos =1 “2 , yields:

(41) n=g+ 50 [2F (4m—1):|%e‘“f3.

The roots of H2 (p) = 0 lie in the positive-imaginary n-half-plane, a fact
that we shall apply later, and they are infinite in number. If we solve (41)
with respect to @ then we get values in the negative-imaginary e- half-
plane. According to (41) n and @ are of the same order of magnitude,
as assumed in the beginning. Hence (41) is the solution of the root
problem in question,

We see that the saddle-point method is very general. It can be
transferred from the treatment of the Hankel functions to that of arbi-
trary integrals of the form

(42) f eF(wfﬂrﬂl-“) dw’

where F depends on several large numbers g, 7,... in addition to the

variable of integration w, and where the path of integration W starts i_n a
complex region in which lim exp F(w, ... ) = 0 and leads to a similar
region. In the integrals of the type (42) when the saddle point F'=0
approaches a point F’* = 0 one encounters the same peculiarities that
we encountered in the case of Hankel functions for the border line case
n ~ @ . This is the case of the Airy diffraction theory of the rainbow.
The phenomenon of the rainbow is in fact linked to the appearance of a
turning point (F”” = 0) in the wave front, which in the asymp!DOf-lc
approximation coincides with the saddle point F* = 0. The calculation'®

16 W. Wirtinger, Berichte des Naturw.-mediz. Vereins in Innsbruck 23, 97(1896);
J. W. Nicholson, Phil. Mag. 18, (1909).
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of the “Airy integral” in question leads then to the funetions H, or,
what is the same thing, to the functions I, justasin (34) and (35).

§ 22. Spherical Harmonics and Potential Theory
A. THE GeExEeErAaTING FUNCTION

The simplest approach to the theory of spherical harmonics is given
by potential theory. We start from the so-called Newtonian potential

1/r and, after shifting the origin from r =y = 2z = 0 to (x0,%0,20),
obtain

1) 2 — 1 o A _
R V (x— z,)? —‘l—btg}-—-— Ye)? + (z—2,)° V ¢ —2rr, cos & + ro

The polar coordinates 7, ¥, ¢ have been chosen so that the polar axis
# =0 goes through the point (xo,%0,20). We then have ro = yo = 0,
2o = roand

x ==r sin & cos @,
(2) y =7 sin ¥ sin @,

2z = 7 cos .
We may expand (1) in ascending or descending powers of r depending on

whether » < 7, or » > ro. If we denote the coefficient of the n-th ascend-
ing or descending power by P, we have:

1 &2 r\n
a%(.r—n) P, (cosd) 7 <7,

(3) 2=1 "
1 <o [T\
k?ﬂZ:‘u (-f) P, (cosd) 7r>r1,.

The P, must be the same in both expansions since they must coincide
when r = ro and ©® =0 . The point r =70, ¢ =0 1s a singular
point, the sphere r = r, playing the role here that is played by the circle
of convergence of the Taylor series in the two-dimensional case.

The polynomials P, defined by (3) are of n-th degree in cos ¢.
They are called spherical harmonics and we shall show that they coincide
with the polynomials P, which were introduced in §5. The function
1/R is called the generating function of spherical harmonics.

B. DIFFERENTIAL AND DIFFERENCE EQUATION

First we want to find the differential equation of spherical harmonics.
The fundamental equation of potential theory Adu = 0 , which is
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satisfied by 1/R, can be written in the form

2
1 2% (r u) 1 sin 1_‘}3_“ 1 o2

(4) T ort +f28in‘ﬂ‘319‘ o _]‘_r“si.n‘ﬂ'aw’_o'

Since this equation must be satisfied by each term in the series (3), we
obtain from the n-th term of the first line of (3) after dividing out

the common factor 7"~ 2/z8+1 |

(5) n(n41) P+ ﬁdﬁ(mnﬁ% = 0;

the same follows from the second line after factoring out #p/r"*%  We
introduce the abbreviation

and note that

—sin9dd =dt, sin®d 5 =sin?d _ = (1-;2)3—‘:.
Equation (5) can then be written
(6) Sl — o +1)P,=0,
or
(62) li—ty -2t L+ n(+ 1} P,=0.

We consider (6) with n replaced by ! and then, following the scheme
of Green’s theorem, we multiply by P; and P, and subtract:

P;ég{(l—cz) } P,y la—o F

,,jf')}-—{z(z-{- 1)—n(n+ 1)} P, P

(7)

The physical range of the variable { isfrom ,{ = — 1, to =41
(9 = 0). Integrating over this range we get the condition of orthogo-
nality for i = n

+1

(8) fl P,P,dL =0,

since the integral of the second line of (7) with respect to ¢ vanishes
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unless the P become singular for ¢ = 41 which is excluded by
equation (3).

We now show that our P, satisfy the normalizing condition (5.7)
9) P,(1)=1
For cos 9 = 4 1 we get from (1):
1 n {7\
1 = > (5) r<to,
|r :F fﬂl o 1 n To\"
?Z(il) (}E) F >, -

Comparing this with (3) we even get the somewhat more general
equation:

(9a) P,(+1)=(x1".

Now we saw in §5 that the P, were uniquely determined by the ortho-
gonality (8) and the normalization (9). Hence our present definition,
with the help of a generating function, leads to the same functions P, as

did the method of least squares in §5. In particular we have the repre-
sentation (5.8)

(10) P () = goy 7 @ — 1"

and as a result, according to (5.12)

1

(10a) JPa@)dl =53 -

The P, are even or odd functions of £ according as n is even or odd:
(10b) P,(—0) = (—1) P, &)

In addition to a differential equation with respect to the variable
¢ , our generating function yields a difference equation with respect to
the index n. We rewrite, say, the first line of equation (3) with the
abbreviation & = rfry :

\ 1
= »p .
(11) o 2a™ Py
By logarithmic differentiation with respect to « we obtain
n=1
(113) {—o __Zna™"lP,

al—2al+1  Za"P,



126 PARTIAL DIFFERENTIAL EQUATIONS § 22. 11b

and after cross-multiplication
t—a)Za"P,=(2—2xé+ 1) Zna”" 1 P,.

If we compare the coefficients of the same power of « on both sides,
say those of «®, we obtain

EPy— Py y=—1) P, —28n P+ (n+1) Ppyy,
or

(11 b) n41)P, ,—@2n+1)CP, +nP,_,=0.

The same recurston formula is, of course, obtained from the second line
of (3).

By the logarithmic differentiation of (11) with respect to & we
obtained a mixed differential difference equation.
Instead of (11a) we now obtain

o X a® P ’ apP, ({)
(11c) a*—2al+4+1 Za"P,’ Py = d¢

and after cross-multiplication we get, from the coefficient of &™*?,
(11d) P,—P,_,+2{P,—P,,,=0.

Multiplying this equation by 2n 4 1 and adding twice the equation
obtained from (11b) by differentiation with respect to & , we obtain

—@n+1)P,— P+ Py =0.

We rewrite this as the differential recursion formula:

d
(11e) T (Pays— Puy) = @n+1) Py

C. ASSOCIATED SPHERICAL HARMONICS

The potential equation (4) suggests that in addition to the particular
solutions

(12) Un =‘r -1‘Pn (cos &)

r'—'ﬂ

which depend only on r and & we might consider also the particular
solutions
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R

" .
(123') unmh:‘ 1}an (cos ) et™me

which depend on 7, # and ¢ , by associafing 1o P, certain spherical
harmonics P™ (where m is an integer assumed positive for the time being)
defined by the differential equation

(13) ﬁg%(ﬂin ¥ j—?‘f)—{-{n (n + 1)—-—EL} P =0,

sin® &
which follows from (4). Written in analogy to (6) and (6a) we have:
d dpPr 2 m
(13a) Fa—oF% }+{n(n+1)—l-f—¢2}Pﬂ =0,

b  {i—) 2t g+ D Im P =0,

According to Thomson and Tait our original P, are called zonal spherical
harmonics and the associated ones are called tesseral. The lines of zeros
of the former divide the surface of the sphere into latitudinal regions of
different signs, those of the latter divide it into quadrangles (tesserae)
of different signs which are bounded by lines of latitude and of longitude.
The associated or tesseral spherical harmonics are orthogonal for different
lower but equal upper indices; namely as in (7) we conclude from our
differential equation, which now is (13a), that

+1
(14) [PPPRd; =0 for lEn.
-1

In order to obtain an analytic expression for Py we expand at the
points £ = 4 1 (north and south poles of the unit sphere) in powers of

tF 1,
PP=(CF D ep+a¢FDH+al@FL+ 1.

This is analogous to (19.36). The determination of A in analogy to
(19.37), is obtained from the differential equation (13b):

(15) AA—1)+21—"=0, A=+2.
(The other root A= —m/2 must be excluded for reasons of con-

tinuity.) We unite the branches at each of the points £ = 4+ 1 into
(1— ™2
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and write
(16) P = (1 =229 = sin™ - v.

For the » which we introduced here we obtain from (13b)

an {a—) 5 — 2+ DG+ e+ ) —mm+1]jv=0,

which now must be solved in terms of series which contain only integral
powers of £F 1. However we do not have to investigate these series
since the required integral of (17) can be obtained in closed form from
(6a). Namely if we differentiate (6a) m times with respect to { and
apply the well known rule of differentiation

] i pd (4 (m\\d
(17a) acm EET{ d_C+ 1 }dij’“’

then we obtain exactly the expression {} of (17) applied to the m-th
derivative of P,. Hence we see that we obtain a solution of (17) by
setting

am™ P,
(17b) v =

With the use of (16) and (10) we obtain a simple representation for our
associated spherical harmonics and at the same time a determination
of the normalizing factor which has been free up to this point:

(-t dntm(2—1)"
(18) P = 5t e

Hence for even m, P™ is, like P,, a polynomial of degree n; for odd m,
P™ is V1 — {? times a polynomial of degree n — 1. We further see
from (18) that

(18a) PP, Pr=0 for m>mn.

n

The last statement follows from the fact that for m > n 1Ehe ordter of
differentiation in (18) is greater than the degree of the differentiated

polynomial.

D. ON AssociATED HARMONICS WITH NEGATIVE INDEX m

Up to now we had to assume a positive index m, for example, in
(17b) we made use of differentiation of order m with respec:t to ¢ .
However our final representation (18) can be extended directly to
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negative m with m > —n . We therefore extend (18) to the 2n + 1
values |m | << n» . For negative m too, the function P} is a polynomial
of degree n (in the same sense as for positive m). This is because the
pole at ¢ = = 1 given by the factor (1 — {)™* for negative m is can-
celled by the second factor of (18), which has a zero there of correspond-
ing order due to the fact that the order of differentiation has been
lowered by | m|. In addition the P} satisfy the differential equation
(13) for negative m too (since (18) depends only on m?). Hence the P,
for negative m can differ from the P!™ only by a constant factor C,
which is best determined by the comparison of the highest powers of ¢

in P;™ and P}™ ascalculated from 18). We then have:

pP-m dqn-m ) dntm
n — ___ F2y—m 2n 2n
P:m - (1 C) dc"_mc /{!‘Cﬂ+mc
~ m “2"1._(2”1)! n+m (2n)! n—m __ ¢ __ 1\m (n—m)!

hence:

-— m m{n_m)'
(18b) po-m=C.PIm, €= (— 1) ot

This equation holds for both positive and negative m.

Our definition of the P, which departs from the older mathematical
literature, has been justified by wave mechanics and will also serve to
unify our expressions.!?

Hence we have exactly 2n + 1 adjoined Py, one of which coincides
with P,, the rest being pairwise equal except for the constant factor C;
another difference is in the factor exp ( m @) by which they are multi-
plied in (12a).

17 In the older literature the upper index of P is assumed positive throughout
ahd the @-dependence is given by cosme@ or sinmg . It is much simpler to
assume this dependence exponential, as we have done in (12a), where we also dropped
the restriction to positive m.

An even greater departure from the customary definition is suggested by C. G.

Darwin (Proc. Roy. Soc. London 115, 1927) who appends the factor (n — m)! to the
right side of (18). Then (18b) simplifies to

Pr=(— 1" P for m<O.
But this definition implies a change in the classical expression for the Legendre

polynomials Py, = P;. which we want to avoid.

Moreover, some authors, in particular E. W. Hobson in his Theory of Spherical
and Ellipsoidal Harmonies, Cambridge 1931, use the factor (— 1)™ in the definition
of P in (18), but this is immaterial for our purposes.
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E. SURFACE SPHERICAL HARMONICS AND THE REPRESENTATION
OF ARBITRARY FUNCTIONS

By the most general “surface spherical harmonic” (introduced by
Maxwell) we mean the expression

(19) Y — 5 A P™(cosd) ™.

n
Me=—T

«hich contains 2n 4+ 1 arbitrary constants. Multiplied by 7" (or r™)
Y, yields the most general potential of order n (or— n — 1) which is
homogeneous in the coordinates z,y,z ( Maxwell’s solid harmonies). It is
a2 combination of the special u,, ., of (12a) which also are homogeneous in
x,Y,2:

T

7 +n
(19a) ey } Y,= Z A, Yy s

r m=—n

and the general non-homogeneous solution of the potential equation (4)
is represented as a sum of its homogeneous parts:

oo TH
19b = > Y,.
( ) " n%olf_"_l}

By restricting this representation to the case of a sphere of radius 1 and
giving the value of « on the surface as f(p, ¥) we obtain

(20) f0.9)= 3 YV, = 5 X Ay PR(cosd) e
n= n=0 m=—n

By using the notation 4, instead of the 4, of (19) we emphasize the
fact that the free constants in each Y, are independent of and different
from the constants in any other Y,. The series (19b) and (20) express
the fact that the boundary value problem of potential theory for a sphere
is solvable for an arbitrary value f (&, ¢) of the potential on the sur-
face of the sphere, both for the interior of the sphere (factor 7" in ( 19b))
and for the exterior (factor ¥ ™). In the following section we shall
treat this problem by direct construction of Green’s function and thereby
derive the above series again. The first rigorous proof of (20) under very
general assumptions on the nature of f(8,¢q) was given by Dirichlet 1n

1837.

F  INTEGRAL REPRESENTATION OF SPHERICAL HARMONICS
We now consider a special homogeneous function of degree n In

Z,Y,%
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(21) (z-+ ¢ z)* = 7" (cos © + i sin & cos )" = " (£ + VE2—1 cos ¢)*,

which, like every function of the form f(z + iz) or f(z + iy) etc., obviously
satisfies the equation A = 0 . Hence the coefficient of 7"in (21) 1s a
surface spherical harmonic Y,. If we average it over ¢, making it a
pure function of ¢ , we obtain our zonal spherical harmonic

+n

(22) P.Q)=5= [ (C+VE—1 cosq) dp.

— TT

If on the other hand we construct the m-th Fourier coefficient of Y, as
in (1.12) then we obtain the associated (tesseral) spherical harmonic

(23) PrO)=5n [ (C+VE—Tcosg)e " dp.

The integral representation (22) is first mentioned by Laplace in his
Mécanique Céleste, Vol. V. The fact that the denominator 2z pro-
vides the correct normalization is seen by setting =1 |, for then the
integrand becomes 1 and hence P,(1) = 1. On the other hand we still
have to determine the normalizing factor C in (23). By comparison
with the normalization of (18) we find!®

(23a) ¢ =Tm! —tmajz

n!

If in (21) we replace » by — n — 1, as we know is possible, we get,
equivalent to (22), the representation
+n

1 dg
(23b) Pn(g) - '2_; f (; + VEG cﬂa?})ﬂ-i-]_ ]

— N

which is also seen to be normalized.

1# For instance by passing to the limit {-—oco in both (23) and (18), whereby,
except for the factors {#* and exp(— ¢$m¢) , the integrand in (23) reduces to
(1 4 cosg)® = 27 cos?™ @f2 = 2"" ¢! " P (L + ¢™19)%n,
In the binomial expansion of this expression we have to consider only the term with
efm?  gince all the other terms vanish upon integration with respect to @ . The
factor exp{— #mnf2} in (23a) is due to the factor sin™ # in (18). See also
the similar passage to the limit { — oo in (18b).
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G. A RecursioN FORMULA FOR THE ASSOCIATED HARMONICS

Starting from the recursion formulas (11b) and (11e) for the zonal
spherical harmonics, we differentiate (11b) m times with respect to ¢,

apply rule (17a) to the middle term and multiply each term by  sin™ .
As a result of (18) we obtain

(24) +1D)PP ,—@Cn+1)CP—m(2n+1)sind P~ '4-n P;_,=0.

On the other hand we obtain from (11e) upon (m — 1)-fold differentia-
tion with respect to ¢ and multiplication by sin™ ¢é:

(25) Pr o,—Pr_ ;=Q@n+1)singd Pp~1
Eliminating the term with sin# from (24) and (25) we obtain the
recursion formula

(26) (n+1—m) PP, — @n+ 1)L PP+ (04 m) Pp_; =0.

which is a generalization of (11b). Apparently this equation holds only
for positive m, due to its derivation through m-fold differentiation.

However we can verify it for negative m if we consider our general
definition (18) of P’ and the relation (18b).

H. ON THE NORMALIZATION OF ASSOCIATED HARMONICS

From (10a) we know the value of the normalizing integral for
m = 0. We denote it by N, or also by N2. Its computation in §5 is
based on the symbol D;; of (5.9). We first consider the generalized form
of the normalizing integral

+ 1
(27) NE™ = [P} (Q) Py ™ (D) dE.
=1
Written in terms of the symbol D, , we have as a result of our general

definition (18)

+1

(28) N’:;l':m 22"?1' f n+mﬂ. n—m.ndc'
-1

Through m-fold integration by parts we obtain, since the terms outside
the sign of integration vanish for = 41 :

+1

—1\m (__1}1“
(29) N:.:m"“( = fDn.n'Dn.ndc=(—'1)mN?:—'n_i_%'
1

23npnlin!
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Here in the last equation we have substituted the value of N, from
(10a). The normalizing integral is usually taken as

+1
(30) Ny = [ PR(&) PR(g) de.
—1

This can be deduced directly from (29) by using the relation (18b) which
yields

1 (n+m)!
n+ §(r—m)!’

m __ 1 +m
(31) NP = ZNE™ =

Its direct computation in the manne~ of (28) would have been somewhat
more cumbersome.

We remark that in the following chapter we shall always carry out
a ““normalization of the eigenfunction to 1.” If we denote the associated
harmonic with this normalization by 7, then we have:

+1
(31 a) [ ) IR Gde =1,
-1

and comparing this with (30) we get

(51b) mp = Pr Ny = P[0+ D G

J. TuE ApDITION THEOREM OF SPHERICAL HAarMONICS

The proof of this theorem is based on a lemma, which we shall be
able to prove only with the methods of the following chapter and which
shall be assumed here without proof, namely: The surface spherical
harmonic

(32) Y, = E IT7 (cos ) &™m? . JI™ (cos 9,) e~ t ™%

ma—1"n
depends only on the relative position of the two points ( 3, ¢ ) and (9, @, )
on the surface of the sphere, ip other words it has an invariant meaning
independent of the coordinate system. If we now change the coordinate
system of &, by letting the polar axis of a new coordinate system
O,d pass through the point ( 9y, @, ), then the latter has the coordi-

nate @, =0 (its &, becomes undetermined), while the @ coordi-
nate of the former point ( &, ¢ ) is now given by

(33) cos @ = cos ¥ cos ¥, sin & sin 9, cos (p — @,)
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For @,=0 all the terms in (32) vanish except those with m = 0.
Henoe the right side of (32) becomes the product of the zonal spherical
harmonics /7, (cos @) and I7,(1). Due to the stated invariance of
Y. we then have

+ n
(34)  IT,(cos @) IT,(1) = > II7(cosd) IIT (cosd) e ™ (P~ %,

m=—"n

This is the symmetric form of the addition theorem which expresses its
structure in a convincingly simple form. The form which is common in
the literature is obtained by expressing the I in terms of Py with the
help of (31b) and (31). Equation (34) then becomes

+n

(35) P,(cos@) = > E::::;: P™ (cos 9) P™ (cos 9) €™,

m=—n

or written in real form
P, (cos @) = P, (cos 9) P, (cos B)

(36) B (n—m)! pm
+2 > o )] P™ (cos &) PJ (cos ) cos m (p — @o) -

It is however evident that the true structure of the addition theorem is

gradually lost in the passage (34) — (35) — (36).
Another rather transparent form of the addition theorem is
obtained from (35) by replacing one of the upper indices m by — m and

applying (18b):
+n _
37 P,(cos®) = > (—1)™ Py (cosd) P;™ (cos ¥y) etm(® = ),

m=-—n

§ 23. Green’s Function of Potential Theory for the Sphere.
Sphere and Circle Problems for Other Differential
Equations

We superimpose two principal solutions u,u’ of the potential

equation Adu =0,

, R=(z—8*+ (y—n)*+ (z—8)%

u

|

o, o

) |

R? = (z— &P+ (g—1*+ =07

u — ', in particular the

U

I

]

and seek the level surfaces of the function G =
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surface G = 0. According to (1) the latter is given by the equation
R'? = (e’fe)? R%, or written explicitly:

e

(1 — ;) (2% 4+ 42 + 27%)

€

o -t

el

S s DI RS GEDE

!

’2 e'? 4y ’2 e o | s €% 1o
+$ _'EE"E +7} E""?? IC"—E'E_: — (.

This is the equation of a sphere. The position of its center and the length
of its radius can be calculated from (2): the center Qlies on the connect-
ing line of the “source points” @ = ( & 5, ¢ )and Q' = ( &, »', &),
the radius a is*obtained as the mean proportional of 0Q = o and

0Q" =o',
(3)

oo = a?,

so that one of the source points lies in the interior, the other in the
exterior of the sphere of radius a.

For further discussion we shall not use the cumbersome formula (2),
but rather the elementary geometric Fig. 22,

A. GEOMETRY OF RECIPROCAL RADII

Fig. 22 illustrates the
method of reciprocal radiz'®
formulated in (3). We call
Q' the inverse rmage of Q
with respect to the sphere of
radius a, or also the electric
image (Maxwell); the nota-
tions ¢ and ¢’ in (1) are con-
nected with the electric
point of view. The relation
between @ and Q' is sym-
metric: @ is the inverse

Fig. 22, Geometry of reciprocal radii. Q and ¢’
are transformed into each other by inversion on
the sphere of radius @ around the center Q. The
triangles OQPi and OPrQ’ are similar.

image of Q". From (3) we see in the well known manner that the points
Q,Q" are harmonic with respect to the points of intersection P,, P, of the

line OQQ’ and the sphere.

The method of reciprocal radir was developed through the pioneering

12 The term ‘‘reciprocal’ arises from the (bad) habit of setting a = 1, in which
case p' = 1fp . For reasons of dimensionality we consider it better to retain the

radius a as a length.
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worlc of William Thomson2® who applied it to a wide range of problems
in electro- and magnetostatics. Transformation by reciprocal radii is

called tnversion for short.
From (3) it follows that the triangle OP;Q of the figure is similar to

the triangle OQ’P;, hence we have:

(4) ¢ _ 2  where R, = P;Q and R’ = P;Q".

R, R,
Here P, denotes a special point on the surface of the sphere while the
symbols P,R,R’ are reserved for an arbitrary point P: (z,y,2) and its
distances from Q and Q. In order to determine the “image charge’’ ¢’
which was introduced in (1) we compare (4) with the relation

e e’

— T e—

R, R,

which follows from (1), and is valid for every point P;. We obtain

(5) ‘i:: e g — % (the latter due to equation (3)).

B. Tute BounpaRY VALUE PrROBLEM OF POTENTIAL THEORY FOR
THE SPHERE, THE P0OIssON INTEGRAL

Equation (5) brings us back to our starting point, the condition
G = u — u = 0; and we can now justify the notation G, which signifies
Green’s function. We have in fact

€

(6) G=GP,QY=%—7F

as Green’s function for the “interior boundary value problem” which is:
to find a potential U which has no singularities in the interior of the
sphere for a given boundary value U on the surface of the sphere. In the

same manner

r

(62) G=GP.Q=F—F

is Green’s function for the corresponding ‘“‘exterior boundary value
problem.” Of the three conditions a),b),c) (see p. 50) that serve to
define Green’s function, we have b) satisfied on account of (5) and a)
satisfied because the potential equation is self-adjoint and therefore the

20 Journal de Math. 10 (1845), 12 (1847). Afaxwell in his Treatise, vol. I.
Chap. XI, quotes a paper in the Cambridge and Dublin Math. Journ. of 1848.
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differential equation of G coincides with that of {/. In order to satisfy
condition ¢) of the unit source we merely have to make

eore = — 1/4m.
for the inner or outer boundary value problem, as seen from the table on
p. 49.
We write (6) explicitly by introducing the spherical coordinates

r, 3, @ for P(r = 0 is the center of the sphere, & = 0 an arbitrary
direction). Let the corresponding coordinates for Q and Q’ be:

7> P9> Po with o = O,
r . F ) ’

7a> Yor Po with r’o =0, ¥y =1, tprﬂ = @}
as in (22.33) we let
cos @ = cos ¥ cas ¥y 4 sin ¥ sin 9, cos (p — @,);

for e¢'/e we use the first of the values given by (5), and we let
e = —1/4n . Equation (6) then becomes

(7) —An G — L a/e

]/rﬂ—{»—gz—gf!?ﬂﬂs@ rz_i.ﬁ—ErE:CDS@
e e

The solution for the interior boundary value problem according to the
scheme of (10.12) is then

(8) U@=[U% do.

The integration on the right is with respect to the point » and is
taken over the surface of the sphere, 8G/on = 0G/dr for r = a and

do =a?sin ¥dddp ; Q is an arbitrary point in the interior of the
sphere. From (7) we get the general relation

a
y— —cos@
4?;30 r—ocos® a o

o~ R o F
where I and R’ are as before. Hence, for the surface of the sphere,

where according to (4) we have R, = -g- R, , we get

..a_GI_ P _1_. —_— 92 a? __a Q'.
47— _R;{a g cos @ a,(a 90056)}_E(1“5)'
Therefore, if we set [ = f (9, @) equation (8) becomes
(9) 4n U (Q) = ﬂa(l _ _g_:) f f (8, @) sin B db dp

(a* + o*—2ap cos O)t °
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This representation was deduced by Poisson in a very circuitous manner
through the development of f(#, @) in spherical harmonics. Here we
see that the direct way is through Green’s function (7).

The corresponding formula for the outer boundary value problem is

obtained from (6a) by setting ¢ = — 1/4 = and taking the second
value in (5) for e’/e. We have:
, 2 8, o) sin 9 d9 dg
9 LnU @) =a® (% —1 AL .
(Va) 7 (Q) @ (ﬂ»z )[f (az—}—e’ﬂ—Eag’cns@)i

The so-called “second boundary value problem,” in which we set
3G/3n=0 on the surface of the sphere, can not be solved with the
method of reciprocal radii.

We now wish to gain a clearer geometrical understanding of the
way in which formula (9); which is analytic throughout, can, on the
surface, represent an arbitrary function [ (9, @) , which is in general not
analytic. For this purpose we have to consider the passage to the limit

Q— K as o—a In this limit the factor 1—g?/a? in front of the

integral in (9) vanishes and hence only those elements of area do con-
tribute to the integral for which the denominator R? vanishes. The latter

approaches zero for g—>a only when cos® =1, and therefore
O =19, ¢ =¢, . Thus the only determining part is a neighborhood
of that element of area which approaches Q, in other words the special
value f (9, @,) on thiselement of area will alone determine the limiting

value. We indicate this fact by rewriting (9) in the form

g 2=n

_ _ ol & sin @ d© dP _
(19) 43:522 V@) =a (1 az) /%0, Po) f 3 (a?+g? —2ag cos O)}
0

In the numerator of the integrand we are allowed to replace sin ¢ d¢ do
by sin @ dO d® ; after this is done the integration can be carried out

explicitly. We obtain

2n 1 1

a,g(a.—g (a2 4+ p2—2ap cos E)i)'
Substituting this in (10) we observe that the contribution of the second
term in the parentheses vanishes for ¢ — a. From the first term, after
dividing the denominator @ — g into the factor 1—p?%/a® , we get the
desired value:

Lim U = f (9, @,)-
Q-+ K

In the two-dimensional case (circle instead of sphere) we can carry
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out a simplified consideration in close analogy to (9) and (9a), where
instead of (9) we get

. ___9_2 f(‘?’}d?’
(11) 27 U(Q)=a (1 a=)faz+9=_zagmw_%y

C. GENERAL REMARKS ABOUT TRANSFORMATIONS
BY RECIPROCAL RADII

Returning to the three-dimensional case we now wish to consider
the transformation by reciprocal radii from more general viewpoints.
We choose an arbitrary point O to be the center of inversion and, at the
same time, the origin of a spherical polar coordinate system; we then
select a sphere with a center 0 and an arbitrary radius a as the sphere of

inverston. An arbitrary point P: ( 7, ¥, ¢ ) 1s transformed into a point
P': (¢, 9, ¢ ). Between these points we have the relations:

rr’ = a?, ¢ =, ¢ =@;
12
(14 dr=—2ar, do=4d9, dp=4dg.

7’2

For the sake of completeness we also give the corresponding relations
between the rectangular coordinates z,y,z and z’,y’,2’. Using the scheme
of (22.2) we obtain from (12)

. a® . a?
@' = 7’ sin ¥’ cos ¢’ = — sin ¥ cos ¢ = 5 T, etc.
or, written in summarized form,
r r r a’z
(122) (ﬂ:,y,z)=fﬁ($:y;z);
and conversely

(12b) (29,2 = 5 (&, ¥, 2) .

We now seek the transformation in polar coordinates of the line
element ds? into ds”2. According to (12) we have
(13) ds? = dr? 4 7% d 9% 4 r?% sin2 § dp?
= (5) @2+ r1d 92 4 r2sin 9 dp'?) = (%) ds.

Hence the transformations by reciprocal radii are conformal: every
infinitesimal triangle with sides ds is transformed into a similar triangle
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with sides ds’ (ratio of sides =(a/r’)?*=(r/a)?). According to a
theorem by Liouville these mappings are the only non-trivial conformal
transformations in three-dimensional space.

The geometric characterization of our transformation consists of
the fact that it transforms spheres into spheres, where the plane has to be
considered as a sphere of infinite radius. A sphere that passes through
the center of inversion is transformed into a plane, since the center of
inversion is transformed into infinity. (Infinity in this ‘“‘geometry of
spheres’” is a point and not a plane as it is in projective geometry.)
Conversely, a plane that does not pass through the center of inversion 1s
transformed into a sphere.

D. SPHERICAL INVERSION IN POTENTIAL THEORY

The next point of interest to us is the transformation of the differ-
ential parameter Au: we start from a function u (r, §, ¢) and trans-
form the product ru by reciprocal radii (r = distance from center of
inversion). We denote the new function by

2 2
(14) v(r', ¥, @)= t——, U (t—:_—,—,ﬁ',qa') :

In other words, we transfer the value ru from the original point P
( 7,9, @ ) to the point P’ with the coordinates

(142) P =20 =0,¢ =9

and we want to show that the differential parameter A’v which 1s
calculated in terms of the coordinates 7', &', @’ is given by

(15) A =(2)'r du.

Again, the reason for this relation lies in the conformality of the mapping,
as indicated by the appearance in (15) of the square of the ratio of
dilation (r/a)* from equation (13). Equation (15) can be proven as
follows: we define the operators 4 and D as in (22.4) by the formulas

: (7 0
(15&) fzd:g(fzg)—l—p,

1 0 f., q© 1 &
(15b) D = 5 55 (589 55) + o 5

Then, if 4’ and D’ stand for the same expressions in % 9, ¢ , we
obtain from (14) and (14a)
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yo cv  O(rwydr a* ¢(ru)

(15 c) Dv=rDu, =——m=—r 5,
- 7 AN o O (ru)ydr a* &% (ru)
(15 d) a7 \7 8_9-_"-) = 8 @ T 7T e 0

and hence according to (15a,¢,d)

(15 E) 72 A" 0 — f‘: (5‘2 (r w) _}_ rr'? D‘H) _ ns: (32 (r u) + l D’El,'-) .

or? a? 2

According to equation (22.4) the expression in the last parentheses 1s
just r Au. Hence (15e) becomes

(16) A'v = (ri)" r du,

which coincides with (15).2

If we start from a function u which satisfies the differential equation
Au = 0 in the coordinates x,y;2, then the funclion v = ru after trans-
formation by reciprocal radii satisfies the differential equation Av = 0.
in the coordinates z',y’,2’.

This theorem (William Thomson) enables us to transfer solutions of
potential problems obtained for a certain region of space S to the trans-
formed region S’. In particular this holds for Green’s function: if it is
known for a region S bounded by planes with the boundary condition
G = 0, then our theorem gives Green's function G’ for an arbitrary
region S’ bounded by spheres where the boundary condition ¢’ = 0
remains valid. Depending on the position of the center of inversion,
the region 8’ may have diverse shapes. The totality of those regions
which were treated in §17 with the help of elementary reflections now
becomes a richer manifold of regions bounded by spheres, thus permitting
our generalized reflection by inversion. As before, this more general
reflection leads to a simple and complete covering of space. The previous
condition that all face angles must be submultiples of & remains valid
owing to the conformality of the mapping. Where there was an infinity
of image points (e.g., plane plate) there will still be an infinity of image
points (e.g., the region between spheres tangent at the center of inversion,
which is the image of the plane plate). Where there was a finite number
of image points (e.g., for the wedge of 60° in Fig. 17), the inversion process
for the spherical problem again terminates after a finite number of steps.

Examples will be given in exercises IV.6 and IV.7, where we shall
also discuss the problem of a suitable choice of the center of inversion.

11 Here the reason for the retention of a becomes apparent: if we had a = 1

the dimensionality of the factor 1/r4 in (16) would not be understood, whereas
now the dimensional consistency is clear.



142 PARTIAL DIFFERENTIAL EQUATIONS § 23. 17

Obviously all that has been said above can be transferred to two-
dimensional potential theory, where inversion in a sphere becomes
inversion in a circle. At the same time the range of possible mappings is
increased tremendously since every transformation z' = f(z) where f
is an analytic function of the complex variable z = z + 2y leads to a
conformal mapping. The dilation ratio of the line elements is then
| df/dz | and (16) is replaced by

17 Ay = l%r Au.

E. THE BREAKDOWN OF SPHERICAL INVERSION
FOR THE WAVE EQuUATION

Unfortunately, these mapping methods for the two- and three-
dimensional case are entirely restricted to potential theory. If we were to
perform a transformation by reciprocal radii on the wave equation

(18) Au + k2w =0

then according to (16) the factor (a/7")% would appear and (18) would
become:

(19) Ay + 12 (;)‘ v=0.

Only in the potential equation (k = 0) does this disturbing factor (a/r’)*
disappear. In the wave equation this factor means that the originally
homogeneous medium (k constant) appears transformed into a highly
inhomogeneous medium, which, in the neighborhood of the point
" = 0, shows a lens-like singularity of the index of refraction. The same
holds for the equation of heat conduction, which, written in our custom-

ary form with u as temperature and &k as temperature conductivity,
would go into

/ 1 7a\%ov
(19&) Aﬂ-'_—-é-('—; E'

r

This form of the equation certainly can not serve to simplify the boundary
value problem for the sphere. Instead, we have to rely on the much
more cumbersome method of series expansion as applied in the corre-
sponding two-dimensional case of §20 A.
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§ 24. More About Spherical Harmonics

A, THE PLANE WAVE AND THE SPHERICAL WAVE IN SPACE

The simplest solution of the three-dimensional wave equation

is the plane wave, e.g., a purely periodic sound wave which progresses
in the z-direction

(2) u=e*? =g % o —kr, k= wavenumber.

If we develop this solution In zonal spﬁerical harmonics £, (cos )
then the coefficients will be the w,(g) of §21 C. This follows from the
wave equation on the one hand, and the differential equation of the P,
on the other hand. Using the left side of (22.4) and the postulated
independence from ¢ , equation (1) becomes

1822 , 1 1 8 . du 2
— — — — A by u=01
s o T rzamﬁaabmﬁaﬁ_’"k

Hence u can be separated into a product of P, by a function RZ(r) which
depends only on ». Due to the differential equation (22.5) of P, the
function R must satisfy the equation
2
_j,_d r R + (R‘ﬂ n(nf;{— 1)) R—0

y dr?

which, in terms of the p of equation (2), can be rewritten as:

1 d?oRR n(z+1) _
(3) -5 + (1 )R =0.

This is the same differential equation as (21.11a); the solutions, which
were continuous for ¢ = 0 , were defined as y,. Neglecting a multi-
plicative constant we get from (21.11):

(4) R(r) =va(0) =/ 54 In+a(@)
Similarly we obtain the linear combinations of the £"%(0)» defined in
(21.15), as solutions of (3) discontinuous for o =0, Since the latter

do not enter into the expansion of the plane wave, we have to write:
fipcos O .
(5) ¢ = X Chynle) Pp(cos ).
T ==

Here the coefficients c, are still undetermined. They are determined
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from the orthogonality of the P,. Namely, according to (22.8) and
(22.10a) we get, if we again denote the variable of integration by

¢ = cos

1

+
(6) Canle) =+ 3) [ € P,({)dE.

~1

We now compare the asymptotic values for g — oo of the two sides.
Due to the relation of g, to I, ., , we get for the left side from
equation (19.57)

cos [p— (n + 1) #/2]
. .

(6a)

n
The integral on the right side can be expanded into a series in -1/

through successive integrations by parts. Ignoring all higher powers of
1/p for this integral we obtain:

-io0 gin (¢ — n7[2)

e

fe
(6b) 5 Pp(l) — -

1 . ;
P (— 1) = [0 — (— 1P ei] = 24"

The coefficient of 2¢™ here is the same as the coefficient of ¢, in (6a).
Substituting (6a,b) in (6) we therefore get

(6c) c, = (2n + 1)".
Hence the expansion (5) of the plane wave assumes the final form
(7) e? = 3 (2n-+1)i"y, (o) Py (cos 9).

T =

This should be compared with the Fourier expansion (21.2b) of the
two-dimensional plane wave. Just as we considered the latter as
generating function of the I,,, so we may consider the three-dimensional
plane wave as the generating function of the y, . At the same time (6)
and (6¢) yield the following integral representation of the o, :

+1
(7a) 2 5"y, (@) = [ € P, ({)dL,
-1

The next simple solution of the wave equation (1) is the spherical-
wave

g“tf ﬂiﬂ
(8) W=3kr " 1o’

This represents a radiated wave which progresses in the positive r-
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direction if we give its time dependence by exp (—zw ). According
to (21.15a) the solution (8) is identical with the solution of (3):

(8a) &= V3, Hie)-

which is singular at the point r = 0. We now transfer the source point
r = 0 to the arbitrary point

Q = (79, U9, Po)
Then (8) becomes
| otkB R=V?‘3+?‘2—2‘r?' cos @,
(8b) ¢ — %}_3 = {3k R) 0 0 | |
cos @ = cos & cos ¥, + sin ¥ sin J, cos (p—e@,) .

This function too can be expanded in spherical harmonics
P, (cos @) . Here the coefficients must again be solutions of the
differential equation (3), namely,

v, () for r<ry, (@ for 72>7,

the former, since the point » = 0 isnow a regular point of the spherical
wave, the latter, since the type of the radiated wave must be preserved
in every term of the expansion. Owing to the symmetry of R in r and ry
the reverse holds for the dependence on ro. Hence in the coefficients of
P_ (cos @) we must have the factors

':};(Qu) for r <7y, ¥Ya (o) for 7 > 1,

so that the expansion reads

3 ¢, Chle0) Pale) Palcos©)  7<1o,

et kB

kR

(9)

-,

Lﬂgﬂc" %(Qo) C}:(Q) P“(EDS @) r }1‘0.

The numerical factors ¢, must be the same in both rows, since for r = rg
the two rows coincide (except for the point Q, where we have @ = 0-
and both series diverge). The situation here is the same as for the cylin-
drical wave in §21, equation (4): in the interior of the sphere we have a
“Taylor series,” in the exterior a series of the ‘“Laurent type.” The ¢,
can again be determined by passing to the limit r —>oc0 . We get

R=r(1—-—-?cos@+ . ) —> 7 —75c08 O,

SER _ gikr —ikr,c000
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Using (7) with —z7 g, cos @ instead of - 2pcos® the left side of (9)
becomes

ef@

— 3 @n+ 1) (— )" yale) Palcos ).

Due to (21.15) and (19.55) the second line on the right side of (9)
becomes in the limit

7T 2 1 — (2 F14
S cveta) o YT om0 rmIP, cos6)

This will correspond term for term with the left side if we set
(9a) ¢, =2n-4+ 1.

We may also consider this representation of the spherical wave as an
addition theorem for the function

&%(k R) = :};(Vez—i—gg-—Zggu cos@).

If, on the left side of (9), we pass from the radiated to the absorbed
spherical wave

“SER T & (VQQ‘FQ%_QQEQC‘JS@)

then throughout the right side ¢2 must be replaced by {*. From half
the sum of both representations we obtain the addition theorem for the
regular ‘‘standing wave”

(10) o (k B) = 22%E — 3" (20 4 1)y, (0) ¥a (@) Pu (c0s ©),

here the distinction between 7 < 7, 1s unnecessary.

B. AsymproTIC BEHAVIOR

If in the differential equation (22.13) of the associated spherical
harmonics we pass to the limit

(11) n-—so00, 950, nd—>y Prcosd)—>0,m,

then we obtain

o A6 (-T)ou=0

This is the differential equation (19.11) of the cylindrical harmonic Zn.
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Since P} and hence O,, is finite for ¢ — 0, the only permissible solution
of (11a) is the Bessel function 7,,. Hence we have

(12) Op(m) =Cpl,(n) with Cy=1.

The latter follows from the fact that for m = 0 and » = 0 we have
I,m)=1 on one hand and (due to (11)) =0 on the other, and
hence P,(cos¥)=1and O,(n) =1. In order to determine C,, for
m > 0 too, we use (22.18), which for ¢ — 0 yields:

.ﬂ.m i dn-i»m n n
(12a) P = o %ir;l e C— DM e+

We rewrite the function under differentiation in the form
n — 1\» n n —1
c—re(1+55 ) =+ re—0 () )+

In this binomial expansion we have written only one term since the
terms of lower degree vanish upon differentiation and those of higher
degree vanish in the limit { 1. The (n 4 m)-fold differentiation
of this term yields

2"""(n+m)!( )} = gn-m2l (2 m)

m! (n—m)!’

Upon substitution in (12a) we obtain

(12b) Pp 2 (g) atm,

n (n—m)!

Here the last fraction has 2m more factors in its numerator than in its
denominator; since m<<n, we may identify all these factors with n to
obtain

(12c) e o () e €

Comparing this with (12), where we replace I, (n) by the first term
of its power series (19.34), we obtain

(13) C,, = n"

Hence for m > 0 we must, in order to obtain [,,, divide P; by n™ before
passing to the limit.

The geometrical meaning of our result is as follows: The surface of
the sphere can be replaced by its tangent plane for the neighborhood of
the north pole # — 0. The solution of the spatial wave equation,
whose behavior on the sphere is determined by PJ' e'™®, thereby goes
into a solution of the wave equation for the tangent plane, namely,
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[, (n) ™% provided we perform the passage to the limit on Pp/n"
instead of P)'. The same obviously also holds for the south pole of the
sphere ¢ —m .

Having thus treated the special cases 3 -0 and ¢ — & we now
wish to Investigate the asymptotic value of P, as n —>o0o for a
general 0 << % < . To this end we apply the saddle-point method
to the integral (22.23), which we rewrite in the following complex form:

(14) P™ (&) =£ﬁgseﬂf*ww, with w=e¢ie, 0= 2T -imnp2

n!

the latter due to (22.23a). The integration is to be taken over the unit
circle of the w-plane in the positive (counterclockwise) sense; the function

f(w) stands for

m-+4 1

log w.

(15) f(w) = log {cos 9 4+ é—sin ¢ (w+ 1jw) }

Hence

L gin® (1— 1/w?) m+ 1

f’(‘!ﬂ) = - i
cos ¥ + ?Einﬁ' (w+1/w)

nw

We therefore have two saddle points w,, which, for m <n and
sin 9 == 0, lie on the unit circle, namely,

and we get
(15a) ' (w,) = sin & T+~ 72,

With the same assumptions we get

(15b) e (W) — etin?d (4 1)m+1 _

As in (19.54) we set for the two saddle points w T 1 = se*? and after
applying (15a) we obtain
(wTF 1)? st 2iyFi(0—al2)

(15¢)  f(w) — f(wo) = " (wo) *——+ ... = gsinde
If we let
(16d) 24y Fi(® —af2) =+ tx and hence y = + (9/2 + =/4)

2 . . .
then f(w) — f(wo) becomes real and = — %sin 9. This choice of ¥

means that for the saddle points we shall integrate along the line of
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steepest descent whose direction, according to (15d), still depends on ¢ .
The two integrals then assume the common value

46

n a*
(16) fe—- 2 Slﬂﬂdsj

— E

Due to (15d) and the relation d w = e*¥ds this must be multiplied by
the factor

(16a) eV = ok T(0/2 4 A8

In the limit # — co the integral (16) can be reduced to the Laplace
integral by a simple substitution and we obtain

(16b) 2

neind

Due to (15¢) and (16a,b) equation (14) becomes

— ¢ ._?_f_. t{(n+ )0+ n/d) —i{(ﬂ+}}9+ﬂ!’4+(m+1}n})
(16c) PP =g l/n.ama(e te -

Since we have made the assumption m <€ « throughout, the value of C

in (14) can be reduced to € = »™ exp {—¢m =/2} by the same reason-
ing that led from (12b) to (13). Hence C// becomes

n™exp {—¢ (m + 1)xz/2}

Combining this with the two exponential functions in (16¢) we obtain:

(17 P = n™ I/ nnfinﬂ cos {(n + 3o m; f}} .

Therefore P™ for real n is a rapidly oscillating function of varying
amplitude; the amplitude is small in the neighborhood of & = =2
and increages symmetrically for decreasing or increasing ¢. For
¥ = 0 and z equation (17) breaks down since, according to (15a),
f""(we) vanishes and the series for f(w) — f(w,) starts with the third
term (compare with the limiting case on p. 122 that led to the Airy
integral). Equation (17) is then replaced by (12¢).

We shall apply (17) in the appendix of Chapter VI for the case of
complex n with a positive real part in which our derivation remains valid.

C. TuEe SpHERICAL HARMONIC A8 AN ELEcTRIC MULTIPOLE

In this section we return to potential theory. Since in §22 E we
were able to define the surface spherical harmonics of degree n as homo-
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geneous potentials of degree n (or better of degree — n — 1), it must be
possible to generate them with the help of repeated differentiation
“with respeet to n-directions’ of the elementary potential 1/R. This is
the point of view of Maxwell in Chapter IX of his treatise. We express
this by the Maxwell rule:

, Rr=(¢—2)*+ (p—yP*+ C—9)5

10 2 /1 , .

(18) Yn_mahlah,"'ﬁ(ﬁ)”' Lim z, y, 20, Lm E-r,
=84+ =1,

The “action point” P = ( & n, £ ) is to lie on a sphere of radius 1, the
“source point” Q = (z,y,2) is to lie in the neighborhood of the origin.
The “directional differentiations’ hyhs . . . ,h, can be performed both
on the coordinates of P and on the coordinates of Q. We do the latter
and then pass to the limit z,5,2 — 0, R — r. In this way we obtain a
multipole at Q whose order increases with the order of differentiation.

We start with the simplest case in which the directions Ayhs . . .
coincide, say, with the z-direction. The surface spherical harmonic
which is obtained in this way is symmetric with respect to the z-aX18
and hence is a zonal spherical harmonic of the Legendre type P,. We
follow its genesis from line to line denoting the limit process of (18)
by —:

2 mE—mzr— ® >t=h
2) 106 9 1 18 1 19¢—z_ 11  83(¢—2°
= 21oh,ohy R 28 R~ 22z R* ~ 2 st 37 &
3 1
~gtf—g="T
3) 12 2 2 1 _ 128 1 _ 129 _1l+3({'—z)’)
3!3{»16&231;33—3!3;33_"58_;( 2R 2 RS
. 38—z b (§ —2)® b 3 3 —
=—3m tz m 83"l
1 10 2 @ 2 1 128 1 12 SC—z_l_E(C-—z)’)
) 413}113};,3&,_35,&"4!&:43“15( TR T2 R
3 1 16 ({ — 2)? 35 ({ —2)4 35 .. 15 ,, 3
=sm—1 ® T m st~ 78ts="e
This sequence P, . . . ,Ps, which can be completed by the zeroth deriva-

tive Po = 1 of 1/R, coincides with the values obtained from the original
definition on p. 23 (the variable z being replaced by ). This follows by
necessity from the relation between spherical harmonics and homogene-
ous potentials, so that in (18) we were free to determine the normalizing
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factor 1.'n! only. We note the connection between this rule and the
second equation (22.3) which, after the substitution ro = 2z (Q on the
z-axis) and r = 1 (P on the unit sphere), can be written:

BT Z m(COS '

m=a

and hence for z — 0 we indeed have

1 d® 1
nigm ' — Dalcos¥) = P,(0).

We list the names and svmbols for the successive multipoles. In
order to avoid the limit process Q@ — 0 we replace the differentiation with
respect to z (coordinate of source point) by a differentiation with respect
to ¢ (coordinate of action point) but with opposite sign, and interpret r»

as the distance O P = |/ £2 - e+ &%

Unipole charge scheme @ potential % ,

Bipole charge scheme @ potential = 77 g7

2
Quadrupole charge scheme @ potential —+ 31—, % %

By contracting two quadrupoles of opposite scheme we obtain the
“octupole” with potential
142 1
31 d{3 r-

(The determination of the corresponding charge scheme is left to the
reader.) By n-fold differentiation we obtain the
(—1)" dn .l

n! di" r’
In wireless telegraphy one uses the term dipole instead of bipole. Quadru-
pole and octupole radiations occur in atomic physics.

We now have to consider examples of differentiations with respect to
different directions. In addition to differentiations in the z-direction we
now consider differentiations in the (z,y)-plane. In order to preserve a
certain degree of symmetry we consider differentiation with respect to,
say, m equally spaced directions in the (z,y)-plane (in “‘star form,” with
an angle of z/m between two adjacent directions) together with n—m
differentiations still taken with respect to the z-direction. We thus

2"-pole and its potential
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obtain the tesseral surface spherical harmonics

(19) Pr () D, (9, Pplp) = et e,
where instead of the two exponential functions given here we may have a
linear combination, e.g., “*me . To this category (19) belong the

sin
so-called sectorial surface spherical harmonics (this notation too Is
Maxwell’s) with m = n, which according to (22.18) is represented by
d» P, (2 n)!
arn Py = 2" n !

We discuss this further for n = 2. The star formed arrangement is
obtained here if we take A, and h in the z- and y-direction. Equation (18)

and what follows then yield

pr_1 @ 1 12 n—y_ 3(¢—20h—y
2 Qoxdy B~ 20z R® 2 I8

sin® $ et i7?,

(19a) P&, =sin™ ¢

-—>-~g-cfn =%sinz'ﬁ'sin2cp,

which is indeed of the type (19a). In this case too we speak of a quadﬂ::.-
pole (see the right hand side of the diagram below: the left side, which 1s
placed differently in space belongs to P3).

ry

Quadrupole P; Quadrupole P3.
The fact that (18) yields the complete system of the 2n + 1 surface
spherical harmonics of degree n, follows from the number of constants in
(18): two directional constants for every differentiation h and one

multiplicative factor.

D. SoME REMARKS ABOUT THE HYPERGEOMETRIC FUNCTION

The hypergeometric function is best defined by its differential
equation:
(20) s(l—2)y +y— (@ +B+1zly—apy=0

From this equation we deduce the Gaussian series representation (11 .10a)

according to the procedure of §19 C. We set
(21) y=12"(ay+ a2+ ay #* + e @)
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with undetermined exponent A and coefficients a,. We substitute this
in (20) and set the coefficients of the initial term 2*~! and the general
term z2***¥ equal to zero. In this way on one hand we obtain:
(21a) AGA—1+7) =0,
and on the other hand
(A+2+1D A+ +y(A+Ek+ 1)]ap,

— A+ R G+ =1+ (@+B+1) @A+ k) +abla,.
Equation (21a) has the solutions

(22a) A=0 and A=1—y;

We first consider the former solution and by substituting it in (21b)
cbtain

kk—1)+(c+B8+Dk+af (a4 k)(B+k)
(22D) 1 = G+DE+yR+D  F GEDp+R

Hence if we set ap = 1 we obtain the Gauss series

(21Db)

@) y=y=Fapyo=1+ 7Lz 2ETVIELD 2y .

The other solution of (22a) yields:
(23a) y=y,=2"""Fla—y+1, —y+1 2—y, 2).

There are also a large number of related representations for altered
parameters ¢, f, ¥ and linearly transformed z, which coincide region-
wise with (23). They have been compiled lovingly by Gauss as “rela-
tiones inter contiguas.”

If we compare the differential equation (22.6a) of the zonal spherical
harmonics

(24) 11— P"—2{P +nn+1)P=0

with equation (20) then we see that it is obtained from the latter by the
substitution

z=1—q2:—£, X = —"N, ﬂ=ﬂ+1, ‘y-_—.-]_

From this we see that P, must coincide both with ¥, and . up to a
factor. Namely, we have:

P,(8) = F(—mnn+1,1,25
(24 a) = (=) F(—n,nt1, 1,255,
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which also yields the correct normalization P,(1) =1 for { =+ 1.
The series (24a) for P, breaks off as does every hypergeometric series
with negative integral &« or B :since &« =—n we have that P, 1sa
polynomial of degree n (the coefficients of (1 )"+ and of all subse-
quent powers contain the factor a +n=—n-4+n=0 in the
numerator). We remark that the series for P, in terms of 1— ¢ is
simpler (since it is hypergeometric) than the series in terms of {. The
latter reads

P, =1 +(—n){n+1) 1—¢

1-2 2
(—n)(—n+1) (n+1)(n+2) /1 —E\? (2n)! (1—1C\"
Nt 1 1—Cp
= 23 v R (5

The associated P™ can also be represented by "a hypergeometric
series. We merely have to consider the general relation which is obtained
from (23) by termwise differentiation:

d
@) L FeBrd =% Fe+1l,p+1,y+1,2.
Hence for positive m we obtain the representation
P;?(C} - C(l_cz)mﬂF (m—'ﬂ: m+ 'n_l_ 1: m + ]-: LEE)?

(26) C — (n + m)!

omm! (n—m)! "
from (22.18). For the negative integral m this representation breaks
down, but can be extended to that case by a limit process; the result
then coincides with our general definition (22.18).

From the Gaussian hypergeometric function we derive the confluent
hypergeometric function, which is of the utmost importance in wave
mechanics. It depends only on two parameters « and  since the third
parameter B issubjected to the following limit process:

(27) B—>o0, 2z—0, Bz —p (¢ = arbitrary finite number).
We then obtain from (23)

x o , ax(x+1)0?
(28) F(a,y,g)=1+;.i.}y(y+l) s+

and considering the fact that

d_d_@_ﬁi
dz  do dz ! dp
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we obtain the corresponding differential equation from (20) after
dividing by g8 :

d2F dF
(29) e T r—egg—aF=0.

We shall encounter this equation again in connection with the eigen-
functions of hydrogen in wave mechanics.

E. SrHERICAL HARMONICS OF NON-INTEGRAL INDEX

Our representation must still be completed in two directions. We
have been restricted so far to the case of integral numbers n and m and to
functions PI, which were finite throughout. 1Both these restrictions
were suggested by the connection with potential theory.

Concerning the first point, we see that for non-integral n the hyper-

geometric series at the points ¢ = 41 in ascending powersof 1 §
does not break off as it does in the case of integral n. The solution,which
is regular at the north pole { = 4+ 1, diverges at the south pole
{ = — 1 and vice versa. Thus (24a) is valid for integral n only. The
“requirement of finiteness all over the sphere’” can therefore be satisfied
only for integral n. The possibility of non-integral m 1s excluded by the
requirement of uniqueness with respect to the ¢ -coordinate.

The type of singularity of P, ({) for non-integral n can be deduced
from the general theory of hypergeometric series. e prefer, however,
to deduce it by direct calculation.

According to their original definition in (22.3) the P, are the coefhi-
cients of a Taylor series which progresses in powers of ¢ = r/ro; hence
for integral n:

1 4an 1 —
(30) P, () == TSI at ¢ =0.

According to Cauchy’s theorem this can be written as:

1 dt 1
(30a) P, (‘:)=Ez_n_£56 Y1 —2Ct 42

This representation also holds for non-integral n, except that due to the
many-valued character of {—7—1 we have to perform a branch cut, e.g.,

from ¢t = —oco tot! = 0, and that the path of integration is now a loop
which starts on the negative side of the cut at ¢ = —oo, then circles
the point ¢ = 0 in a counterclockwise direction and ends on the positive
side of the cut at ¢ = —oo . It is clear that for this definition the

differential equation of P, is satisfied regardless of whether or not nis
integral. Equation (30a) defines that particular solution of the differen-
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tial equation which is regular at ¢ = 1 and satisfies the normalizing con-
dition P, (1) = 1. Namely for ¢ =1 we obtain from (30a)

(30b) Ply=— 1 £ % 1

2 AL - |

The integrand now has a simple pole at ¢ = 1. The loop described above
can now be deformed into a path which cireles the pole in a clockwise
direction. According to Cauchy’s theorem the integral then has the value
— 2z %, and hence the right side of (30b) has the required value + 1.

For & > 0 the integrand of (30a) has two further branch points
that are due to the square root in the denominator and lie on the unit
circle of the ¢-plane at

10

t = e and = ¢ *?

I

We connect these branch points oy a branch cut, e.g., along the unit
circle. The path of integration may not cross this cut either. For
9 =m—208, < 1, the endpoints of the cut approach the negative
real axis and restrict the path of integration between them. This
extlains why (30a) becomes singular for 6 = 0, or in other words for
P—>m [ —>—1

In order to discuss this singularity we write

t=e¢"(1+17) and t=e "1+ 7);

in the neighborhood of the point t = — 1 on the upper and lower edge
of our branch cut respectively. Then, except for terms of higher order
in T and ¢ , the square root in (30a) becomes

V1—2¢rt+4 2 — Va2 + 2.

Hence for small & only the neighborhood of 7 = 0 contributes to our
limiting value as #—>z . We may, therefore, restrict the integration
over the upper and lower edges to the small region between

T=-+¢ and 7= — ¢

and considering the orientation on the two edges we may write:

dt [ et dr  lower edge

AL l— e~ """ dy upper edge,
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hence:

(31) Pn (C) _ etinan __ o-tnn f.V dt _ EH r dr
+ e

2ms 73 + 42 7 V13 4 o2
+e

Now according to a well known formula we have

dr _ a1 Az
fl"r’+6’ = log (v + V2 4 82)

for undetermined upper and lower limits of integration. Hence for the
definite integral in (31) we have

log (— & + Ve + 8% —log (+ e+ Ve + 62
and for § < ¢
log %g-hg(?s-}-%a—; .

In the limit & — O we have log 8% as the leading term; hence we
obtain from (31)

(32) Lim P, (¢) =222 % log &+ - -+,
(e=—1
The terms? . . . which have been omitted here reduce for § -0 to a

finite constant which is of course independent of € .

F. SpuericAL HARMONICS OF THE SECOND KIND

At the beginning of Section E we saw that for non-integral n two
different solutions P, of the hypergeometric differential equation exist.
Only for integral n do these solutions coincide. But in this latter case, too,
a second solution must exist in addition to the everywhere regular solu-
tion found above. This solution will be singular at the points (=41
We call it a spherical harmonic of the second kind and denote it by @,,.

The type of singularity can be determined from general theorems.
In (21a) we saw that the quadratic equation for the exponent 4 for the
case of spherical harmonics (y = 1) has the double root 4 =0. By a
passage to the limit we see that this indicates a logarithmic singu-
larity for ¢ = -+ 1 . Just as in the case of spherical harmonics of the
first kind, we obtain detailed information about the spherical harmonics

22 They are computed in Hobson's textbook, equation (53). p. 225, which was
quoted on p. 129 above.
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of the second kind Q, from a generating function® (C. Neumann):
1 oo

i Z (n-l— %) Q.(m) P,(L).

n=0

(33)

Hence the Q, () are defined as coefficients in the expansion of 1/(n—1%)
in the P,, and therefore they are given by the following integral repre-

sentation (F. Neumann):
+1

(34) Qi) =4.M. [ P,©) =5
=1

In this formula the path of integration is to avoid the singular point
¢ =7n by going around it through the complex domain both to the
right and to the left, and the symbol A.M., which we shall omit in the
future, indicates that we have to take the arithmetic mean of the two
values obtained (this is identical with the so-called ‘‘principal value”
of the integral). The fact that this avoidance of the singularity is not
possible at the limits ¢ = 41 implies the above-mentioned loga-
rithmic singulanty.

That @Q,(n) satisfies the differential equation (24) (written in
terms of 7 ), is to be expected from the symmetry of the defining equa-
tion in 7, £ and Q,P, but it can also be demonstrated directly as

follows: we abbreviate equation (24) to
d d
L{P}=0, L;=E§(1'—Cz)d_c+ﬂ(ﬂ+1),

and by L,{@} we mean the analogous expression written in terms of 7
and Q; we further note the identity

L, {nié‘} =L {nl:}'

Then from (34) we have

1

;
(35) L@ = [ P.@) Le{;=5}dt

—¢
-1 "

We integrate by parts twice, then the terms which are due to the limi_ts
¢ = 4+ 1 vanish on account of the factor 1— 2 in L, andwe obtain

+1
(36) Ly (@ ) = [ Ll ()25 =0, aed.

13 Usually double this function is used, so that in (33) we have 2n +-1 instead
of n+34. Correspondingly our @, (1) differ from the customary-ones by the factor 2.
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It is now easy to compute the first @, () in terms of the known
P, (n) with the help of (34. We deduce for || <1

from P, = 1: Qo = log iig,
from P, = {: ‘L’,}‘1=-—a2—i—a~;;lt::rg]-l'?jr

11—’
The general law is (Christoffel):

(37) Qn () = II + P, (n) log -}-}f—;’

where I7 is a polynomial of degree n — 1 which is composed additively
from all those Pn_s;y for which the index is non-negative. Finally we
obtain from (34), through m-fold differentiation with respect to » and
multiplication by (1 — #?)™* (which is analogous to sin™ ),

+1

aym Pn
(38) mn) = (—1)"m! (1—2? fﬂfm_;ﬁm dg.

-1

Appendix I

REFLECTION ON A CIRCULAR-CYLINDRICAL OR SPHERICAL MIRROR

Referring back to Fig. 8 and the notations defined there we continue
the treatment of the problem which we started in §6.

a) Circular-cylindrical metal mirror. The incoming wave (electric
vector which is perpendicular to the plane of the drawing) is

N
(1) w=—elk7e8¢ o I (kr)+ 2 X "I, (kr)cosng.
n=1

(see (21.2b)). This representation holds for the entire r,¢-plane and
for r = a it defines the function —f(¢) in (6.4). The sum of ¥ 4 1
terms on the right is the best approximation to w that can be obtained
by the method of least squares; the fact that the coefficients in this sum
are the same as those in the exact non-truncated series (21.2b) follows
from the “finality’’ of the Fourier series. We write the radiation which is
reflected (diffracted, scattered) by the mirror as the sum of N + 1
particular solutions of the differential equation

Au + kBu=0
for r < a in the form:

N
I,(kr)
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(since the solution must be continuous for » = 0 only the I, can occur
in the representation; the sine terms disappear on account of the sym-
metry of the incoming wave with respect to =0 ). The denominator
I,(ka) is used for the sake of convenience and merely influences the
meaning of the constants C, which are as yet undetermined. The same
holds for the denominators in equation (3) below.

We write the radiation which is scattered by the mirror to the
outside » > a as the following sum of N + 1 particular solutions of the
wave equation:

N Hn(k7)
(3) v=§ﬂn o (a) cosn@.

The time dependence of the whole process should be thought of as
given by exp(—iwt?) ; hence only the H' occur; the H? would corre-
spond to absorbed waves. As we saw in §6 the boundary conditions (6.8)
to (6.11) imply C, = D, and, according to the method of least squares,

the system of linear equations (6.12). The constant ¥» which occurs
there is determined from (6.7), (6.11a) and the equations (3), (4) above

as

(4) o = k (Iﬂ (ka)  Hp (kﬂ))_

“\I, (ka) ~ Hi(ka)

According to a well known theorem in the theory of linear differential
equations we can rewrite this in the simpler form (see exercise 1V.8)

; _ —2ifn
© "= Tn(ka) Hy(ka)'
We introduce the notation:
E L 4
(6) Anm= [ cosng cosm @ dp

and obtain by a simple transformation

(7) fcuanamsmqadcp =é~%6nm—aﬂm.

0
Here and in the following the symbol (2) stands for the number 2 when
n > 0 and for the number 1 when n = 0. Then the left side of (6.12)

becomes

N
T
(B) Tfjcﬂl +'§anm(?ﬂ?m_1)0n
Setting f(9) =—w, where w is as in equation (1), and r = a, we obtain

for the right side of (6.12):
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ﬁ'l'
(Ba) —nm I, (ka)+ N a,,(2)" 1, (ka).

n=0

Hence the system (6.12) becomes
(2) &

&) Com+ (2)e™ I, (ka)— - ..'-E‘oﬂm{Cn+ )" I, (ka)—ypym Cu} = 0,
T n=
which must be satisfied for all m = 0,1, . . . ,N.

In order to discuss this system we first set « =z, in other words we
consider a complete circle (spatially speaking a closed, totally conductive,
cylinder). According to (6) we then have a,, = 0 and (9) yields

(10) C,=—(2)im I, (ka).

This result is somewhat trivial. For, by substituting the value (10) of
C, for D, in (3), we obtain the rigorous solution v of the corresponding
scattering problem for r > a:

H) (k1)
(11) v =— Z‘ 2)yin I, (ka) T (ea) 5%

n=0

a radiated wave which, on the cylinder r = q, exactly cancels the incom-
ing wave w of equation (1) and hence for N — oo yields the rigorous
solution of the scattering problem. In the same manner we obtain for u:

N
(12) u=— N (2)i"I,(kr)cosp =—w.

n=0

This result is also trivial since in the interior of the closed circle r = a
we must have u + v = 0.

We now wish to investigate whether our equation (10) yields a
useful approximation in the case « <=z ,too. To thisend we set

(13) Cp,=—(2)i" I, (ka) + B,

where 8, is a correction term, and obtain from (9):

10 D B o (B —rarm) e rn @ L k) =

71 == ()
As in (6.12) this is a system of N -+ 1 (and in the limit infinitely many)
linear equations with which we can do practically nothing. However if
we assume that n— o« is small, that is that the cylinder has only a
narrow slit, then a,, becomes small and the product 8,a,, becomes

small of the second order. If we neglect this term then (14) becomes
simply

ﬁm (2) y 1]
(15) = 2 | (2)+" ap, oy ¥n I,(ka),
¥m T n=0
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which is an explicit value for 8, and from (13) yields an explicit value
for C,,.

The narrowness of the slit necessary for this consideration can be
estimated by a physical consideration: its width must be small compared
to the wavelength of the incoming radiation; only in this case does the
interior field go over continuously into the zero field of the closed
cylinder. Hence we must have

(n—«u)a
A

(16) < 1.

This condition can be satisfied only approximately for Hertz waves. In
the properly optical case this approximation breaks down. This is the
reason we spoke of a “quasi-optical case’” on p. 29. In the well known
Hertz experiment with concave mirrors, for which we have, say, «==/2,
2= 200 cm., a = 50 cm., equation (16) is approximately satisfied so that
our system of approximation is justified.

b) The sphere segment as an acoustic reflector. In order to avoid
discussions on vectors we deal with scalar acoustic waves instead of
directed optical radiation. By w,u,» we mean the velocity potentials of
the primary and secondary (reflected) radiation in the interior (r <a)
and exterior ( > a) of the sphere. Let the sphere segment be given by
r=a, 0 <® <&  According to (24.7) we write w in the form

N
(17) w= 3 @Cu+1)i"yp,(kr) P,(cosd);

n=1_0
this is the best possible approximation of a plane wave exp (i krcos?)
by N + 1 spherical harmonics according to the method of least squares.
We further write

w, (kr)
— ___,_F___ n ﬂ “.:: »
(18) U Z Cn 1,0; (k) P, (cos ¥) r<a
{alkr)
= E - P, ) >a
(19) v D, (,‘;(k.z) (€08 1) r )

where the constants C,,D, are as yet undetermined. Concerning the
denominators see the remark to equation (2). The function £, is the
Bessel function with half-integral index which was defined in (21.15)
and corresponds to the Hankel function H,. On the sphere segment

(which was assumed rigid) we have
g"(“+w)=i(t‘+w)=0 for 0Ld<ax andr=2a
on on ’

and for reasons of continuity we must have

ou o
U=0, — = _u fDI‘ a{ﬁﬁﬂ and r=4da.
or or
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This condition again leads to D, = C, and to the equations:
(20) = C, P, (cos®) = f(9), 0 <9 <a,
) EDﬂ?nPn(CUSﬁ)=O, ax < & < .

which are analogous to (6.10) and (6.11). Here f(3) stands for the
value of —aw/o(kr) forr = q,

ow b
(204) f(®) = (B ) )r o w — etkrcosd

and in analogy to (5)

Wn(ka) Cn{ka) .
(20D) nT ol (ka) L (ka)

Introducing the abbreviation
It
= [ P, P, sin 9 d¢
we obtain )

. . _ dum
@1 [ 7 !

and from (20a)

x N a
Jf(ﬁ] P, (cosP)sinddtt=— 2 (2n + 1) iy, (ka) [ P, P, sinddd
(21b) n=20 B

N
= —2imy, (ka) +n.§0a,,m (2n+ 1)i"y, (ka).

In analogy to (6.12) the method of least squares now yields the following
system of equations for the C,:

(22) 2 C, {IP P, smﬁd&—{-y,,ymfP P, sin ﬁdﬁ} =0ff(ﬂ) P, sin 8 d8,

n=0

which holds form = 0,1, . . . ,N; due to (21a,b) this becomes

Cm —
(22a) 3 -—n‘:E Tpm Co (1 — V0 ¥m)

=—2imyp, (ka) + .‘«E‘ﬁa..,.. 27+ 1)i"y, (ka).
1=

which, as in equation (9), can be rearranged to
1 s
(23) 'T_I_'?[Gm'l‘ Em+ 1)+ v, (ka)]

N ’
— E anm{C,. +@2n+4 1)y, (kﬂ')—}‘" Fm Cn}= 0.

n=0

We again start with the limiting case « ==z of a closed sphere in
which a,,,= 0. Then (23) yields
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(24) C,,=—(2m+ 1) iy, (ka).
Substituting this value in (19) we obtain the rigorous solution » of our
acoustic problem for » > a, namely, the reflection of an incoming wave
on a closed sphere. In the interior r < a of the sphere we obtain, by
substituting C,, in (18), a field u which, as it should be, is the negative
of the field w of the incoming wave.

The next problem is that of a spherical surface with a circular hole

in the neighborhood of # = =z. By setting
(25) Cpp=—02m+1)i"y, (ka) + B,

and ignoring the product term of second order a,,f, we obtain from (23)

N
(26) - i-—% ﬁ: = 1H;;(E n 4+ 1) dymVay, (ka),
which is an explicit computation of the correction term g,, and hence of
the coefficients C,,. The reader should compare this result with the
analogous result for the problem of the eylinder in equation (15). Just
as the width of the slit there, so the diameter of the circular hole here
must be small compared to the wavelength of the incoming radiation.
Hence, here too, we can treat only a ‘‘quasi-acoustical” problem, the
problem of infra-sound, which is very far from the more interesting

problem of ultra-sound.
Our aim in this somewhat sketchy appendix has been to show that

the method of least squares may be applied successfully even in some
cases in which our condition of finality for the computation of the

coefficients C,, is not satisfied.

Appendix II

ADDITIONS TO THE RIEMANN PROBLEM OF SOUND WAVES IN 811

The purpose of this appendix is to fill a gap which we left in §11;
namely we shall prove that the expression (11.10)
. E+n\e . ___(-’F—E)(y-—ﬂ)
(1) ”—(m) Fat+l, —ala,  2=—GToE+n
where F stands for the hypergeometric series, satisfies the differential
equation

o*v a cv  ov 2av

which is derived from (11.2) and (11.8). Riemann was able to prove
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this by his general transformation theory for hypergeometric functions.
However we shall proceed in an elementary fashion, by considering the
function F in (1) as an unknown function and then by substituting (1) 1n
(2) and deducing a differential equation for #(z). By proving the latter
identical with the differential equation (24.20) of the hypergeometric
function we verify equation (1) and the determination of the parameters
of the hypergeometric function which are contained in it.
First we deduce from (1)
cv E 4 7
oz (z+;) (E:?T F”+"_F”)

ov __ (& + 7\° —F )
" = I+y)(x+y (2) + (2)

and hence we obtain as the sum of the last two terms in (2)

1+y(iig) [ 2ﬂ+DF(z)+(I+E—~:)F'(z}].

bn )

in )]

(3)

As the first term of (2) we then obtain
a(@+1)(E+n)° 5o, a4’ (ff_z + E) F'(z)
oy

(z+ y)*"* (x+ )"t \ox
4) y ;:
+7)" (€% 6z &z
+(x+.;) (a:“af”*aw"’ “)

The first two terms of (4) combine and cancel respectively with the two
terms of (3). Hence (2) becomes

af{a -+ 1)

(z + y)? F=0.

(5) 2 F"(2) + F (2)—

S S
8|8
) O
< |8

The derivatives of z here can be expressed as follows:

oz 6z 1 s
(6) Eﬁ’é_y__(x-i-y}z(z z),
2 2z2—1
M er ===

xdy (x+y)?
Due to (6) and (7) equation (5) becomes
2(1—2) F'+ (1—22) F' +a(@a+ 1) F=
This is indeed the same as equation (24.20) if we substitute
x=a+4+1 pf=—a, y=1.

as in (1). This completes the discussion of the problem of §11.
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CHAPTER V

Eigenfunctions and Eigen Values

In this chapter we shall develop Fourier’s methods to their greatest
generality and thereby open up the boundary value problems of physics
to mathematical treatment. The most striking demonstration of the
power of these methods was given in 1926 when Erwin Schrodinger
recognized the quantum numbers as eigen values of his wave equation
and thereby put the tools of modern analysis at the service of atomic
physics. It was fortunate that he had the aid of his Ziirich colleague
Hermann Weyl who had, as the greatest pupil and later the successor of
Hilbert in Gottingen, an essential part in the development of the theory
of integral equations. However we should note that, while the viewpoint
of integral equations is important for the rigorous mathematical founda-
tion, in particular for the existence proofs for the eigenfunctions and their
eigen values, the older viewpoint of partial differential equations leads to
the same concepts in a natural manner. We shall start by demonstrating
this with an example which was known long before integral equations.

§ 25. Eigen Values and Eigenfunctions of the Vibrating
Membrane

The subject of the following consideration is a membrane without
proper elasticity (see p. 33) which is clamped into a frame whose resist-~
ance to distortion is entirely due to the stresses working on its edge.
We consider these stresses as perpendicular to the edge in the plane of
the membrane. For the deformed membrane this results in a pressure ¥
which acts perpendicular to the surface and is equal to 7' times the mean
curvature of the membrane, and hence is equal to T Au for a small
deformation u. The wave equation (7.4) for a pure harmonic oscillation
of frequency @ then yields

—ocw?u=TAu, o = surface density.

This we rewrite in the customary form

(1) Au+ k2w =0, =22

If we do not consider k? as constant but as an arbitrary function F(z,y),
166.
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then according to (10.6) this is the general linear self-adjoint elliptic
differential equation of second order in two variables in its normal form.

The non-trivial solutions of (1) which satisfy the boundary condi-
tion u = 0 are called eirgenfunctions and the corresponding k are called
the eigen values of the problem. If &* or F(x,y) were negative then no
eigen values would exist, as we saw in the introduction to exereise 11.2.
The fact that eigen values do exist for positive A%, namely, an infinite
number, ean be shown first for the simplest examples.

a) The rectangle 0 < z < a, 0 <y < b. The boundary condi-
tions are satisfied by

: z . y
=51n?z:rz;smm:m-—

(2) U = U 5,

nm

n=12 00,
m=12 ++-00.

From the differential equation we then have

z 2
22) b=ln=a/5+ 7

We shall ignore the constant factor by which the solutions can be multi-
plied. We first assume a and b to be incommensurable. Then all the %,,,,
are different and only one eigenfunction u corresponds to each k. The
number of eigen values is infinite.

b) Circle, circular ring, circular sector. For the full circle 0 < r <{ a
we can write:

(3) u=1I_(kr)et'™?, m=20,12...00,
where k satisfies the boundary condition
(3a) I_.(ka)=0.

Since this equation has infinitely many roots (see Fig. 21) there are again
infinitely many eigen values k = k,,,. The roots of (3a) are all different,
but for m > 0 there are two eigenfunctions for each eigen value corre-
sponding to the different signs in (3), or, in other words, corresponding

to the double possibility :i me. We say that the problem is degen-

erate for m > 0; in our case it is stmply degenerate. According to (20.4b)
the (non-degenerate) basic tone of the circular membrane is ko = 2.40/a.
For the circular ring b < r < a we write

(4) w=_[I,(kr)+ cN,kr)]eime.

Here we need both particular solutions 7 and N of the Bessel differential
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equation (we could, of course, consider H' and H? instead) in order to be
able tg satisfy the two boundary conditions:

I, (ka)+cN,(ka)=0,

(4a)
I, (kb)+cN, (kb)=0.

Here too there exists an infinite number of different k,,, with their asso-
ciated ¢,,,. This problem, too, is simply degenegate when m > 0, since,
according to (4), there are then two different u,,, for each knpm.

For the circular sector 0 < r <a, 0 < @ < o we set
- JT
(B) wu=1I,(kr)sin pp, p=m_,

where the k are determined by the condition I,(ka) = 0. Infinitely
many eigen values k = k,,, exist; the problem is not degenerate.

The most general region which can be treated in this manner is the
circular ring sector b <r < a, 0 £ ¢ < «, which 1s bounded by two
circular ares and two radii.

¢) Ellipse and elliptic-hyperbolic curvilinear quadrangle. The wave
equation (1) written in elliptic coordinates &, % can be separated (see
v.II exercise IV.3) and leads to a so-called Mathieu equation In each
coordinate. The solution & = const yields the ellipses which belong
to the family of curves; % = const yields the hyperbolas of the family.
For the full ellipse we have, in addition to the boundary condition u = 0,
a condition of continuity for & = 0 (focal line) and the condition of
periodicity for 7= 4+ . The determination of the eigen values
leads to complicated transcendental equations which we cannot discuss
here. The most general region of this kind is the curvilinear quadrangle
whose boundary consists of two elliptic arcs and two arcs of hyperbolas
which are confocal with the former.

The simple examples which we considered here are special cases of
the fundamental theorem of the theory of oscillating systems with infin-
itely many degrees of freedom and their eigenfunctions: For an arbitiiary
region an infinite sequence of eigen values k exists for which there 15 @
solution of the corresponding differential equation Au + k* % = 0 whch:
is continuous in the interior of the region and satisfies the boundary condi-
tion u = 0 (or any of the other boundary conditions on p. 63).! The
problem of finding a rigorous proof for this theorem has rep'eatedl’y
challenged the ingenuity of mathematicians, starting with Efomf:arés
great work (Rendic. Circ. Math. di Palermo, 1894) and culminating 1n the

1 The same theorem holds for the eigen value A of the general self-adjoint

differential equation du +AF (z,y)u=0, F>0 .
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Fredholm-Hilbert theory of integral equations. Here we must be satis-
fied with proving the related theorem for mechanical systems with a
finite number of degrees of freedom: A system with f degrees of freedom
which is in stable equilibrium, can have exactly f linearly independent small
(or more precisely, infinitely small) sine-like oscillations about this stale.

We write the kinetic energy for the neighborhood of a state of
equilibrium ¢; = ¢ = ... = ¢, = 0 in the form:

T=%Z‘Zﬂnm?n9’m-

Because g is so small we consider the a,,, as constants. At the same time
the potential energy V becomes a quadratic form in the g, with constant
coefhicients since the linear terms é¥/0q,, vanish in the expansion of V
in terms of the g; around the state of equilibrium

V_Vﬂ=%22banan'

Now it is always possible to transform both the above quadratic forms
simultaneously into sums of squares by a linear transformation (trans-
formation to principal axes of quadratic surfaces). Performing this
transformation we obtain:

1 2 1 2
T=-§Zaﬂwn, V"_V:'gz‘bnmu‘

The new coordinates z, are called normal coordinates of the system.
According to the Lagrange equation we then have

d T av

- = — - hence r =—05b_x,_.
dt oz, ox, ’ € a

T is a positive definite quadratic form and so is V — V, for a stable
equilibrium; hence the @, and b, are positive. Thus for every normal
coordinate we obtain a stable oscillation

— twyl W 2 bﬂ
x, = c,e“"" with w"'=f-'_n}0’

which gives as many oscillations as there are degrees of freedom. In the
limit f — oo there corresponds an eigen value &, to every w,, and to
the totality of 1, . . . , g» that belong to the individual z, there now corre-
sponds the eigenfunction u,, The k¥ and the w, are both real.

We point out that the fact that the k are real can also be proved
directly from the differential equation without passing to the limit. If a
k were complex then the corresponding u would be complex and the con-
jugate function u* would have to satisfy the conjugate differential equa-
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tion Adu*+ k*¥*u*=0 with the boundary condition »* = 0. From
Green’s theorem

* a
(6) f(u Au* — u* Au) do =f(ui:i —u*ﬁ)ds,
where the right side vanishes due to the boundary conditions; it follows
that

(k2 — k*%) [uu*do = 0.

But uu* is always > 0; hence the integral cannot vanish and hence we
must have k = k*, and k& must be real. The physical meaning of the
real character of the k is that under our conditions the oscillation process
is always free from absorption.

Up to now we have assumed our problem to be non-degenerate.
However, for the perturbation theory of wave mechanics the degenerate
cases are of special interest. We return to our example of the rectangle
and no longer assume the sides a,b, to be incommensurable. This is
certainly the case for the square a = b. Then we obtain from (2a)

by 4
kﬂm = a V n® -+ mzz hence knm = Lmn 3

but according to (2) we have wu,,, &= u,,,, unlessn = m, namely,

) x . Y
Uy gy = SIDN T — SIN MT

but
e r . Y
Upp, =SIDMT — SIDNT -,

All oscillations with n 3% m are therefore (at least) simply degenerale,
since two different types of oscillations up, and U, correspond to the
same k,,. Only the basic oscillation %y, and its overtones kpn =" ks
(which in this special case are harmonic) are non-degenerate.

Let us examine somewhat more closely the cases n = 1, m = 2 and
n=2m=1 (hence ki = kn = Vﬁ_ﬂ/a ) In Flgs 23 and 24 we
characterize the corresponding eigenfunctions by their nodal lines.
These are the lines » = 0 in which powder strewn on the membrane
would collect. Together with u,; and us we have, belonging to ky = ka,
the eigenfunctions

(7) U = U, + AUy,

where 1 isan arbitrary constant. By a continuous
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T | .\. -}T ,
ﬁ/% ‘f}.\l J\ ot —t—=A=-1
1 A 4
_____ , .
: . \"\__)\-'_ [
- i
! r
U, Y Pt Y
Fig. 23. Simple degeneration in the case of a quadratic membrane for n = 1.

m=2orm = 1. n = 2. The diagonals are the nodal lines for A = 4 1.

deformation of A the form of the nodal lines within the family (7) is
continuously deformed. We compute the linear combinations with

j. = 0 1:
— ] £ ¥ . x . ¥ > too <=1 -/
u-smarasm2na:|:sm2:ma s 7 > + oo
=2sin:n:isinni(cosgzij:cosszi). >0
a a a a -
From the last expression here we see that «g
the diagonal y ==z 1s a nodal line of | .
_ 1 while the other diagonal l
Yy=a—<x belongsto A=-+1. Fig. 24
shows the behavior of the lines for arbitrary Fig. 24. Total picture
values Df the parameter 2’ ) of the ]]‘USS“)]E nodal lines

. . s . for the quadratic mem-
Under certain conditions higher degen brane. The numbers on

erations occur in the case of the quadratic  the left and on top are the
membrane. For example, if we have values of the parameter A4

\ . . ” in (7).
ny + m] = ng + My ;
then for the eigen value
ny 2, 2 i 2 2
k=EVﬂ%+m1 = — N+ My

we have four linearly independent eigenfunctions

U

U ©° My Ty *

nymy Fnymy @

m i’

Hence we have a case of triple degeneration. The higher degeneration
here depends on whether or not a number can be expressed as the sum of
two squares in more than one way, as for example

65 = 1 + 8 = 42 4 72

According to Gauss’ Disquisitiones Arithmeticae this is the case for every
sum of two squares among whose prime factors there are at least two
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different ones of the form 4n + 1. Such primes permit the complex
decomposition

in+ 1= (a+ bi)(la — b)

with integral a,b; and the different groupings of the complex factors lead

to different representations as a sum of squares. In our example
65 = 5.13 we have

5= (14 2)(1 — 2{) and 13 = (2 + 3:)(2 — 31)

and hence
(1429 @+349)-(1—23) (2—3¢)=(—4+ T3) (—4—"T1)
65 =4+ 7
" la+249) @—84)-1—24) (2+34)=(8+1) (B—1)
L — 84 12,

For any two eigenfunctions u,u’ with ks k' we have the ortho-
gonality theorem

(8) fuu’da=0

as a result of Green’s theorem. The proof is the same as in (6) if we
replace u* by »’. But this deduction fails if » and %’ belong to the same
degenerate state, in other words if k¥ = k'

In order to avoid cumbersome considerations of special cases, it 1s
desirable to force orthogonality also in the degenerate cases. It will
prove convenient to introduce the abbreviation of Courant-Hilbert?
for the integral in (8):

(8a) [uu do=(u,u).

In §26 we shall return to a discussion of the connection between this
expression and the scalar product in ordinary vector analysis. We call
the integral in (8a) the “scalar product’’ of « and w’.

We first prove the theorem that n continuous, real, mutually
orthogonal but otherwise arbitrary functions %, %, ..., % -« > U,
are linearly independent. For if there existed an equation of the form

cu,=0 with (u,u)=0 foral psv,

then by the “scalar multiplication” of the equation by u, we would
obtain

2 Courant-Hilbert, Methoden der mathematischen Physik, 2nd ed., Springer,
Berlin 1931, Chapter 11.
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c,(u,, u,) =0, hence ¢,=0 forall g,

which contradiets the assumption of linear dependence.

We now proceed step by step and first treat the case of simple
degeneracy. Let uy,us be continuous, real, not necessarily orthogonal
functions belonging to the same eigen value. We consider the family

U = C Uy + Calte
and consider the member which is orthogonal to u;. This member 1s
given by the condition
0 = (uy, u) = ¢ (Uy, %) + Cp (Uy, Uy).
We satisfy this condition by setting
©) ¢ = — (U, %), €3 = (U, %)

where ¢;5¢ 0 and hence u 0. In u, and u we have two mutually
orthogonal eigenfunctions of the family, which we choose as the repre-
sentatives of the family instead of u,u2. We now can normalize u by
multiplication with a constant factor such that

(98.) ('R,H) = (uhul)'

For twofold degeneracy let uiuz be two functions that are n.m'malized
according to (9) and (9a), and let u; be a function of the same eigen value

that is not necessarily orthogonal to the first two. We consider the
family

u = Uy + Cou2 + C3U3

and select the member of the family that is orthogonal to both w, and u,,
thus obtaining the conditions

0 = (uy, ) = ¢; (uy, %) + €3 (%1, %)
0 = (ty, ©) = Cp (U, Ug) + C3 (U2 %a) -
We satisfy both conditions by setting
(10) —

- = (u.l! ‘ua): 02 = - (uzl ua): 83 - (ﬂl, ul) = (ﬂﬂi uﬁ)"

The functions u;,u,, » are mutually orthogonal and he-nce linearly inde-
pendent; furthermore we can normalize u so as to obtain:

(103) (u,u) = (uy,uy) = (uUz,u2)-

We thereby obtain the desired orthogonalization for twofold degene?acy.
This process can obviously be continued in the case of higher
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degeneracy. The degenerate eigenfunctions are thus made mutually
orthogonal; due to (8) they are already orthogonal to the eigenfunctions
which belong to different %.

To the orthogonality condition (8) we add the normality condition

(11) (%, u) = | v?do =1

This “normalization to 1"’ leads to a certain simplification of the ortho-
gonalization process above (see, e.g. (10a)). We shall see in §26 that
(11) also has its vector-analytic analog. We still must mention that for
complex u equation (11) must be amended to read

(11a) (wu*) = [uu*do =1

and that in separable problems the normalization is best carried out for
each individual factor. Thus in (2) we have tomultiply the sine functions
by the factors

(12) 'l/%— and ]/% respectively

and in (3) we have to multiply the exponential function and the Bessel
function by the factors

1 V2
9 -
(12 a) Von and 21 (ka)

respectively

(the latter is due to (20.9a)). Thus our solutions in (2) and (4) at the
beginning of this section are determined also with respect to their
amplitudes.

From the above-mentioned examples we deduce two theorems
concerning nodal lines, which we shall prove now for membranes with
arbitrary boundaries:

1. J¢ several nodal lines intersect at a point then they intersect at
equal angles (isogonally): for two such lines the angle is x/2, for ¥
lines it is /v

2. The larger the eigen value k, the finer the subdivision of the
membrane into regions of alternating signs; for & — 09 the nodal lines
become everywhere dense. _

In order to demonstrate that theorem 1 holds for our special
examples we refer to Figs. 23 and 24, where the boundary itself must be
considered a nodal line and the angles are /2 and n/4 as shown. In
the case of the full circle we see from (3) that there are m radial lines
intersecting at its center at an angle of m/m. In order to show that
theorem 2 is satisfied in our cases it suffices to note that for the case of
the rectangle and the eigen value k,,,, the rectangle is subdivided into sub-
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rectangles of sides a/n and b/m, so that for k — oo at least one side
approaches zero.

For the proof of theorem 1 we develop u in the neighborhood of the
point O in a Fourier series. We use an 7, @ - coordinate system whose
origin is at 0. For any shape of the membrane we obtain the expansion

(13) =1 (kr)(a, cos ng+ b, sin ng)

which converges in a certain neighborhood of O, where the a,b are
determined coefficients which can be computed from the given u. The
fact that the radial functions in the Fourier expansion must be the
Bessel functions I, follows from differential equation (1) and the regu-
larity of u at ). Now if there is to exist af least one nodal line through
the point O (r = 0), then according to (13)
0 = I, (0) ¢y, and hence ao = 0.

Then if a, and b, are not both zero there is only one line through O whose
direction is determined by the equation:

0=1,(kr) (¢, cos @+ b, sin @) .
Hence for r > 0

a,
tan ¢ = — .
1

This determines the direction of the nodal line uniguely.

If there is to be more than one nodal line through O then we must
have a; = b, = 0. If we do not at the same time have az = b, = 0 then
according to (13) we have

0=1I,(k7) (a;, cos 2¢ + b, sin 2 @)
or, if there are to be » nodal lines through 0, and hence all a,b up to
but not including @,, b, vanish, then we have

0=1(k7) (a,cos v+ b, sin v @) .

In the latter case we have forr > 0

(13a) tan v = — {—:’5.

The right side of this equation is given by our Fourier expansion and
shall be denoted by taa « . The general solution of (13a) is then:

—1
(131)) @ =0, g;-—{—-%f—, n‘.—l—-z'Tﬂ,.__,rx_l_(“ )ﬂ.

v
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These angles differ by the constant amount z/», which proves the iso-
gonality.

Passing to the proof of theorem 2, we consider two functions u,v
where u is a solution of (1) that satisfies the given boundary condition
and » 1s the special solution

v = Ilo(kr).

Fig. 25. With increasing k the nodal lines become denser ni
and denser regardless of the shape of the membrane. The '
proof is given by considering a small dise anywhere on
the membrane whose radius a decreases to zero for in-
creasing k. N.L. stands for a nodal line which intersects

the disc.

The value of k which is common to « and v is assumed to be large. With
the help of this large k¥ we define a small length a by setting ka =@
where g, is the first root of the equation I, (¢) =0. We consider a
circular disc of radius a situated anywhere on the nodal line pattern of
the eigenfunction u (see Fig. 25). With this disc as our domain of inte-
gration we apply Green’s theorem:

(14) [(wdv —vduydo = [(uge—v5e)ds.
The left side vanishes since both u and v satisfy the differential equation
(1) with the same k. On the right side we have forr = a

ov

v=0and 7. =kI () +0.

If we set ds = ad ¢ then equation (14) becomes

911:.} (Ql)J“d‘P =0,
and hence

n

2
(15) ﬁfud4p=0.

According to this u assumes both positive and negative values on the
circumference of the disc. Hence there must be at least two zeros of u
on the circumference; that is, our disc must be intersected by at least
one nodal line. The disc becomes smaller as k becomes larger and hence
for increasing eigen value % the nodal lines become arbitrarily dense.
This holds for every part of the nodal line pattern.
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§ 26. General Remarks Concerning the Boundary Value Problems
of Acoustics and of Heat Conduction

The eigenfunctions of the oscillating membrane can be adapted
directly to the spatial case. Here we do not think of an oscillating rigid
body, but (in order to avoid all complications involving vectors and
tensors) rather of an oscillating air mass in the interior of a closed rigid
hull of finite extension. Just as on p.166,we interpret the scalar function
u as the velocity potential of the air oscillations and we again set the
boundary condition du/on = 0.

For the rectangular solid with side lengths a,b,c we have, in analogy
to (25.2),

x y Z
(1) U = Uy, = COS NI — COSMT Y cos L 7 —
with eigen value
?12 mﬂ_ Ez
(1a) k=k, =7 VEE—FEE pel

This state is non-degenerate if a,b,c are incommensurable.
For a sphere of radius a we obtain the general eigenfunction in
analogy to (25.3):

(2) U=,y = Ynlkn?) Py (cos 3) e'™?
Under our boundary condition the eigen value is given by
(2a) ‘IP;; (kpya) = 0,

where k&, is the I-th root of this equation. This state is 2n-fold degenerate,
since k,; is independent of m and the different states P’ for upper index
—n < m < -+ n belong to the same k.

Also in this category are the eigenfunctions of the circular cylinder
O<r<a0<z<h) which we derived in §20 C. With the boundary

condition du/dn = O they are given by

+ing L
(3) U ;= La (A7) COS M 7T 3}

the corresponding eigen value is determined from the equation I, (4 a)
= 0, the I-th solution of which we denote by A4,,. Therefore

(3a) k2, = A%, + m2ai[h2

nim

Due to the factor exp (£ tn @) In (3) this state is simply degenerate
forn > 0.
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We now consider these eigenfunctions ‘“normalized to 1"’ where we
have to keep in mind the remarks on pp. 173,174 . Then for example in

(1) we have to replace cos nm z/a by

x /2
cos'n:m—'l/—
a a

and according to (22.31b) we have to replace 7 in (2) by

(n — m)!

(n 4+ m)!

Iy = Py -\/(n+%)

etc. (see exercise V.1).

We now generalize the fundamental theorem on p. 169 and its
(mathematically non-rigorous) proof to the case of an arbitrary spatial
region S. The theorem now reads: There exists an infintte system of

ergenfunctions
U, Uzy + - - Upy - - -

whose elements are regular in the interior of S and satisfy the differential
equaiion

Au, + k2w, =0,

as well as a homogeneous boundary condition. The corresponding ergen

values
kike, ...k, .- .,

ordered in an increasing sequence, are infinite tn number and incr
infinity; if S is bounded then they form a “discrete spectrum” and they are
real since the differential equation was assumed free from absorption.

This system of eigenfunctions satisfies the conditions of orthogonality

and of normality:

ease 1o

(4) [ty Uy dt = Sy s
which according to (25.8a) can be written as
(4a) (Uns Upn) = Oy

or for complex eigenfunctions

(4b) (um %:l) - an m*

If the system of u, is complete (see p. 5) then we claim that any
continuous point function f given on S can be expanded in the u,:

(5) f=XA4,u,.
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If this expansion is possible then, according to (4b), we obtain from (5)
through termwise integration

(Da) A, == ffu: dr .

That this expansion is possible is postulated by the Ohm-Rayleigh prin-
ciple, which we shall assume in the following discussion without present-
ing its mathematical proof. In connection with the name of this principle
we remark: Georg Simon Ohm was not only the discoverer of the basic
law of Galvanic conduction, but also did profound research in acousties.
He found that the differences in the tone-color of different musical
instruments are the result of differences in the mixture of basic tone and
overtones. Since, according to (25.1), the overtones ®, are related to
the k,, and since they are harmonic with the basic tone only for strings
and organ pipes, so the construction of an arbitrary tone-color means the
construction of an arbitrary function from the (in general anharmeonic)
eigen values. In Lord Rayleigh’s classic book, Theory of Sound, this
principle is generalized in the sense of equation (5) and is applied in
many directions.

We shall now make some remarks about so-called H:ulbert space,
not only to justify the notation (u,,u,,) of (4a,b) which is reminiscent of
vector analysis, but also to give the Ohm-Rayleigh principle an elegant
geometric interpretation, which in the hands of the Hilbert school has
even been worked out as a means of proving this principle,

In accord with Courant-Hilbert (see p. 172) we define, in a space
of N dimensions, the basis vectors €;, €. ...,ey (corresponding to
the 7,7,k of three-dimensional vector analysis) which lie in the coordinate
directions z,%, . . . ,z» and whose scalar product is to satisfy the con-
dition

(6) '(E"EmJ = ‘Sﬂm

We further consider a vector which forms the angles «,, &g, ... with
the coordinate axes

(7 a=Co8x e -+ CoBoge, + *-* - COSay ey

and we call it a unit vector if the scalar product of a with itself has the
value 1:

(7a) (a,a) = El cos?x, = 1.

A second unit vector b with direction angles 8, is called orthegonal to
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a if the scalar product of a and b vanishes:

(7b) (a,b) = n,i\"l cos «x,cos B, = 0.
Equations (7a,b) are seen ta be generalizations of well-known formulas
from three-dimensional analytic geometry.

In the limit N => 00 we now obtain Hilbert space. Here we note
a formal analogy Detween the basis vectors e, and the eclements u,
of our system of eigenfunctions. The relations between the latter as
written in the form (4a) are formally the same as the relations (6)
between the €,. The svstem u,, if it is complete, can serve as sub-
stitute for the basis e,. The same is true for the u, in the case of
complex u,. Every other system of functions that is orthogonalized
and normalized to 1 can be composed from the u, in the sense of equation
(7) and can be visualized as a vector in Hilbert space. Two such vectors
can be transformed into each other by a rotation of Hilbert space. But
according to (5) any function f is composed of the u,. With the system
of coordinates which is formed by the u, the function f is associated by
(5) to a certain point of Hilbert space. The coordinates of this point as
measured in the svstem u, are the expansion coefficients 4,. Hilbert
space thus becomes a function space. The association between the
arbitrary functions and the points of the space of infinitely many
dimensions is one-to-one. If we join the point which represents the
function f to the origin of the coordinate system of the u,, then this
infinite dimensional vector represents the function f. According to (5a),
which we can write in the form 4, = (f, ), the coordinates of the
representative point are the projections of the representative vector on
the axes of the system of «;. ‘

From these highly abstract generalizations we return to the physical
applications. For the time being we restrict ourselves to the simple
problems of acoustics and heat conduction in their historical form. We
defer the questions of wave mechanics to the end of this chapter.

The general problem of acoustics for the interior of an arbitrary shell
S is the following: the wave equation

o2
(8) o = ¢ dv, ¢ = speed of sound,

is to be solved with the boundary condition dv dn =0 s0 that for
{ = 0 the functions v and dv d¢ become equal to arbitrary prescl‘lbf-'d
functions vo and v; in S. This problem is solved by:

(9) v=3Ad u,cosmw,t+ 3B, u,sina,t,
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where the A4, and B, are to be determined so that
(9a) vo=3AdA,u, and v, = X B w,u,

Due to the relation of the w, with the eigen values &, (namely ¢ = w,,/%,)
the second equation can be rewritten as:

v -
(9b) 'El' = Z Bk, u,.
From this we obtain as in (5a)
1
(9¢) 4,=[vutdr, B,= s f vy, u* dr.

We see that this is an initial value problem; the boundary value problem
has been shifted to the u,.

The general heat conduction problem can be solved in the same manner.
The difference is that now one arbitrary function v, suffices to describe
the initial state, the initial temperature variation dv/d¢ being determined
by the differential equation of heat conduction. As a boundary condition
we may use any one of the conditions a),b),c) on p. 63, to which we then
also subject the eigenfunctions u,.

We now set

(10} v=3 A, u, e """

where » stands for temperature (not heat) conductivity. The coefhi-
cients A, are again determined by the initial condition v = v,:

(10a) A, = [vyu;dr.

In addition to this initial condition the function » satisfies the differential
equation (25.1) and the boundary condition to which the u, are sub-
jected.

The potential equation A = 0 has no eigenfunctions, or rather
every solution which is regular in the interior of S and which satisfies
the boundary condition « = 0 or du/dn = 0 must be zero or constant
in the interior of S. Hence there can be here no closed ‘“nodal surfaces’’
u = Qor du/dn = 0. However, in the next section we shall construct
a solution of the general potential boundary value problem (given values
u = U on the boundary) from the eigenfunctions of the wave equation.

A solution of the potential equation which is regular in S can also
have no maximum or minimum in the interior of 8. Extremal values
of ¥ can be assumed only on the boundary of S. This follows from
Gauss’ theorem on the arithmetic mean which can be deduced from
Green’s theorem (see exercise V.2).
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Also, no eigenfunctions exist for the differential equation Au—Z%2u
= 0 or the more general Au—Fu =0 for positive F(z,y,2) (see
exercise I1.2).

§ 27. Free and Forced Oscillations. Green’s Function
for the Wave Equation

The eigenfunctions correspond to free oscillations; in a non-absorb-
ing medium they need no energy supply. We now wish to consider
forced oscillations, which must be stimulated in the rhythm of their
period in order to be able to continue in their purely periodic state.
Just as the free oscillations, they are to satisfy a homogeneous surface
condition, e.g., u = 0; the region S will be assumed to be bounded In the
discussions in this section. The measure of stimulation shall, for the
time being, be assumed to be a continuous point function in the interior
of S, and in analogy to the Poisson equation of potential theory we
denote it by p .* Correspondingly we write the differential equation of
forced oscillations as:

(1) Au + k2 u = p.

Here % = w/c, as we remarked in (26.9a), where « is the circular
frequency of the stimulation and ¢ is the speed of sound. We assume

(2) k= k,,

i.e., k is different from every eigen value of the region S for the same
boundary condition. The case of ‘“resonance’” k = k, will be treated

at the end of this section.
According to the Ohm-Rayleigh principle we can expand g in terms
of the normalized u, as in (26.5) and (26.5a):

©) o= X Au, A= [euids,
we also write the solution u of (1) in the same form:

(3a) u= Y B,u,.

Substituting these expansions in (1) and considering the diﬁt_erential
equations Au, 4 k2w, = 0 , which differ from (1) and which are

satisfied by the eigenfunctions u,, by equating the coefficients of u, on
both sides we obtain

3 The function @ does not represent charge density as in _pntential theory,
is of dimension sec™! if u stands for an acoustic velocity potential.

but
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(4) B,= 2, u= _fntn

— 72 Z 3 2 2
n k—ln L—ﬁ.n

We now consider the special case in which p i1sa ¢-functiont and

hence the stimulation is limited to a simple source point @ of yield 1
(see §10 C). We then have

fgdr-:l,
¢

for a domain of integration which contains the point @, and

fode=0.

for a domain of integration which does not contain . Hence we obtain

from (3)

(4a) A, =uX@Q) [edr=1u, (Q)
Q

and from (4)

(5) G(P,Q) =2 =

where the u of (4) is now denoted by the more suggestive G(P,Q). Indeed
this solution is Green’s function of our differential equation (1) for arbitrary
positions of the action point P and the source point Q and an arbitrary
regton S. We assume only the complete system of eigenfunctions and
eigen values for the region S. It should be noted that the Ohm-Rayleigh
principle has not been applied to the singular §- function, but only to
the continuous function @ of (3), which may, e.g., be taken as a regular
Gauss error function. Hence in our derivation we do not need the
expansion in terms of the u, of an arbitrary function but only of certain
special everywhere regular functions. In the same manner the termwise
differentiation which was needed in the derivation of (4) has been carried
out on the regular function (3a) before passage to the limit and not on the
limit (5).

Green’s function is also the solution of an integral equation. In order
to demonstrate this we recall equation (10.13a), which holds for every
self-adjoint differential expression L(u) and hence in particular for the
wave equation Au - k2w . For the three-dimensional case and the
boundary value u© = 0 it reads:

(6) ”a=fE(P)G(P=Q)dTP-

¢ We have dropped the name ‘‘peak function” (‘Zackenfunktion’’) which was
introduced by the author (see Jahresber. Deutschen Math. Vereinigung 21, 312, 1912)
in favor of Dirac's notation ‘* 4-function.”
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The function G(P,Q) is called the “kernel” of the integral equation.
Corresponding to the reciprocity theorem d) on p. 1 ,which, for complex
GG, has to be rewritten as

(6a) G(P,Q) =G*@Q P),

we call G a “symmetric kernel.” From the structure of (5) we see
directly that (6a) is satisfied.

The convergence of the series in (5) is absolute only in the one-
dimensional case: in the two- or more dimensional case the convergence is
conditioned by the alternation of signs of the eigenfunctions for a suit-
able arrangement of the series. This is the reason equation (5) does not
appear explicitly in Hilbert’s theory of integral equations, but in an
integrated form in which it converges absolutely. In the one-dimensional
case equation (5) has been rigorously proven by Erhardt Schmidt.’

The non-absolute convergence of (5) becomes apparent if we try to
show by termwise differentiation that the differential equation (1) is
satisfied. For then we obtain from the n-th term

Au, + K2 u, = Au, + k2w, + (k2 — k2) u, = (B2 — &y) v

and cancelling the factor k? — k; with the denominator and summing
with respect to n we obtain

(6b) AG+ 126G = X u, (P)u, (@).

For P = Q the sum on the right side consists of positive terms and
diverges, as it should; the fact that it converges for P£+=Q and vanishes
throughout is caused by the alternating signs and cannot be proven from
this representation. The order of increase for P — @ can be deduced
directly from the differential equation (1) as follows. We consider_ a
sphere with small radius r and center @, and integrate (1) over s
interior. Due to the &-character of p the right side becomes equal to
1. According to Gauss’ theorem the first term on the left side becomes
o

fiﬁdﬁ: 4:’5‘?‘25;,

while the second term vanishes. Hence we have

0 2,£=£ﬁ, G=—ﬁ;+00nst for r — 0.

This expresses the fact that G(P,Q) has a unat source in the point P = Q
The above formulas can be interpreted best in Hilbert space (see

5 In his famous dissertation, Géttingen, 1905.
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p. 179). Namely, equation (6b) states that 4 G + %2 G is the scalar
product of the two unit vectors u(P) and «* (Q). Hence these unit
vectors are orthogonal if u(P) and uw(Q) are different (P Q); if u(P)
and u(Q) are equal (P = Q) then orthogonality i1s of course excluded;
instead the product becomes infinite. The expression (5) 1s constructed
from the individual terms of the same product with the ‘‘resonance
denominator’’ k? — k) as weighting factor.

Despite its poor convergence equation (5) has frequently been found
useful in wave mechanical computations (see §30). For the time being
we apply it in order to close a gap in the theory of spherical harmoniecs.
But first we make a few preparatory remarks:

1. If the system of eigenfunctions is separable then the summation
in (5) decomposes into three summations corresponding to the three
coordinates. For the rectangular solid we should have:

(8) >-3 3 X

n=1 m=110I=1

where n,m,l are as in (26.1).

2. Green’s function depends only on the position of the points P,Q
relative to the boundary surface ¢ and on their distance K. It isinde-
pendent of the orientation of the coordinates in space. A transformation
of the coordinate system which transforms the surface o into itself and
leaves R fixed leaves G(P,Q) tnvariant,

3. If o is the surface of a sphere then the cdndition of invariance
is satisfied for every rotation of the spherical polar system r, 3, @ with
r = 0 as the center of the sphere. The coordinates 7, ¥, ¢ shall be
those of P, 7,4, ¥y, ¢ those of Q.

4. In the latter case we face the additional fact that the system of
eigenfunctions (26.2) is degenerate, since the eigen value k, as defined by
(26.2a) is independent of m. Writing (7 as a triple sum in analogy to (8),
we can take the denominator k? — k;: and the radial part of the eigen-
functions in front of the summation over m. Hence we have

(1 ) W (Rip i o)
(9) G (P,Q) = z i Ya,
(9a) Yo=_ ;3:_ _IT? (cos 8) I (cos B) @ =7

where ¥, stands for the function g, of (26.2) normalized to 1, and
I1, for the spherical harmonic P, nomalized in the same manner. The
function Y, is a surface spherical harmonic. In (9a) we have used the
fact that, due to the real character of ¥, and H}' the conjugate
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complex of the eigenfunction
Y (k) II™ (cos 9) ™7

for the argument Q = ( 7y, 9. ¢, ) can be written as
W (k7o) T (cos By) e P,

for all values of m between — n and +n.

From remark 2 concerning the invariance of G, and from repre-
sentation (9), we now see that the surface spherical harmonic (9a) has an
invariant meaning which is independent of the rotation of the polar
coordinate system. But this is the very theorem which we assumed as an
axiom for the proof of the addition theorem of spherical harmonics on
p. 133. That proof is now completed.

Up to now we have assumed that stimulation of forced oscillation
takes place in the interior of the region S. We now wish to assume that
stimulation takes place from the surface. This is the case if, instead of
the homogeneous boundary condition » = 0, we prescribe the inhomoge-
neous boundary condition

(10) u=U.

The surface is then held in pulsation with the rhythm o of the forced
oscillation and with the amplitude U which may vary from point to
point, while in the interior of S the differential equation (1) holds
throughout with ¢ = 0. From (10.12) we know that this boundary
value problem can be solved with the help of Green’s function by the
formula

oG
(11) uq=[Ua;-FdaP,

where the variable of integration on the right side is P and the domain
of integration is the surface of S (dop = element of surface, @vp =
element of normal at the point P). According to (5) equation (11)
becomes

Q) . ou,(P)
(11a) ug=3 223 [U ol

This formula contains the general solution of the famous Dirichlet
problem of potential theory, for by setting k = 0 we obtain

“:(Q} , Ouy (P)
(12) “Q=“Z-—£:—fb‘a;—d0p*

The remarkable fact about this solution is that it 1s not expanded in
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particular solutions of the differential equation Adu = 0 concerned,
but rather in the eigenfunctions of the wave equation (there are no cigen-
functions of the potential equation). KEquation (12) remains valid if
instead of the boundary condition (10) we prescribe the more general
condition

ou
5-}-}1%:[]

except that in this case we must subject the eigenfunctions u, to the
corresponding homogeneous condition

ou

In the special case of a sphere of radius a we obtain from (12) and

the boundary condition (10)

2
a_:t % (g, Yo, o)

=— 3 3 39V, (k7o) P (ke @) I (cos D) €™,
n i m b

(13a) A, = [[ UII} (cos §) &™?sin 3ddde.

where ¥ and I7, have the same meaning as before. The extra factor
27 on the left side of (13) is due to the fact that, as with the Bessel
functions and the spherical harmonics, we have to normalize the two
functions exp (— < me,) and exp (¢ me) to 1.

Written in terms of the same variables Q = ( 74, ¥, @, ) and

expanded in terms of particular solutions of Aw = 0 our solution
reads:

(1) 27w (0, D0 o) = > ) Anm(2) I (cos Bg) €™ 1™

(13)

By comparing these solutions we obtain remarkable summation formulas
(see exercise V.3).

Finally, we must consider the exceptional case k = k,,. From the
mechanics and the electrodynamics of oscillating systems we know the
““resonance catastrophe’’: if the rhythm of the stimulating force equals
a proper frequency of the system the oscillations increase to infinity.
The condition for this event is w = w,,, and hence k = I,,. Equation
(1) then assumes the form:

(16) Au + ki u=op.

Here we have an inhomogeneous equation whose left side coincides with
the homogeneous equation of a free oscillation.
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For simplicity we first consider the two-dimensional case of the
membrane of §25, which now, however, is subjected to a periodically
changing transversal pressure® @ =g (%, y) with an arbitrary distribu-
tion over the membrane. Do pressure distributions exist for which the
resonance catastrophe is avoided, that is, for which equation (15) has
continuous solutions throughout (for the boundary condition u = 0)?
The answer to this question is physically evident: for such a solution the
pressure on the membrane may do no work. Hence we must have:

(16) fgumdr)':[l.

The pressure distribution must be orthogonal to the eitgenfunction u = Up
with which it is in resonance, e.g., it may have equal magnitude in oppo-
sitely oscillating sectors of the membrane; in particular the pressure along
a nodal line may be of arbitrary strength.

This orthogonality theorem is a corner stone in the theory of integral
equations and has important applications in the perturbation theory of
wave mechanics. Here we must be content with uncovering its physical
basis.

The orthogonality theorem can be adapted directly to the three-
dimensional case if in (16) we replace the surface integral with respect
to do by a volume integral with respect to dr . Then we see that the
expansion coefficients A, and B, in (3) and (4) vanish for n = m. BY
passing from the continuous distribution o to a d-function we obtain
information about Green’s function in the case of resonance. From
A, = 0 and equation (4a) we have u; (@) = 0. In other words: The
singularity of Green's function must lic on a nodal surface of the critical
proper oscillation u,,.

For this position and only for this position of the source point €
an everywhere regular Green’s function exists. The special form of
Green’s function for the case of resonance 1s obtained from the general
form (5) by omitting the term involving k_: it therefore reads:

uy (P) ul(Q)
(17) G(P,Q)= D,

2 __ 12
nkm Km kn

§ 28. Infinite Domains and Continuous Spectra of Eigen Values.
The Condition of Radiation

With increasing domain the eigen values become closer and clfJSET:
for an infinite domain they are dense everywhere; we then deal with a

conlinuous spectrum of eigen values.

¢ More precisely: pressure divided by surface tension iir’ d(see ec(iiua.tion (25.1) )-
: yn y _ .m-1.
The dimension of g is not that of pressure dyn/cm.?, but T / cm e
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Let us consider, e.g., the interior of a sphere of radius a for vanishing
boundary values. For the case of purely radial oscillations its eigen
values are given by the equation

sin o

(1) o (k,a) =0, wolo) = ——-

=

Hence k,a = vz and the difference of successive eigen values is
JT
Ak, = — —-0 for a-—>co.

We may therefore consider the function %, (kr) which is everywhere
regular and vanishes at infinity as an eigenfunction of infinite space.
Thus, if we have an acoustical or an optical problem in which the
prescribed sources are in the finite domain (with a discrete or a continu-
ous distribution), and which is to be solved for a given wave number %,
then we can always add the function 3, to the solution. Hence oscilla-
tion problems (in contrast to potential problems) are not determined
uniquely by their prescribed sources in the finite domain. This para-
doxical result shows that the condition of vanishing at infinity is not
sufficient, and that we have to replace it by a stronger condition at
infinity. We call it the condition of radiation: the sources must be sources,
not sinks, of energy. The energy which is radiated from the sources
must scatter to infinity; no energy may be radiated from infinity into the
prescribed singularities of the field (plane waves are excluded since for
them even the condition » = 0 fails to hold at infinity).
For our special eigenfunctions

1 aii:r E-—fl:r
Yo (k?‘) = 2{( r r_)

the state of aﬂ'air:.s is simple: for the time dependence exp (—iw!)
eikr/r is a radiated, ¢ **"/r an absorbed, wo(kr) a standing wave
(nodal surfaces k%r = »#). By excluding absorption from infinity we
exclude the addition of the eigenfunction wo(kr). Hence the per-
missible singularities are restricted to the form

e‘itl

(la) u_'—.._'C——-—

T
For these singularities we have the condition

(2) Lirn*r(g,—M — iku) =0,

r —»00

It is called the general condition of radiation and we shall apply it to all
~
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acoustic and electrodynamic oscillation problems that are generated by

sources in the finite domain.

In fact, condition (2) holds not only for the spherical wave (1a)
which radiates from r = 0, but it also holds for a stimulation which acts
at the pointx = o, ¥ = Yo, 2 = 20

(kR

u=C R R = (z— %p)* + (Y — %o)* + (2—2%)°

Hence, for a continuous stimulation of the spatial density @ = ¢ (%, %o, 2)
we have:

etk R
u=fg 7 4T Ay dz, .

This holds not only for unbounded space, but also in the case where there
are bounded surfaces ¢ on which arbitrary linear boundary conditions
are prescribed, whether homogeneous, e.g., ¥ = 0, or inhomogeneous,
e.g., u = U. In the former case we have scattered or reflected radiation
emanating from the surface o , whereas in the latter case we have
radiation that is stimulated by the pulsating surface o itself (see
p. 186).
As counterpart to the radiation condition (2) we have what may be
called the ““absorption condition”:

. au .
(2a) Iitir (5;1'— 1-ku) =0.

We demonstrate the general validity of the radiation condition by
showing that it guarantees the uniqueness of solution of the above general
oscillation problem. We may then be convinced that the unique solution
of the mathematical problem is identical with the solution that s realized
in nature. Our problem 1s the following:

a) In the exterior of a surface o, which may consist of several surfaces
dy, 0s, « « « , the function u is to satisfy the differential equation

Au+ KBu=p

The function @ measures the yield of the sources which may be
continuously distributed or concentrated in single points. "I'he
function g is given and must vanish at infinity with sufficient
rapidity.

b) On ¢ the function u is to satisfy » = U, where U is a given
function on o. The surface ¢ lies entirely in the finite domfa‘.m. .

¢) In the finite domain u satisfies the condition (2). The quantity 7 11
(2) stands for the distance from any fixed finite point 7 = 0. Around

point
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this point we draw a sphere X of radius # — oo, which does not
intersect the surface ¢. The surface element on the sphere is
dX =12dw, where dwis the solid angle seen from r = 0. The
region between X and ¢ iscalled S.

d) Except at possible prescribed sources the function u is to satisfy those
conditions of continuity which we prescribed in the derivation of the
differential equation.

We assume that two solutions of this problem u; and u. exist and,
as usual, form

(3) w = U — Us,

as well as the conjugate function w*. These functions satisfy the condi-
tionsa) tod) with o =0 and U = 0. Then in Green’s theorem

wt g ow
) Sf(w.ﬁl w* —w* Aw) dr={qfda +Efr2dm] (w =t 5—)

the integral on the left and the first integral on the right vanish. Hence,
the integragl over the sphere X must also vanish.
For the further discussion we write:

(5) w = i Z fﬂ (ﬂ’ ';0} y

T n=0 r®

which is shown to be sufficiently general by the following: we consider w
expanded in surface spherical harmonics Y, (2, ¢} . According to §24 A
the coefficients must be of the form

C,Li(kr)+ D, L5 (k)

where ¢ is connected with the half-index Hankel functions by equation
(21.15). But here we must have D, = 0, because of the behavior of ¢Z
for large values of the argument (see §21 D, p. 117). At the same place
we learned that the % are composed of a finite number of terms of the
form e*7/(k )™, m <n . By arranging this expansion in spherical
harmonies according to powers of 7" we obtain (5), where the f,(&, @)
turn out to be finite sums of surface spherical harmonics.

The f, satisfy a simple recursion formula. According to (22.4) the
differential equation Adw -4 k2w = O written in terms of 7,8, ¢,
yields the equation

(6) a‘;;w)+%D(rw)+kzrw=O.
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where D is the differential symbol of (23.15b) in the coordinates 9,¢.
Applying (6) to (5) we obtain

- o0 2tkn nin+ 1) D
k
e kT Z'(__ a - Y t rn+ﬂ)"“= 0.

n=0

Replacing the index of summation 7 in the first term of the parentheses
by n + 1 we obtain

Sk i;.}Ta —2ik(n+ 1)}y 1+ 2+ 1)+D}f,]=0
n=0

and hence the recursion formula:
(6 a) 2ik(n+ 1) fpp1= {n(n+ 1)+ D}f,.

Hence: if fo = O thenallfy = fo= ... = 0.

We now investigate the remaining integral in (4). Since we are
interested in the limit for # = 0o we can replace w by the first term of
its expansion (5), ignoring the higher powers of 1/r, whence:

ikr -ikr
€ * e *,
w = r fﬁl w = r f[}.’f
ow ., €5KT ow* . g—1%7 *®
—-'_-—?rk fo, =S 1‘k fﬂn
cn r on r

Thus we obtain:

[ 1240 (w22 —w 22) = — 2k [fp i do -

The integrand is positive as long as fo 7 0. But we saw in (4) that this
integral must vanish. Hence

fo=0anddueto (6a) fi=fo=...=0.

Therefore

w = 0 and w = u,.

The author’s original proof? of this uniqueness theorem assumed, in
addition to the conditions a),b),¢) for u, the existence of Green'’s function
for the exterior of the surface and an additional “finality condition.”
The fact that the latter is superfluous has been rigorously proven by
F. Rellich® even for the case of an arbitrary number of dimensions A

7 See footnote on p. 183 and Frank-Mises II, chap. XIX, §5. The form of the
proof given in the text is essentially F. Sauter’s. _

8 Jahresber Deutschen Math. Vereinigung 53, 57 (1943), which also treats the
case in which the surface o stretches to infinity.
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where the radiation condition reads
h—1
- — a‘lt -
(7) Lim# 2 (——tku)_—_O

=00 3?'

In the two-dimensional case A = 2, where, as we know, the spherical
wave e'*7fr is replaced by the cylindrical wave H a(kr), equation (7)
becomes

(7a) Lim 7* (zr—“ —iku)=0,
r—> 00
which actually is satisfied by u = Hi(kr). In the one-dimensional case,
where the radiating wave is given by exp (¢k|z]), equation (7)
becomes
. U .
(7b) ijlfm (3[:::] i k u) — 0.

Following Rellich, we stress the fact that no radiating solution u
of the wave equation can exist which, in every direction, approaches zero
more rapidly than 1/r. For such a function u we would have fo = 01n
(5) and, as we have seen, this causes u to vanish identically. In this
respect the wave equation differs from the potential equation. For the
latter solutions exist which, for increasing r, decrease more rapidly than
1/r, the so-called dipole, quadrupole, and octupole fields of §24 C. For
the wave equation such an r-dependence, which implies a pole of higher
order than 1/r at r = 0, can happen only 1n the so-called ‘‘near zone’
(r <1, A= wavelength); in the “far zone” (r > A) every solution
of the wave equation behaves like the spherical wave e*7lr. Potential
theory is the limiting case 4 = oo , as for this case, the near zone
reaches to infinity, so to speak.

We now come to the problem of Green's function for a continuous
spectrum. We first consider in detail the very simplest one-dimensional
example (—oo < & << 4 00), in which the radiation condition is the
only boundary condition prescribed. Green’s function 1s then identical
with the “principal solution” introduced on p. 47, and therefore has a
“unit source’ at an arbitrary prescribed point z = zo (see exercise I1.3).
It must satisfy the conditions:

) g;f—i-k‘aG-——'O for z 7 zo

b) t;_f = (j_g) .= 1, (definition of unit source)
T/ze+ Te—

C) j_%,]_ikc;:() for :n=:t00-
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The solution is seen to be

( 1 1k (z = 24)
2 2

for z<<x,.

We compare this to the representation (27.5) first for the finite
region —{ <z <41, but with the usual boundary conditions
replaced by the radiation condition. In preparation for a continuous
spectrum we change the name k, of the eigen values to 4 ; the eigen-
function % = u,; which belongs to 2 is then defined by

a) %—I—?z = 0 —l<e<+1,
du ,
b) M—%ku= lxl=l.

If we write the solution of a) as:
(9) u=Aei.iI+Be--iJ.:l"
then according to b) we must have

A A—k) e B(FA—k) et =0,
A Atk —oqal A—k +2t.1£

B=i—k © =15k ¢

From this we obtain the equation for 4:

—k\2 gia1
(A-{-k)e =1.

This equation splits into the equations

(9a) i:i 25 _ 41, B=A4, — 9 Acos Az,
(9b) Amk gl 1, B=—4, u=2idsiniz

From (92) we obtain as first and second approximation

k1
) for 2>k, —_—-%m and =nTm(1—'£i§ﬂi)’ m —>00,
(10a
for ALk, A= %(m—k;) and -—-—I-(m—l—t})(l—-——-) m=0,1,2,...
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where m is an integer. In the same manner we obtain from (9b)

skl

for Ak, A== (m+3) and == (m+3) |1— -1»
(10b) ; ; [' % (m +3)
for A<k, A=%m  and=Fm(l—z), m=0,1,2...

Fig. 26. The path of integration ¥, is com-
pleted by the path 1¥"; to an infinite closed path
W = W, + W, For positive x — 1, this path
can be deformed so that it runs in the positive
imaginary A- half plane,

We see that the values of A as calculated from (9a) and (9b) form a
sequence (marked by z in Fig. 26) that, starting with A= 0, first
descends linearly into the negative imaginary A- half plane® and finally
for large A (large m) osculates the real A- axis from below. According
to (9a,b) the successive points alternatingly belong to cosine and sine
eigenfunctions. After normalization to 1 these eigenfunctions are

1 cosAz .

| Vi(l1+A4) __sinzlcosdl
(11) Y = A=—— .

1 .
L if_i‘_(l_____—:d_}_ sin Ax 3
In the limit ¢ — oo the A- points of Fig. 26 will be everywhere dense
on the right half curve denoted by W,. The difference between two
successive points of the sequence (10a) or (10b) then always becomes

(11a) dA="7—0.

We now return to the representation (27.5) of Green’s function.
For »(P) and u(Q) we substitute their expression (11) in the variables
z and z, respectively, and combine the pairs of successive cosine and sine
terms, i.e., the terms which belong to successive eigen values A. The
numerator of (27.5) then becomes

cosAz cos Az, sin2zsin Az,

u(P)u*(Q) = (14 A) T H1—A)

According to (11) and (11a) we have for l >co

* The fact that the eigen values are complex in contrast to the theorem on
p. 169 is due to the fact that our present boundary condition is of a complex nature.

m—> 00,
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A=0, =2
JT

Hence the numerator in (27.5) becomes cos A (# — «) dA/z, while the
denominator in our present notation is k% — A2. Equation (27.5) then
becomes

y 1 feosd(x— %) I A (= — =)
(12) = }:'f r—w =3 f k7
W "’

where W in the last term is the path W, + W, of Fig. 26. The fact that
the integration over W, is equal to one half the integral over the whole
path W follows from the fact that in the integral over W, both the numer-
ator and the denominator are even functions of 2. The fact that in the
last term we can replace the cosine by the exponential function follows
from fact that the sine part of the exponential function is odd in 4 and
hence vanishes upon integration. The path W is much more convenient
than W, since it can be deformed away from the origin by the methods
of complex integration.

The manner in which this deformation should be performed can
be seen from Fig. 26. For positive z — z, the path W can be drawn over
into the positive imaginary A4 half plane, for negative  — zo it can be
drawn into the negative imaginary half plane. In the one case the path
can not be transformed across the pole 4 = +% of the integrand 1n
(12), in the other case it can not be transformed across the pole A = —&.
Forming the residues and combining the two cases we obtain from (12):

1 -
(13) G=m'~’ .

This s exactly the same as (8). _
Hence we see: The general representation (27.5) of Green's function

remains valid for a continuous eigen value spectrum if, in accordance with
the radiation condition, we consider a complex path of integration. If
instead we have the “absorption condition’” (¢ replaced by — 1 in (la)
and (2)), then instead of W we have to consider its reflected image on the
real A-axis: we then obtain equation (13) with 2 replaced by — 2.

If instead of the one-dimensional case we consider the two- or three-
dimensional case and correspondingly replace the coordinate z by‘the
polar coordinates r, @ and 7,9, ¢, then the spectrum of _the eigen
values becomes continuous only in the r-coordinate but remains discon-
tinuous in the angle coordinates. Ior example in the case of unbounded
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three-dimensional space we start from the following representation of
Green’s function

Jd4) 2xn G(P,Q) = X3 IT}} (cos &) I} (cos ) et M@ — o) —k-f—l;d% ,
nm WI

(14 a) F=Y, (A7) ¥,(Ary).

Here, as in the preceding section, J7 and ¥ stand for the spherical
harmonic and Bessel functions normalized to 1; and in the followingthe
Z',Z? correspond to the Hankel functions &%, {2 The factor 27 on
the left side is due to the normalization of the functions exp {img}
and exp {—img,}. Asin Fig.26 the path W, lies in the complex 2-
plane from A =0 to A= oco. and again avoids the pole 2= k
We first give a brief discussion of the way in which this representation
can be treated in analogy to the one-dimensional case. This will yield a
representation of spherical and cylindrical waves which we have met
before.

In order to transform W, into the path W of Fig. 26, we write
¥, (A1) =¥ZyAr) + 25 (A7),

For the convergence problems which arise in connection with the
normalization we refer the reader to Appendix I. Due to the proper-
ties of Hankel functions (see exercise IV.2, in particular equation (12),
and also the discussion in connection with equation (32.13)), we can
transform the integral over W;, which involves the function I of (14a),
into the integral over W involving

(14D) Fy,=3Z,(Ar) ¥, (A7) r>7,,
and
(14 ¢) Fo,=31¥,@r) Z,(Ar) r <7,

Since the integrand 3F,,/(%* —A?) vanishes at infinity in the positive
imaginary A- plane for both cases r =17, , the integral of (14) reduces
to the residue at the pole 4 = k:

o) fF a om ZL(kr) ¥, (k) r > 70,
L2 — 227 25k \W (L 7) ZL (K 7,) r <7g.

Applying the addition theorem of spherical harmonics (22.34) we obtain
from (14):
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Zy k¥, (kry) r>1

16) G(P,Q) =40 > I, (cos 0) IT, (1
(16) G (P, Q) 4::.:“; (cos ©) £, (1) P (k1) ZE(kry) 1<t

For reasons of symmetry G(P,Q) in unbounded space is a pure
function of the distance

R=V2+4 +2 —27r7,c0s O,

between P and Q; namely, due to the definition of the unit source on
p. 47 we have
1 eikR 1

(162) G(P.Q =—17 7 =1 R,

where , is given by (21.15a). If, on the right side of (16), we pass
from IT,¥,Z to P,y, { (see Appendix I equation (9a)), we obtain the
addition theorem (24.9a).

The corresponding series for the two-dimensional case are con-
tained in (21.3).

More important than the derivation of these known formulas is the
generalization to the case in which space is not unbounded but is
bounded by a finite closed surface o (or, in the two-dimensional case,
by a curve s) with prescribed boundary conditions. We are then dealing
with the proper problem of Green’s function: to find a function G(P,Q)
having a unit source in Q, satisfying the radiation condition at infinity
and the given boundary condition on o (or s).

We choose the special case in which the surface ¢ is a sphere
r = a, and the boundary condition is

(17) u = O.

The point @ is to lie on the ray
The eigenfunction which belongs to the eigen value 41s no longer
v, (A7), but can be written in the (non-normalized) form

(18) ,(A,7) = p, (A7) + A {3 (A7)
Due to (17) the function A becomes!®

v, (Aa)
(18a) A= 0 (i) *

For the construction of Green’s function we shall not follow the
general method of equation (14). Instead we shall use a shorter though

10 The fact that A depends on 4 made it necessary to write o (A.r), instead
of (A r).
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less systematic approach based on equation (24.9) for unbounded space:

(19a) etk R oo [‘Pn (k7o) Ln(kr) T > 7o
= 2 1) P Vs
(19b)} kR nz;.. (4 ) B feos )1 n(E70) 9o (K 7) r <7o

Here (19b) will not yvet satisfv condition (17) for r = a; in order to
satisfy (17) we complete the right side of (19b) by adding

Q0 1 ‘;-1 {kr}
— D' @n+ 1) P, (cos D) Eh (ko) v (k) G

Due to (18) the right side of (19b) becomes

(20) Eﬁ (2 m+ 1) P, (cos D) EL (k 7p) u,, (K, 7).

If we make the same adjunction to (19a) then the continuous passage
from (19a) to (19b) for r = r¢ 1s preserved, as is the radiation condition
for ¥+ - oo. The right side of (19a) becomes

(21) ‘5-.’20 (2n + 1) P, (cos &) &, (k7) e, (k, 7y).

From (20) and (21) we obtain Green’s function by adjoining the factor

kf4zmr which, as in (16a), is due to the condition of a unit source.
We then have:

E E"I [Crlz(k ‘?') u, (k: Tﬂ} T:}rﬂr
29) G(P,Q) = —— > (2n+41) P, (cos &
( '“”r%’r ( ) ( )]lé':l(k To) Uy (B, 7) 7 < 7.

This way of writing reveals the connection with our general method
in (14). The function F of (14a) is now represented by

F = un(;': T) un(;': 1’0);

except for a constant normalizing factor. The corresponding functions
F,.Fyof (14b,c¢) become

Fo.— 1 n (A7) U, (4, 70) 7 >,
he T2 Ly (A7) e, (A, 7) r <7,

By forming the residues for 4 = k we then obtain equation (22).

In Appendix II of this chapter we shall introduce a novel method of
constructing Green’s function, which not only improves the convergence
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of the series in the most important cases, but also reveals new aspects
of the method’s applicability.

In the appendix to the following chapter we shall further show that
this method would solve the problem of wireless telegraphy on a spherical
earth (for infinitely conductive soil and a vertical “‘dipole antenna”) if it
were not for the decisive role of the ionosphere.

Finally we remark: a representation of the form (14) remains valid
if as the surface o we choose an ellipsoid instead of a sphere. Instead
of the 7, &, ¢ we then have to use the coordinate system of confocal
ellipsoids and hyperboloids. The spectrum of eigen values for the exterior
of the ellipsoid will then remain discrete in the parameters of the one
piece and two piece hyperboloids, but becomes continuous in the
parameter of the ellipsoids. By integration over this last parameter we
would obtain a simplification similar to that of (22). Even in the most
general case where there are no separating coordinates, in which the
eigenfunctions can be decomposed into products, we can still use equa-
tion (27.5) as a starting point for the representation of Green’s function.

§ 29. The Eigen Value Spectrum of Wave Mechanics.
Balmer’s Term

The Schrédinger equation of wave mechanics for the simple case
of the hydrogen atom reads

(1) dy+ 22 (W—V)p=0.

This is our equation (7.15), with the difference that the symbol of energy
W has been replaced by the difference of the total energy W and the
potential energy.V or, mechanically speaking, by the kinetic energy.
The Rutherford model for the H-atom consists of a nucleus, the prot{rn
with a —+ e charge, and of an electron with a — e charge that moves 1n
the proton field. Its potential (Coulomb) energy measured in electro-

static units is

where r is the distance from the proton and V is normalized so that at
infinity we have ¥V = 0. The mass energy moc? of the electron at rest
is not to be counted in the total energy. In the following we may con-

sider the proton at rest at the point r = 0.
Equation (1) differs from the wave equation we have treated so

far because the constant k2 has been replaced by a point function which
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becomes stngular at the point r = 0. Whereas we have used & to denote
eigen value, we shall now use W as an eigenparameter. Hence, we shall
seek those values of W for which (1) has a solution which 1s continuous 1n
the entire space. These solutions are the eigenfunctions of our ““Kepler
problem,’”’ where the nucleus plays the role of the sun and the electron
the role of the planets. Since the electron may move in unbounded space,
the spectrum of eigen values will be continuous in the r-coordinate as in
equation (28.14). DMore important for us is the fact that the spectrum
also has discrete components.

The spectral apparatus gives us the discrete spectrum by measuring
the line spectrum, which, in the case of hydrogen, is given in the visible
range by the Balmer series H,, Hg, H Hs ... The lines of this
spectrum cumulate at the limit given by the Rydberg constant 2. The
adjoining continuum lies in the near ultraviolet range. Both the discrete
and the continuous spectrum are given by the Schrodinger equation.
This equation reduces to a simple mathematical formula the enigma of
the spectral lines, with their finite cumulation point, the behavior of
which differs so fundamentally from that of all mechanical systems.

Niels Bohr gave a general explanation of the Balmer series and its
limiting frequencies twelve years before Schrédinger, by endowing the
Rutherford model with certain quantum theoretical traits. However the
concept of orbits he used lead to diverse contradictions and had to be
abandoned in favor of the analytic model of equation (1). The fact that
(1) is also based on quantum theory is indicated by the entrance of
Planck’s constant £ = k27 .

What is the physical meaning of the eigenfunction % ? The
answer to this question shows the complete revolution in the concept of
nature that quantum theory has brought about: [yp|*dz dy dz stands
for the probability with which we may expect to find the hydrogenelectron
at the point (z,y,z) within an error of dz,dy,dz. Hence, in wave mechanics
the concept of probability takes the place of the concept of strict deter-
minism which rules in classical mechanics. The measure of indeter-
minacy in the atomic range is Planck’s & (Heisenberg).

The “‘normalization of the eigenfunctions to 1,”” which so far had
been introduced only for mathematical simplicity, thereby acquires a
fundamental meaning. Namely, the equation

(3) flylPdr =1

asserts the certainly that the electron is somewhere in space; this condi-
tion is necessary from the point of view of wave mechanics. Equation
(3) holds for a discrete spectrum; for the continuum it must be modified
according to the prescription of Appendix I to this chapter.
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We now turn to the integration of (1), introducing the coordinates
r, 9, @ . If we write the wave equation in the form (22.4) and let!

(4) w = x(r) P} (cos 9) &'™?

then according to the differential equation (22.13) we obtain
- d?y 2 dy 2m e? (4 1)

(0) dr? i ?d:+{F(W+?) r2 }Z=0'

We first consider the case in which the electron is tied to the nucleus.
Then W must be negative since the energy of the electron at rest at
infinity is normalized to zero. If it is absorbed by the nucleus and
stably tied there then its energy is decreased. If, on the other hand,
W > 0 then even for an infinite distance from the nucleus the electron
has positive kinetic energy and, mechanically speaking, has a hyperbolic
orbit.

The asymptotic behavior of ¥ for 7 —> oo is obtained from (3) by

neglecting all terms with 1/r and 1/r%:

d2y = 2m
Ze T w5 W=

For negative W we write
d2y
do®
The other solution of (5a), namely, ¥ = exp (+¢/2), must be neglected

since ¥ is to be finite everywhere.
In order to obtain an exact solution of (5) we write

(5a) =2y, x=€ ", o=7V—2mW.

(6) x =e % v (o)

and obtain as the differential equation for v
, v (2 Ny [r—1_ LE4+D]. _p
(6 a) v —I—(Q l)v +[ o o ]v

with the abbreviation

. m e[k
(6 b) n = Var

11 Here we denote the lower index of PP by ! instead of n, Efﬂ‘l'eslmmlmg to “'t-’-::e
mechanical usage: { = azimuthal quantum number, nr = radial quantum nun}h :;
n=m, + 1+ 1 = total guantum number, n = magnetic quantum number, whe

we now have —1<m < + 1.
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Inlorder to discuss (6a) we use the method of equation (19.36). We
write

(7) v=plw,  w=ap+ a0+

and in analogy with (19.37) we obtain:

(7a) A(A4 1) =1+ 1), and hence A = .

The other root of (7a) A = — [ — 1 must be excluded, since v as well
as ¥ must remain finite for p = 0. The recursion formula for the
a; is obtained in analogy with (19.37a) by equating to zero the coeffi-

cients of g**+%-1 in the power series obtained from (6a) and (7).
Thus we find:

(7b) a‘k+l[(}-+k+1)(l+k)
+2A4+k+1) =104+ 1]+ a[n l1—A—%k]=0.

If in this equation we make the coefficient of a, equal to zero by setting
(8) n==rk-+4+ A+ 1,

then a;,, vanishes and so do all the subsequent terms in w: the series
breaks off, that is, w becomes a polynomial of degree k, whose further
properties we shall treat later. For the time being we shall stress only
the following facts: 1. Due to the factor exp (—g/2) in (6), we see
that as r — oo the function ¥ tends to zero with sufficient rapidity
to make possible the normalization of ¥ according to (3), no matter
what the degree of the polynomial w. 2. If the series did not break off
then from (7b) we should obtain an asymptotic behavior of @, which
would make w become infinite to the order exp (+4p) for p = o0,
and the normalization of g would be impossible. Hence the require-
ment that the series for w break off is a wave mechanical necessity.

We now consider equation (8). We denote the value of k there
by n, (radial quantum number) and for A we substitute its value

from (7b) (azimuthal quantum number). Hence, according to (8) n is
integral: ‘

(Ba) ﬂ=‘ﬂr+z+1.

This number = is called the ‘“total quantum number.” From equation
(6b) we obtain:

m et
(8 b) W= Wﬂ = O Hind °

Setting W equal to the energy quantum % ¥ we obtain
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m ed R
(9) V= ohnint - nt
where
2 n%met

This R is the above mentioned “Rydberg frequency’’; it can be measured
spectroscopically with extraordinary precision and hence can lead to an
improvement of our knowledge of the fundamental constants e,m,h.
The number » of (9) is called the Balmer term.

The observable frequency of a spectral line is obtained by the
passage of the atom from an initial state 1 to a final state 2 and 1s com-
puted as the difference of the associated terms», and »,. Hence for the
hydrogen spectrum we have
(10) w=1'z-—w1=R(-1—-—l).

n3 n}

The Balmer series corresponds to the passage into the final state ns = 2;
the Lyman series which lies in the ultraviolet range corresponds to the
passage into the fundamental state of the hydrogen atom n; = 1; In
both cases the passage is from an arbitrary initial state n, > ns. Hence
we have

(10a) v= R (215 — ?%-27) ; n=3,4D5,... Balmer series,
(10Db) v=R (112 — T%,) , n=2234,... Lyman series.
The series with n; = 3, n. = 4, . . . lie in the infrared domain.

After having learned about the eigen values of the H-atom we wish
to consider the analytic character of its eigenfunctions. With the use of
(7), (7a) and (8a) we obtain from (6a)

(11) ow” + 210+ 1)—plw +n—I—1)w=0.

This equation is obtained through (2! + 1)-fold differentiation from the
simpler differential equation

(12) oL+ (1l—p)L'+pL=0 with p=n-+ .

For every integer g this equation has one and only one pGI_YI'lOmlﬂ-l
solution of degree . With a suitable normalization we obtain the
solutions:
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b
-’
|

u=0, L=1,

au’=1! L=_Q+1’

p=2, L=¢g*—4p+2,

u=3, L=—p3+4+ 9p*—18p -+ 6.

These are precisely the expressions we denoted in exercise 1.6 as Laguerre
polynomials; equation (12) i1s the Laguerre differential equation, as
indicated by the choice of the letter L. This differential equation coin-
cides with the differential equation (24.29) of the confluent hyper-
geometric function for the parameters « = —p=—n—1 .

Hence we have

dﬂl+1L
do2i 1

(13) L=F(—a—1,1,0p) and w =

Hence from (4), (6), (7) and (7a) we obtain the representation of the
hydrogen eigenfunction

d““L
— N e/2
(14) y=Nope" o

P (cos 9) '™®,

where N is a normalization factor due to (3). From (5a) and (8b) we
obtain p :

2r fi? 1 -
(14a) e=ra’ a=mer:3~_2710 ’
where, as is customary, a denotes the “hydrogen radius.”

In order to justify this notation, and as a single special application
of the above, we compute the ‘“‘probability density’ in the “fundamental
state’”” n = 1 of the H-atom. For n = 1 we have according to (8a)
| = m =0, n, = 0 and hence from (14)

—pf2 - rla 2 2 _—2
‘?,u=--h718 of =_N13 f’ hD! —Nlﬂ rfa,

where from (3) we obtain N; = (7w a®)~* . Hence, the probability of
finding the electron is distributed spherically over the nucleus. For
r = 0 this probability assumes its maximum Nfi, for r = a its value is
only (N./e)?, but it only vanishes at infinity. The charge density is propor-
tional to this probability. From the point of view of wave mechanical
statistics we do not have an electron which is concentrated at a point,
but instead we have a charge cloud whose principal part is in the interior
of a sphere of radius a.

From the older point of view of orbits we must ascribe a disc-like
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form to the H-atom. The fundamental state (circular orbit of radius a)
then corresponds to a circular disc. In a magnetic field all the circular
discs of an H-atom gas would have to be parallel to each other and per-
pendicular to the magnetic force lines; a light ray passing through this
gas would have to show “magnetic double-diffraction.” Precise measure-
ments by Schiitz, though performed not on an H-atom gas but on the
analogous Na-vapor, showed no trace of this phenomenon. This is one
of the contradictions which have been cleared up by wave mechanics.

A behavior similar to that of the fundamental state of the H-atom
is obtained for all states with ! = 0, the so-called “s-terms’ of spec-
troscopy. Forl = 0 we obtain from (14)

’ 2
y =N, L, (o), o=—, n=mn+1,

which again means spherical symmetry. Such s-terms are the funda-
mental states of the alkali atoms Li, Na, K, . ... The same holds for
all completed shells, e.g., the so-called eight-shells of rare gases. The
proof is based on the addition theorem of spherical harmonics. This
spherical symmetry of the closed shells is obviously of great importance
for all chemical applications.

We have to add a few remarks about the continuous spectrum of
hydrogen, that is, about the states W > 0 (the “hyperbolic orbits” of
the older theory). The electron is then no longer tied to the nucleus
but is still in the field of the proton.

According to (5a) and (6b) ¢ and n become purely imaginary for
W > 0. In the asymptotic solution (5a) the two signs of pare equiva-
lent; both solutions exp {4 @/2}can be used. It is unnecessary, and
due to the imaginary character of g it is also impossible, to make the
series (7) break off. Hence every value of W is permissible. The W-
spectrum becomes continuous and reaches from W = 0 to W = oo. Since,
according to (8b) W = 0 corresponds to the limit 7 = oo of the discrete
spectra, we see that to each of these spectra there adjoins a continuous
spectrum in the short wave direction. The analytic form of the repre-
sentation (14) remains valid; but L is now no longer a Laguerre poly-
nomial but a confluent hypergeometric series which does not break off, since
the parameter &« =—mn—1 in (13) i1s no longer negative integral but

general complex.
§ 30. Green’s Function for the Wave Mechanical Scattef'ing
Problem. The Rutherford Formula of Nuclear Physics

Nuclear physics originated with Rutherford’s experiments on the
scattering of a-rays by heavy atoms. Since the electron shells of the
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atom are immaterial for the case of «-rays, we may treat the scattering
problem in terms of the continuous H-spectrum. We are dealing, in
fact, with a two-body problem: a nucleus (of charge Ze, where Z 1s the
atomic number. Z = 1 for the H-spectrum) and a particle interacting
with it (in this case an - particle with mass m, and charge Z'¢ where

Z' = 2: in the preceding case an electron of mass m and charge — ¢
corresponding to the charge number Z’ = — 1). First we want to find

that point of the continuous spectrum that corresponds to the energy
constant W, of the incoming «-rays. Foran infinite distance between
the «- particle and the nucleus the kinetic energy of the a-particle is

W,= 1% hence  2m W, = (m,v)? = p>,
where 9 = m, v is the kinetic momentum of the «-particle.

If we now pass from the corpuscular interpretation of the «- rays
to the “‘complementary’’ wave interpretation, then p/h is, at the same

time, the wave number'* %, of the «-rays.
Hence we have

(1) 3 My V _ —I/:__),m;::ff |

C o == ?,i
We can, therefore, rewrite the variable o of (29.52) in the form

(2) n = A kﬂ r .

For an arbitrary point of the continuous spectrum (i.e., for an arbitrary

value W different from W_ ) we replace k, by 2 asin §28. Equations
(1) and (2) then generalize to

A — —

Qmy W o -
(23) ;{ﬂ V _H,E_ 3 N = 211? .

If, as before, we assume the nucleus at rest then the wave equation
(29.1) becomes

(3) qu+g”fg (W——zz—f)y)= 0.

For the time being we replace (3) by:

12 I fact the formula kxz= p/% is the equation of L. de Broglie: “h times the
reciprocal of the wavelength equals the momentum,” which in turn is the relativistic

completion of Planck’s equation: “*h times the reciprocal of the time of oscillation
equals the energy.”’
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2my ZZ’ ¢?
ity ?

tor the point 2 =k, of the spectrum we then have

(5a) A?p-}- Kzaip:O, K2 — ;2

2 my L7 e
hzr

(o) K=k

X

1 1

We note the important fact that in the difference EK?2— K% the
potential term, which is a function of position, is eliminated, so that this
difference becomes independent of position:

(4) K> — K2 = A—k.

The reader should convince himself that all our previous deductions
from Green's theorem, such as the orthogonality of the eigenfunctions
in §26 or the representation of Green’s function for constant k* in §27,
remain valid for our generalized wave equation dy+ K2y =10 with K?
a function of position given by (3a,b).

We now return to the Rutherford scattering experiment. If we
consider the source of the «-rays (the radium particle) to be point-like
and in the finite domain, then we have a spherical wave of corpuscular
rays, which is modified by the presence of the nucleus in the manner
preseribed by the wave equation (3). However if we remove the source
to infinity, which is more natural and at the same time simpler, then we
have to treat the same problem for the plane wave. In both cases the
solution is given by Green's function of §28;in the first case for a general
position of the source point @, in the second case for the limit @ — o°.
Since Green’s function was to be summed over the complete system of
eizenfunctions, we have to consider the discrete as well as the con-
tinuous eigen value spectrum for a finite Q. However in the limit
Q oo u(Q) vanishes for all eigen values of the discrete spectrum;
hence, in this case we have to carry out the integration over only the
continuous specttum. We may retain the expression (29.14) for the
eigenfunctions u(P) in question, if we replace @ by 2¢Ar in accordance
with (2a). If in addition we let & = 0 be in the direction of the line
which joins Q to the position O of the nucleus, then the scattering prob-
lem becomes symmetric with respect to the axis 9 =0, and h_ence
independent of ¢ , so that the eigenfunctions w(P) must be inde-
pendent of @ . Therefore according to (29.14) we have

_ ‘12!1-1 L
(D) “(P)=X:(Q) P, (cos 9), Z:=N913 ”2@_2;51_‘
The corresponding expression for u(Q) 1s obtained from (3) by replacing
P, (cos ) -by P;(cos ) = Pi(—1) = (—1)), and xi(@) by %1(Co)
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and then passing to the limit gy =00 . We then obtain the repre-
sentation of the plane wave from (28.14). By performing the integra-
tion over the path W of Fig. 26 and forming the residue at the pole
A=k, we obtain a series representation of the form

(6) > Cix:(0) Pi(cosd), o=2ik,r,

where the coefficients C, are determined in a somewhat cumbersome
fashion in terms of the normalizing factors of the x and P and of the
asymptotic behavior of #%(g,) . This representation was first derived by
W. Gordon.!3

A much simpler representation Is obtained if we replace the polar
coordinates r, ®# by the parabolic coordinates & n. We thus obtain as
the wave function of the scattering process (see Appendix IIT of this
chapter):

(%) p=e¥% L,(skn), n=r—z=r(l—cosd).
Here k is the wave number of (1)

Ma ¥
(7a) k=ky=—5—;

and n is the total quantum number, which, becomes purely imaginary,
for the continuous spectrum as mentioned at the end of §29. This total
quantum number is computed from (29.13) where, as In equation (3), we
have to replace e2 by —ZZ’e*:

ie2 ZZ'
(7b) n=——

The function L, is the confluent hypergeometric function of (29.13) for
l=0:

(7c) L.(e) = F(—n1,0)-

The variable # is the parabolic coordinate defined in (7), the other
coordinate is & =7 4+ z =7 (1 + cos #). In the following & will
be called the “scattering angle.”

From (7) we obtain the asymptotic value for r - o0

(B) 1p=018ik£+02i;—*

with the abbreviations

12 7 Physik (1928). See also the excellent book by Mott and Massey, The
Theory of Atomic Collisions, Oxford, 1933, chapter III.
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—ikn)®
(8a) = {F(n +”i), C,=C
The first term on the right side of (8) represents the incoming plane wave,
the second term represents the spherical wave scattered from the nucleus.
The quantities C,, C» are not constants but depend on % ; however,
since n is purely imaginary only their phases depend on 5. We are
interested only in the absolute value of the ratio C»/C), which is inde-
pendent of % and hence of r, and depends only on the scattering angle

$ . Namely, from (8a) and (7a,b) we obtain

9) %‘_ lin] 2 Z 2 ez
C,| = k(1—cos®)  my2(1l—cosd) 2mgy2%8in?d[2"

* in/k
1 1—cosd*

According to the wave mechanical definition (29.3) of probability
density, the square of this quantity is the ratio of the number of scattered
particles per unit of spatial scattering angle and the number of tncoming
particles per unit of area on a surface perpendicular to the incoming direc-
tion. This law was deduced by Rutherford through geometric considera-
tion of the classical hyperbolic orbits without the help of quantum
theory. This was possible owing to the fact that the constant %
canceled in (9). Rutherford’s law holds not only for «-rays but also
for any other particles (protons, electrons, . . .) which are in Coulomb
interaction with the nucleus, of course with a correspondingly different
meaning of Z’ and m, . The interesting “exchange effect” that occurs
for the equality of scattering and the scattered particle will not be dis-
cussed here. For very high velocities of the scattering particle we should
have to use relativity theory.

Appendix 1

NORMALIZATION OF THE EIGENFUNCTIONS IN THE INFINITE DOMAIN

In passing from a bounded to an unbounded domain we encounter
certain difficulties in convergence which can be removed only by a change
in the normalization process. This modified process was introduced by
H. Weyl in the theory of integral equations and has been adapted to wave

mechanics. _
As an example we choose the function I, (k1) where » 18

arbitrary and k is a root of the equation I, (ka)= 0 . According to
(20.19) its normalizing integral would be:

a
o0, N= f [Z, kN rdr =5 [Lka)]s
0
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Due to the asymptotic behavior of eI this integral becomes divergent
in the limit ¢ — o (undetermined between the limits 4 oo0).  In order

to obtain a normalization of I, for ¢ — oo we start from the more
general integral

(74
(1a) N'= Lim [ I (kr)I,(kr)rdr
0

a =00

According to (21.9a) N’ behaves like the function S(k[k’) "' namely,
it vanishes for & # &’ and becomes infinite for & = %’ so that

) f N KA =1
A
where 4 is an arbitrary interval containing the ecritical point &' = k.

Since in particular 4 can be chosen arbitrarily small, so that &’ can be
considered constant in 4 , we may replace (2) by

1
2 r r__
(2a) dek__—k,
A

and similarly

@b) JN’ VT dk =

|+-u
|

V

We now change the normalizing integral (1) in the limit ¢ - o to
oo
(3) N= [rdrl, (k) f di' I, (k' r),
0 4

that is, in (1) we replace one'® of the two proper oscillations I, by the
group of neighboring proper oscillations

(3a) Jf ar’ I, (k' r)

and thus eliminate the above indeterminacy by averaging, so to speak,

by interference within the wave group. From (l1a) and (2a) we then
obtain

(4) N=fN’dk’=%’.
i

In order to make clear the mathematical essence of the above

" The symbols o, r, 8 of (21.92) have bheen replaced here by r, k', k.

15 According to the original method of Weyl we could also replace both eigen-
tunctions I by “eigendifferentials’’ of the form (3a). lnstead of the expressions
‘“group of proper oscillations’ or ““wave group’’ used in the text, the less attractive
term “wave bundle’’ is customarily used in wave mechanics.
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process, we were somewhat careless in the interchanging of the limiting
processes a->oo and 4 —0 (or in other words ¥ — %) . It would
therefore be desirable to deduce equation (4) once more on the basis of
Green’s theorem. Writing

(5) w=1I,(kr)et*® v=1I1(r e V% do=rdrdp, ds=ady

we compute's [ (uAdv—wvAdv)do in the known manner both as a surface
integral and by Green’s theorem as a contour integral. We then obtain:

, ov cu
2 2 — L ey o= .
(54a) (k*—k )Ufuvrdr a(ua v 3 )f .

If we divide by k% — k2 and integrate with respect to &’ (under the
integral sign) from k' =k—4/2 to k¥’ =k + 4/2, and then pass to the
limit ¢ — oo , the left side becomes the normalizing integral N of (3).
On the right side we choose a so large that we can compute the 1,
asymptotically. If we choose half the sum of (19.55) and (19.56), the
constants F (v + 3) #/2 in the exponents partly cancel and partly are of
no consequence in the following consideration, and so may be omitted.
Then we obtain as the right side of (5a):

1 k442 1 a5
(b b) —_— {(Eii:a +- ﬂ—ikﬂ) s X (Eﬁ:’ G o—tK* a)
2z ViR k:—k'2
k—A4]2

—(et¥'e e~vk'a) sk (Eikn_e—i!:a)} .

After multiplying out and collecting terms we obtain

k+4]2
) 1 ¥ _(sin(k—F)a  sin(k+¥)a
©) = VW[ p— k+x |
k—4]2

For sufficiently small 4 we can replace J/k¥ by k and put it in front of
the integral. If in the first term of the integral we make the substitution
r = (k — k’)a, then it becomes

z, = a /2,

zy
] dx .
— | sinz — with
Zy z zy =—ad/2,

In the limit & — cothis assumes the value = (see exercise 1.5). In };he
second term of the integral (6) we make the substitution ¥ = (k + k')a.

18The domain of integration of Green’s theorem 1is not the complete circle ?f
radius a, but the domain of periodicity of « and v as in equation (25.5), nﬂ;)ﬂﬁ_?
a circular sector of angle & = 2x/y.In the integration with respect to @ we obtain

a factor & on both sides of (5a) that, in the text, has already been canceled.
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The limits of integration then become
B1=02k—4/2)a
Ya= Rk + 4/2)a

It 1s easy to see that this second term vanishes. Henece (6) becomes
1/k and (5a) becomes

1

}—b—m for a— oo,

which coincides with (4). From this it follows that the Bessel function
which is normalized to 1 in the above manner is given by

(T2) 17% I, (k)= VE I, (k7).

From the relation (21.11)

2kr
7T

(8) In+i (k1) = Yn (kr)

we further see that the function v, normalized to 1, which we denoted
by ¥, on p. 197, is related to v, by

(8a) ¥, (kr) = ]/-f; kv, (k7).

Indeed, from (7a) and (8) we have

oo oo
1=[rdrﬁf,+i(kr}fdk' V?In+i(k’ r)=-§[r2drk1pn (kr}fdk' E yp, (K1)
0 a 0 a

substituting this in (8a) we obtain
oo
(9) 1= fr2dr W, (k7) [ dE' ¥, (K 1),
0 A

which according to (3) means normalization to 1.

Equation (8) relates not only I,,; and v, but also the associated
functions Hp; and ¢y? ; hence equation (8a) holds also for the ¢,
normalized to 1 which we denoted by Z, on p. 197.

For a general three-dimensional eigenfunction equation (3) holds
in the form

(10) N= [dru, [d¥ u,,
4

where u, and u,” are the eigenfunctions belonging to the eigen values
k and k’. The eigenfunctions normalized to 1 are then

(10a) Un = u YN .
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Appendix I1

A NEw METHOD FOR THE SOLUTION OF THE ILEXTERIOR BOUNDARY
VaALvge ProprLEM oF THE WaAvE EQuaTioN PRESENTED FOR THE
SPECIAL (CASE OF THE SPHERE

The “exterior boundary value problem’ consists of the construetion
of a solution of the wave equation Adu - k% w = 0, which is continuous
throughout the exterior of the given bounded surface ¢ , assumes
arbitrarily preseribed boundary values u = U on ¢ , and satisfies the
radiation condition at infinity. We know that this solution is best
represented by Green’s function which vanishes on o , satisfies the
radiation condition at infinity, and at a prescribed point Q has a dis-
continuity of the character of a unit source.

In the case of a sphere of radius @ and a source point @ with the
coordinates r =17, ©® = 0 , we constructed G in the form of equation
(28.22):

(1) k = Cﬂ Uy (k: 'r{]) é-n*(k ?) Pn (CDS ﬁ) for r> T0s

_ C,=2 1.
dmi| > Ot (k 79) 4, (K, 7) PplcosP) for r<r,, " "t

The radiation condition is satisfied by the factor £,(k7), or more
precisely £} (%), in the first line, the boundary condition for r = @ 1s
satisfied by the factor in the second line

ka
(1b) up(k, 1) =y (b7) + A Ea(kr), A =—10,

where n is a positive integral and hence P, (cos®#) is continuous for all
values 0 < 9 < =,

We now attempt to solve this problem in a more economical manner,
by subjecting £, (k 7) not only to the radiation condition, but also to
the boundary condition

(2) y(ka)=0

Then » must be integral, since the roots of ¢,(¢)=0 coincide with

those of Hj,;(0)=0 . According to (21.41) these roots are non-
integral and complezx (of large absolute value). We denote the consecu-
tive roots which lie in the first quadrant of the complex »-plane by
v, ¥z, .- and the general root by »,. Weuse X' to denote summa-

tion over the complete system of these roots, and write
(3) G=>XD2¢,(kr) P,(—cos?).

The function P, here is not a Legendre polynomial but the hyper-
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[
—_
-

o

geomelric series of (24.24a)

-l

(3a) P,,(—CDSﬁ):F(—v,w—I— 1.1, 1+f0$§).

The fact that in (3) we used P,(— cos &) instead of P, (4 cos H) is
due to the fact that (7 is to be regular on the rayv 9 = s whereas the
ray ¢ = 0 1s to contain the singular point Q. According to (3a) the
function P, (— cos #) for 4 = & hasthevalue F(—rv.v 4+ 1,1,0) =1 :
for ¥ = 0 we obtain from (24.32), afterveplacing € by — & = — cos 9,
the value

(4) F(—w v+1,1,1) — 27 Jog 92

We now turn to the determination of the coefhicients D, to which
I'. Sauter has made such valuable contributions.  We remark: the fune-
tions &, are mutually orthogonal, that is, we have

(9) kf &, (@) Cule)do =0, p v

This is a consequence of the differential equation for £, which in
analogy to (21.11) reads:

, &ec,
0 do? + [@? —v (4 1)] ¢ = 0.
If we also write the same equation for £, and multiply these equations
by £, and £, respectively, then by integrating the difference of these
equations over the fundamental domain ke < p < oo we obtain:

(Ga) {(+1)—pip+ 1)} [ Culydo = 0 (0,72 — g, T2 ™

The right side of (5a) vanishes at the lower limit on account of (2), at the
upper limit on account of the asymptotic behavior of the ¢ according

to (19.55). Thus (5) is proven. At the same time (6a) yields the
normalizing integral

del, qu
N=f[c,(e)]2de=umg bu g — &
v :-(v+1J—.uou+1)

Q0

ka

Differentiating the numerator and denominator with respect to g and
considering (2) we obtain

__ (ka)* rolv div
(6) N, = 2v+1 (&v do )c =ka’
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Introducing the abbreviations

d & (o) ' d ¢, (o)
(63') My (9) — apg ’ Cr(g) = d_gg .
we can rewrite (6) in the shorter form
(ka)® ’
(Gb) N,=2v+ln,(ka)(:,(ka).

If we now multiply (3) by &; (k7) kdr and integrate from r = a
to r = oo then, on account of the orthogonality and the normaliza-
tion, we obtain:

(7} D;N; P;(-COS??) =FG C;(k?’)kd?‘.

where 7 is any one of the roots ».

However this determination of the D is not yet satisfactory since
we do not know G. We therefore perform the following limit process:
we divide (7) by P,{—cos®¥) (we now omit the bars over the » ) and
then let & approach zero. We also split off the source point singularity
from G by writing

RTY

(7a) —4nG =5 +9¢, RE—=92 L 42— 2rrycosd.
Then equation (7) becomes
P kR
(1b)  —4zD,N,=Lim [ (5 + ¢)¢, (k) kdr / P,(—cosd).
&-rl]a

Now g remains finite whenever @ <r << oo and ¥ is arbitrary, whereas
P, (—cos¥) becomes infinite as & — 0 ; hence the contribution of ¢
on the right side of (7b) vanishes. For the same reason we may restrict
the contribution of ¢*%/R to an integration over the immediate neighbor-

hood of the source point coordinate ro by writing

r=1o(14+ 7)), —e <<+ &, dr = 7o d7,
L kr) =&, (k1) ¢FR =1,

while the denominator R is approximated by:

R=r]/(L+ 07+ 1—2 0+ (1=T)~rVr+ .

Thus (7b) becomes
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(Te) 4aD,N,=—k¢,(k Lim[ =L /P, (—cos 9).
( 0) 60 V’?""‘ﬁa ( )
The limit on the right side is knmxn from (24.31) to be =/sin vz,

Hence with the help of (6) we obtain from (7¢) the completely determined
value

L 1 21-'—!—1 CF(krﬂ)
(8) D,=— %zt smvn nka)l,(ke)

which no longer depends on ¢ . Equation (3) for Green's function then
assumes the form

. 1 2v+1 ‘:y{kfo) C,(k?')
©) G = 4ka22 sinvz 7, (ka) Z:{ka) P"(_COS'?}'

This formula becomes considerably simpler if, instead of the &, we
introduce the normalized eigenfunctions

CI(kr) Z (k‘ro)= ‘:v(krﬂ}

VN, ’ VN,
Indeed, with the help of (6b) we can then rewrite (9) as

(92) G = ——Z‘z (kry) Z, (kr) 220D

sin ¥

Z,(kr)=

Eqguation (9a) will prove useful later on; for the time being we shall use
equation (9), which has the following advantages and disadvantages:

1. In (9) Green’s function is represented by the same formula
both for r > re and for r < r¢, not by two different formulas as in (1).

2. The general requirement of the reciprocity of Green’s function is
satisfied owing to the fact that (9) is symmetric in » and r,. On the
other hand in equation (1) the reciprocity of G was expressed by the
fact that by interchanging » and ro we interchange the two representa-
tions for r > rp and r < ro. The reciprocity of G with respect to the
angles ¥ and &, (we considered the case in which the latter is zero),
can be expressed both in (9) and in (1) by replacing cos® by cos @
which is symmetric in ¢ and ¢, .

3. The orthogonality relation (5) is essentially different from our
previous formulations: in (5) ¢, is multiplied by £, and not by C:
as in (25.11a); also, in (5) {, {, is multiplied by the one-dimensional
interval dr not by r%dr as in the application of Green’s theorem in
exercise V.1b.

4. It is remarkable that our representation (9) seems to break
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down for & = 0, since then according to (4) every term of the series
becomes infinite like log #2 , whereas the function it represents is to be
regular for & = 0 and r# ro. Hence the whole ray & = O(not only
the point & = 0, 7 = 7 on it) must be considered a singularity of the
representation (9). Hence in the neighborhood of this singularity, that
is to say in a more or less narrow cone around this ray, our representation
will become more or less useless. The question of the completion of our
representation for the interior of such a cone shall be postponed to p. 221.

5. On the other hand equation (9) simplifies for the neighborhood
of § = m, say for § = ;— 4§, where in the original form (3) it reads:

(10) G=3D,,, (kr) P, (cos d).

We now let r, increase to oo, that is to say we pass from the primary
spherical wave G to a plane wave u coming in the direction ¢ = 0.
Then for H, ., (k7,) wemay use Hankel’s approximation (19.55) no
matter what the index » since now the argument is large compared to
the index. Then according to (21.15) we may write:

1 ilkre— (v+1)5/2)
(102) L, (k7o) = T .

By combining all the factors which are independent of # into the
amplitude A we obtain from (8),
—_ 2y +1 v nf2 ’

(10b) D,= AZEL ~vmi2 [y (ka) £ (ko).

Substituting this value in (10) we obtain the diffraction field of the pla::ne
wave u in the rear of a sphere of radius a under the angle of diffraction
5. For the time being we set the boundary condition u =0 for
r = a; later on we shall discuss a boundary condition that 1s adapted to

electromagnetic optics. '

6. The great advantage of (9) as compared to (1) lies in its rapid
convergence for large values of ka. In order to test this convergence we
compute the factors in the denominator of (8) for large ka and .

If as in (21.30a) we set

—_
(11) C0S & = =,

then we have according to (21.39)

(11a) £, (o) = ; :ma sin z;
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where

(11b) z = @ (sin & — & cos &) — m;/4.

The roots of £, = 0 are given by
(11c) sinz=0, 2=2,= —ma, cosz,=(—1)" cos?z, = 1.

Hence according to (11a) we obtain for z = z,,, if we ignore the slowly
varying factor sina |

o, i (msz dz) iy ,
x  olsinw do)omzy O COSEm,
therefore by (11)
(114) =R S Hrda | —ia i,

v dx dv  olsina

On the other hand, for z = z,, we obtain from (11a,b), if we remember
that sin z,, = 0,

;=c_l£:_8_¢, 68y doc ‘ cos 2 (&z_l_ﬁzdcx)
(11le) ' % tade  esina "\ oade/ime,
= -;—- Vsin o COS 2,, .
Finally we obtain from (11d,e) for p= ka
o Co8Zm\2 o
(12) n,(ka) & (ka) = o (*5 ) = -
If we substitute this in (8) we obtain
kE 2v-+1
(13) D, = 4 o si;r:r &y (k7o) .

According to (21.41) » in the first approximation is equal to ka,
but with increasing m 1t increases in the positive imaginary direction.
Hence sin » ¢ increases exponentially in the sequence #»,, %,, ... and
hence D, decreases exponentially due to the denominator sin »7 .

The same thing occurs in (13) due to the factor {,(k7,). This
latter factor is to be computed according to Debye’s formula (21.32)
(the higher saddle point is the determining one) and not according to
(11a) (where the saddle points are approximately of the same height).
Hence the auxiliary angle now has a meaning different from that in (11):
cos « is equal to w/k 7, and not to s/ka as before. Hence, ¢, (kr,)
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also decreases exponentially on the »- sequence. The same thing holds
for the additional factor £, (k& ») in (9).

In the special case of wireless telegraphy (appendix to Chapter VI)
we would need about 1000 terms for a representation of the type (1),
whereas, as we shall see, we need only one or two terms of the correspond-
ing series of the type (9). In this appendix we shall also discuss how one
type is obtained from the other by a purely mathematical transformation
(in the complex plane of the index ») .

7. The structure of Green’s function and its singular behavior for
$ = 0 becomes particularly clear in our representation (9a). In order
to obtain a rough estimate for the behavior of Green’s function for small
9 we use the approximation formula (24.32)

P, (—cos ) -~ 5§P;;£ log 9* for 4 — 0

and then obtain from (9a)

(14) G = — = log 92 X Z,(kro) Z, (k7).

Here > has a * 8- like character.” Namely, if we expand a function
in the fundamental interval @ <7 <<co in an arbitrary normalized
orthogonal system of functions Z, (£ »)

O0....7=F7 Tok e
[ T =4, Z,(k7)..with f o(r,rg) dr =1,

|oo...-r=-;-'u "o

8(r, ry) =

then we obtain formally:

Tot &

A, = fﬁ(:r,ro) Z(krydr=2,(kr,) f 8(r,ry) dr = Z, (k1) »
0 fo—&
but as yet we know nothing about the convergence of this general
d- series

(14a) or,7y) = X Z, (k7o) Z,(k7) for r==17

Only the divergence for » = ro (all terms positive) 1s a'.ppaf'ent. Tl_le
“representation of zero” for r ro is obtained by an infinitely rapid
“oscillation around zero.” Hence (14a) is not suitable for the actual
computation of G for & - 0. ‘

We obtain this representation from the defining equation (7a) of the
function g, which is continuous throughout, and which for r = a assumes

the boundary values
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eV EBg
R, "’
here §,is the polar distance on the sphere r = a. In addition, ¢ must
satisfy the differential equation Ag 4+ %2 ¢ = 0 in the exterior of the
sphere ¢ <7 << oo , and the radiation condition at infinity. Hence g
can be computed as a solution of the exterior boundary value problem
on p. 214, which can be represented in terms of Green’s function by

9=[0 gt H=— ()

Using the representation (9) of ¢ we obtain for g a series summed over
¥ , which, on theray # =0, e <r <oco , reads:

(14b) g =0s=— R = g%} r2—2arycos 9,;

JT 2v 1 ‘:r GJ r)
a0 so=0=—3 350 B2
(144d) C, = f g P,(— cos 9,) sin 9, df,.

0

Since the singularity & = 0 of P, (— cos #) now occurs only under the
integral in (14d) and is only of logarithmic order, the coefhcients C,
are all finite: however their explicit computation'” does not seem to be
easy.

In this appendix we have introduced an entirely new kind of “singu-
lar eigenfunctions,”” which are essentially different from the ‘“‘regular
etgenfunctions”’ that we have used so far in this chapter. Our singular

eigenfunctions

¢, (kr) P, (—cos )

are not free oscillations, but require a stimulation along the ray ¢ = 0.
On the other hand each of the particular solutions

u, (k, ) P, (cos®#) and ¢, (k7) P, (cos®)

in (1) is source free throughout the physical domain a < r < oo,
0<®<a . Their stimulation, if we should speak of one, takes
place in the exierior of this domain, namely in the center r = 0, and
for u, at infinity.

In the author’s 1912 paper, quoted on p. 183, our “regular’ eigen-
functions were called ‘“emproper’”’ and our “singular’’ eigenfunctions were
called ‘“proper.” The following discussion may serve to justify this
apparently paradoxical notation.

17 See the discussion of ‘“Whittaker’s integral,” which is a limiting case of our
C,, in the textbook by Watson, pp. 239-240.
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We start from the fact that for all oscillation problems, whether free
or forced, periodic or damped, we have the relation

w

(15) C = T

where we may assume ¢ (the velocity of sound or light) to be real and the
carrying medium to be absorption free. Heretofore we have assumed
@ to be real and the time dependence to be in the form exp {—zw i} .
The equation

(1ba) @ COS o == -E-

which follows from (11), and our condition ¢, (ka) =0, then yielded a
complex value of » with postitive imaginary part, so that for real k the
quantity a cos o also had the same character and hence was of the

form
(15b) acosx = A+ ¢ B with B > 0.

Now however, while preserving the relations (15), (15a), (15b), we set
» equal to a positive integer, say = n. Then from these relations we

obtain complex values for k and w with negative vmaginary parts:

. n A—:B . : . 7.

The boundary condition £, (k@) = 0 now becomes

(15¢) L (b —iky) @} =0

and the above purely periodic time dependence factor exp{—iw i}

becomes
exp {— i w, 8} e~ ' = exp {— i ck,t} ¢ M
Appending this time factor and considering the regular character of
P, (—cos?¥) for integral n we obtain from our singular eigenfunction
(14) the damped oscillation

(16) ¢, [y —1 kp) 7] P, (—cos &) exp{—20 k, t} ekt

which is regular throughout the region » > a. The amplitude is infinite
at { — — oo, decreases at a constant rate, and vanishes at = T o0,
whereas the frequency remains constant. (The only exception is the
surface r = a, since there we have {, (ka) — 0 throughout.) There
exist oo? such oscillations of zonal character. Their parameters are the

integer n and the complex roots of the transcendental equation ¢, (ka)=0
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which are infinite in number. (For tesseral spherical harmonies the
number of possible oscillations would increase to oo®.) These damped
oscillations are obvioualy the physically simplest particular solutions
of our sphere problem for the boundary condition ¥ = 0 and hence
deserve the name “‘proper eigenfunctions.” Their close connection with
our singular eigenfunctions (16) explain how the latter led to the simplest
solution of the boundary value problem.

In the following discussion we apply these eigenfunctions, which so
far have been developed only for scalar fields, to the case of the electro-
magnetic-optic field. We shall see in Chapter VI that this can be done
without difficulty. We have to keep in mind the following facts:

1. The boundary condition u = 0 must be replaced in the electro-
magnetic case by

(17) 2 (ru) =0,

as will be shown in Chapter VI.
2. In the transcendental equation ,(ka)=0 | or, as we wrote in
(15¢),¢, (ka) = 0, we have to replace the function {,(p) by

0
En (Q) = or {? Cn (Q)}:
which, due to ¢ = k r, is the same as

(17 a) E (o) = C,(0) + 0 &, (0).

In the same manner we have to replace the function 2 in (6a) by

é&_(o)
(17 b) 7 (@) = 222

on

3. While in the scalar case we had one field function %, in the
electromagnetic case we have fwo such functions v and v. The function v
satisfies the same differential equation as w and a similar boundary
condition.

Our damped electromagnetic eigen-oscillations have long been
known in the literature. In the case of the sphere they were investigated
by J. J. Thomson'® in 1884 as the simplest case of the Herlz oscillator
which was then the center of interest. They were generalized by
M. Abraham!'® to the case of the elongated ellipsoid of revolution (rod-like
oscillator) and the Paraboloid of revolution (wire with free ends). Indeed,

18 London Math. Soc. Proc. 15, 197, and the textbook Recent Researches in
Electricity and Magnetism, Oxford 1893, the so-called “third volume of Maxwell.”

1% Ann. Physik 66, 435 (1898); 67, 834 (1899); Math. Ann. 52, 81 (1899). For
further literature see Enzykl. d. Math. Wiss. v. V. 2, Abraham’s article, p. 508.
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our entire development can, with the introduetion of elliptic coordinates,
be adapted without fundamental change from the cylindrical and
spherical harmonies of the representation (16) to the domain of the
Lamé wave functions. We can use this method in order to construct
Green’s function for the exterior of an ellipsoid or paraboloid and thus
obtain general solutions to the associated boundary value problems.

We finally indicate some problems for which the method of this
appendix is helpful.
a) Dispersion by colloidal particles. In a 1908 paper G. Mie deduced the
impressive color phenomena seen in the ultramicroscope from the dielec-
tricity constant and the conductivity of the individual scattering par-
ticles. The particle was assumed to be spherical with a diameter small
compared to the wavelength, i.e., ka < 1. In this case the series of type (1)
converge sufficiently rapidly. In the opposite case ka > 1 the use of
geometrical optics suffices; but the intermediate case gives rise to diffi-
culties. In this intermediate case we have to use series of the type (9) as
specialized for a source at infinity. The fact that in our case the sphere
was assumed to be infinitely conductive, while in Mie’s case 1t was
assumed to be an arbitrary dispersive medium, does not make an impor-
tant difference. We must merely replace the boundary condition (equa-
tion (17)) for the complete conductor by a transition condition between
the interior and the exterior. The convergence of the series will be the
better the nearer we are to the limiting case of geometrical optics.
b) The reflection of a plane wave on the surface of a completely con-
ductive sphere. The difiraction field in the rear of a sphere was discussed
schematically (i.e., with the simplified boundary condition u = 0 flnd
for a scalar field) under 5 above and was represented by the equations
(10), (10a) for ka >> 1. On the front of the sphere, especially for # =10,
we know from experience of strange interference phenomena, which so
far have not been amenable to the usual treatment by series of type (1).
The analytical difficulties which arise here are expressed by the singu-
larity of the ray & = 0 in series of the type (9). However, we clau_n
that this problem can be treated in the manner indicated on p. 221, if
we take into consideration the actual conditions of the reflection problfam.
¢) The rainbow. With this classic problem we return to the starting
point of Debye’s asymptotic investigations (see p. 117) and all subsequent
advances in the domain of short waves (ka >> 1). The rainbow problem
has since been brought to a beautiful conclusion by B. Van der Pol_ and
H. Bremmer.? However, from the viewpoint of method there remains a
gap between the wave-optical and geometric-optical method. |

It was the task of this appendix to bridge such gaps mathematically.

20 Phil. Mag. 24, 141, 825 (1937).
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Appendix 111

THE WAVE MECHANICAL EIGENFUNCTIONS OF THE SCATTERING PROBLEM
IN ParaBoLic COORDINATES

In the following discussion we outline the steps which lead to the
representation (30.7). Tor details the reader is referred to textbooks on
wave mechanics.?!

The parabolic coordinates & =7 4-r, n =r—2a define, 1n a
plane which passes through the r-axis, a double system of confocal
parabolas which have the point r = 0 as a common focus. The degen-
erate parabolas & =0, 7 = 0 coincide with the negative and positive
r-axis respectively; the parabolas & = oc, 17 =oc0 limit the plane
in the direction of large positive and negative r respectively.

If we rotate the plane around the z-axis then §&, 9 together with
the rotation angle @ form a spatial coordinate system which bears the
following relation to the Cartesian coordinates x,y,2:

sc:%(g—n), y:]/;ﬁ;{:usqs, £=l/£_?_j$illt}9.
From this we obtain the line element
_1 &g | d :
(1) dst =1 (6 + ) (T + ) + Endg?

With its help Ay is transformed into

4 (0 _gow 0 0y 1V
A“’zm(af"eé?j%n”au)*

The wave equation (29.1) for an interaction energy

_z7e 227 ¢

r &4+

y

and for independence from ¢, becomes

2) = +%nz—'§+;”§2[(£+n) W—22Z2Z ¢)]p=0.

DB

This can be separated by setting ¢ =y,(§)y,(n); with gas the
separation constant we then obtain:

ﬂ_ For example, the author’s Atombau und Spektraiinien, v. II, Chapter V. §6
and Chapter 11, §9. There, in addition, the asymptotic representation (30.8) is

derived with the help of a complex integral representation of L that we cannot
discuss here.
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d dy max W mx 4 Z €®

(3) 35535'54_(??5““252 +'8)w1"_0
d dy., ma W ma Z 2 €2

() T+ (S — g — B e =0

The function %; must satisfy the radiaiion condition (28.2) for § — o0
(large positive x). Written in parabolic coordinates (according to (1)
dsg 1S equal to 3d& for large & , whence dfor in (28.2) becomes
8/os, = (d&[ds;) 2/ok =2 @/2¢ , and we have:

(5) %(2 %’;—’1 — ik%) — 0 with k = m%”, as in (30.7a).

Hence we set g, = exp (%c E) and get from (3)

k2 L & x W
(6) (_Ig'i'%‘}‘ﬂ;hz 5 S 72 ”l‘ﬁ)wl:(]-

The terms with & cancel because of the meaning of & and W in equa-
tion (30.1). Therefore (6) is satisfied by choosing

ma ZZ' ¢ ik
(7) p = o %2 9 *

We see that for this %, equation (3) Is satisfied not only asymptotically
but for all § .
Due to (7) equation (4) becomes

d d « W o« ZZ' e L &
(8) nﬂ -+ ({"‘“’2?!{‘2 7 m = € +%)1P2=0.

The function , must satisfy the absorption condition for n—>0o0
(large negative z), which, written in analogy to (5), reads:

1 (o822 , _
FEa+ikn)=0.
Hence for large 7 we have the first approximation

o = exp (— 1 k7/2).

However, this is not an exact solution of (8). Hence we set the more
general

Yy = e~ SE2 f (7).

From (8) we obtain the equation for f ()

. d , €
(9) n?—i—]—(l—zkn)%—mazz S f=0.
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Equation (9) is the differential equation (29.12) of the Laguerre function
L, (o), if we set

_ my 7 Z'
e=1kn, H=—"Tkhe

The last value coincides with the imaginary total quantum number »n of
(30.7b). Hence we have

fo) =L, (ikn),  ypy=e "L ((ky)
and finally
(10) =y, (E)y, () = CTNEL (i ky).

Thus we have a quick proof of (30.7.)

Appendix IV

PLANE AND SPHERICAL WAVES IN UNLIMITED SPACE OF AN ARBITRARY
NUMBER OF DIMENSIONS

After having treated plane and spherical waves in three-dimensional
space and plane and cylinder waves in two-dimensional space, we cannot
resist the temptation to adapt these formulas to the many-dimensional
case. In this connection we shall encounter remarkable generalizations
of the ordinary spherical harmonics, the Gegenbauer polynomials, and
generalized addition theorems of the Bessel functions. A systematic
approach to these generalizations 1s again given by our theorem in §27
about the representation of Green’s function in terms of the eigen-
functions for the space in question.

A. COORDINATE SYSTEM AND NOTATIONS

Let the number of dimensions be p + 2 so that p = 0 represents
two-dimensional, and p» = 1 represents three-dimensional space. On
the one hand we use the Cartesian coordinates z,,z; . . . , z,42, and on
the other hand the polar coordinates r,&,¢,,9,...¢,., The connection
shall be given by

z, = rcos B
(1) zy = 7 8in # cos g,
x4 = r8inf sin @, cos @,

e e —

Z,41=reindsing,sing, ... sing,_, cosqp,
Zy4ea=reindsing,sing, ... sing,_,sing,.
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In order to cover the whole space — oo < z; <<+ oo the coordinates
7,3, ...,9, must vary between the limits
O<g<4+m, 1=12,..,2—1,
0<r<oo, 0<d<m,
—T ‘f-. qu {: + 7T,
By forming the sum of the squares in (1) we obtain

p+2 ,

x; = re

(1a)

i—
t=1

The definition of the (p + 2)-dimensional line element 1s

P+2
(1b) ds? = M d;l:f.

il

i=1
If for every direction of the coordinates r, #, ¢; we compute the corre-
sponding ds from (1) then we obtain (in unified form)

(2) ds = (dr, rd®, rsindde,, rsindsing dep,, ... rein®sing, ... sin@, .1 d@,)-

The coefficients of dr, d#,de,,...,dp, on the right side of (2) will be
denoted by ¢1,02, . . . ,dp+2. We then have

g, =1, go=71, gy=rsind, g,=rsindsing,
(2a) ‘ . .
cesfpra=rsindsing, ... SIMPy_1.

From (2) and (2a) we obtain the (p + 2)-dimensional volume element

(2b) dr = gdrddde,...dp,,

P+2 _
IT g, = r®*!5in® # sin? ~* @, sin® " ?@p ... SN Pp-1-
i=1

(2¢) g

We denote the surface element of the unit sphere 1n (p + 2)-dimen-
sional space by dw, its total surface by £ and set

(2[1) 2= fdcu = .Q& Q{p,

where 2, and @, are the components obtained through integration of
dw with respect to # and @,@,,...,@, respectively. From (2b,c) we

obtain
) 4

co Gom fumosp % TotD =z 270L0

JT
K 29 r(% + 1) r(%+ 1) ; I’ (p/2) T (p/2)

i 4 1 1 s +n
Q,= [sin®~! @, dp, [ sin®"? g, dp, ... J sin @p-1 d@p -1 J dos
0 0 0 -7

(2 1) p+1

=2

ey
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We denote the Laplace operator in our space by A4, (thus in three-
dimensional space we would denote it by 4, ) and
we write for a function u which depends on r alone

(3) au=1_d_(iﬂ_fﬁ)= 1 _gi_(r,ﬂd_u)_

P+l dr dr

The potential equation 4, %= 0 then becomes

d?u + 1 du
(3a) =0

Except for additive and multiplicative constants of integration we obtain
the solution:

(4) u=r""?

We generalize this solution to

(4a) u= R-?, R = X (z,— y,)*.

If we place the second point introduced here on the axis # =0 and

denote its distance from the origin by 7o then according to (1) we have
VWi=To Yo=Yz = ¢+ = Yp42 = Oand R?=r2—2rrycosd + r:. Hence

(41b) r> 1

%= = :
k» [1—}-(?—:)2—-2-::12013”'2
1s also a solution of 4, u=0.

As in (22.3) we expand (4b) in ascending (or descending) powers of
r/ro and call the coefficients p-dimensional zonal spherical harmonics

P, (cos 8|p)

or also Gegenbauer polynomials.?* The Legendre polynomials may
thus be denoted by

P, (cosP1).
Hence we write®?
9 — pf2 hand n
(5) [1 4+ (;’;) —2{; cos B = Z:} (;ﬁ) P, (cos &|p),
N =

and deduce from this

*? Gegenbauer's original notation (see e.g., Wien. Akad. 70 (1875) ) is C:‘I (cos B),
where v = /2,
» The defining equation (5) is not limited to integral p; equation (5) breaks

down for p = 0 since in that case (4b) has to be replaced by the two-dimensional
logarithmic potential.
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cos ¥ =1 l: P,(1|p)=(—1)" (_HP)= (i!-l{-pﬂ_-—lﬁ!
cos ¥ = — 1 } P, (—1|p)=(—1)" P, (1]p)

Ga) ': Pyyy1(0|p)=0
cos ¥ = 0 | T(%-E-S)

: 23 |?3'] ( P ) ( ) P(s+1)1"(%)
For the particular solution of the potential equation A,u=0
which depends only on r and &

(5b) u = 1™ P, (cos 8/p)

we then obtain the differential equation

1[0 (g cuy, 9(gou\|_ ..

g \er (9? E*r) * 25 (9’5 E'ﬁ)] =0;
and after dividing out the factor »?+P-1fg we obtain the ordinary
differential equation for P, (cos9|p)
a
dd
The reader is asked to check the connection of these and the follow_ing
formulas with the formulas from the theory of ordinary spherical
harmonics.

The Gegenbauer polynomials can be expressed in terms of hyper-

geometric series in a manner similar to that of the Legendre polynomials
in (24.24a); we have

(5 ¢) [E%— sin? & — + n (n + p) sin® t‘}:l P, (cos ¥|p) = 0.

1 1—cos®
5d) Pn(cnaﬁ|p)=Pn(llp}F(_ﬂ’n_]_p"P;‘ ’ ;ns )

B. Tue EiGenrunNcTiONS OF UNLIMITED MANY-DIMENSIONAL SPACE

From the potential equation we pass to the wave equation. For a
function which depends only on r the wave equation is, according to (3),

d*v  p+1
©® dr? + r

du
7 4+ ku=0.

If we set u =2y, then we obtain the Bessel differential equation
with index p/2 for w. Hence (6) is integrated by

(6a) u=r"21 1, (kr),
and also by
(6b) w=r"2% Hl; (k1) (6¢) u =21 H}p (k7).

The function in (6b) behaves asymptotically like
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/ p+1 5 Pl ix
cerr/r T, C=V..._.g ol

and satisfies the radiation condition (28.7)
p+1
Limr 2 (%u—iku)=0;
r =00
In the same manner (6¢) satisfies the absorption condition. Hence
(6b,c) represent the radiated and absorbed spherical waves in (p + 2)-

dimensional space. This remains valid for a general position of the source
point with the solutions

(7) U= R—2 Hmt.; (k R), R‘=r3-—2rr‘,ms#+r;.

The function in (6a) may be called ‘“eigenfunction of spherical
svmmetry.” We now want to find the general eigenfunctions of zonal
symmetry. They are of the form
8) ty (r; 9) = v, (r) P, (co8 B|p).

From the equation (5¢) of P, we find the differential equation of v,

d? p+1_¢_ n{n - p) .
(dr*+ rarTE T T )"*_0'

If we treat this equation as we did (6) by setting v,= r?/2w then for
w we obtain the Bessel differential equation with index n + p/2, and
hence as the solution which is finite for » = 0

w=1I,, 55 (k7).
Hence the eigenfunction becomes
(8a) wy=r-2BIL . (kr) P, (cos B|p).
According to §26 any two of these eigenfunctions are mutually

orthogonal, both in the continuous spectrum 0 <k < oo, and in the
discrete spectrumn = 0,1,2, . . ..

For two eigenfunction u,,u,, with equal k but different indices we
obtain from (2b,c) and (8):

Q0 1
®) [u,updr= J'I,H o (k7) Imypps (k1) 7 drd[ P, (cos Bp) P, (cosB|p) sin? §dB 2.

where 2, is as in (2f). Due to the fact that neither 2, nor the
integral with respect to » vanish and due to the orthogonality of u,
and u,, we obtain:

n
10) d[P,,(muﬂlp).?,,.(maﬂ[p)sin"&dﬂ=U, m=n.



232 PARTIAL DIFFERENTIAL EQUATIONS

Note the characteristic factor sin?$# in (10), which in the three-
dimensional case (p = 1) becomes the customary factor sin# for the
Legendre polynomials. While in the customary analytic derivation of
(10) this factor might appear artificial, it follows in our many-dimensional
approach directly from the meaning of dx.

We also note the corresponding normalizing integral for m = n

I'(n+ p) n
22 -1 (n + p/2)n! I'(p/2) T (p/2)

11) N = / (P, (cos & | p)]? sin® & dB =
0

which is a generalization of the normalizing integral for ordinary zonal
spherical harmonies: N = 1/(n + 3) forp = 1. The proof of (11) starts
from the defining equation (5) of the Gegenbauer polynomials.

With the help of (2e) we can replace (11) by:

I'(n+ p)
N=2 .
(112) S TPt Iip) 2

C. SpHERICAL WAVES AND GREEN’S FUNCTION
IN MANY-DIMENSIONAL SPACE

The spherical wave of zonal symmetry has been described by equa-
tion (7). From this function we obtain Green’s function of (p + 2)-
dimensional unlimited space by adding a factor f such that the source
Q of U becomes a unit source. According to §10 C this means

(1?) ] == gd::: ffg% do = fj% [R-pf'l H;If‘l (k R)] R""ldﬂi-

where the integration is to be taken over a sphere of radius B—>0;
ds denotes the surface element on this sphere; dw, as in (2d), denotes
the surface element on the unit sphere. Hence we obtain from (12)

(12a) 1=/9Lin R 1 g_R (R~ H.yy (k B)].
-0

For odd p we can use the formula (19.31) for H, which yields

— i RP+1 ) ip (;;/2}-9!'1

Lim--- = o mar B Lon B = Goom TR + 1

Using a well-known I relation we can replace this by

ip (k-2 (p)
:-:;(-z') r\s)-

For even p we obtain the same value from (19.26) and (19.47). Hence
we obtain from (12a)
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7T k /3 . P
-5 err ()
and from (7) upon multiplication by f

(13) 02,0 =2 (5" (B muan /ipr(2).

On the other hand we want to construct G(P,Q) as in §28 from the
eigenfunctions u(F) in (8a)

(13 a) w(P)=r"22 1,50 (r) P, (cos dp)
and the associated u(Q) for a point @ with the coordinates r = ry, 8, = 0:
(13b) w (@) =ry" " Iy pi (A1) Pr(1]p).

In both representations (13a,b) 4 (see equation (28.14)) denotes the
variable of integration in the continuous part of the eigen value spectrum.
In a similar manner we perform the integration over 2 in the complex
A- plane and obtain 1in analogy to (28.15)
[4®e@ 527
(14)

T In+ﬂfﬂ(krﬂ}ﬂu+ﬂ'}2(kr) r>To,

— 7 (rr)-?12 3 P (cos 8|p) P, (1 )[
2 C nz € |P) (i?’ In+p,fn(k?') Hy+ ppa (k7o) r<rts.

In order to be able to apply this formula to Green's funetion we still
must normalize the functions «(P) and w«(Q) to one. The general term
on the right side of (14) must therefore be: 1) divided by the normalizing
factor N of (11a) due to the dependence on #; 2) divided by @, of
(2f) due to its independence of the coordinates @, @ ..., @, , and

3) multiplied by k due to the r-dependence according to Appendix I,
equation (4). Altogether this yields the factor (see also (5a))

k2n+pnll'(p) kZ2n4p

which has to be introduced under the Z-sign of (14). Thus, according

to our general theorem of §28 we obtain Green’s function of unlimited
space. Comparing this with (13) we obtain:

Hyp (kR) (?’) S ( ;p) {
: = 929/2 " | n+ - P“ (cos ﬂ[?) ] ’
(k R)oh 2 f.; 2

Insppallry) Hyypplkr)
| kr?P  (kn)?P?
} N Insspa (kr) H, +p,[ﬂfkfa) .
(kr)®/? (kro)*/?

(16)

R r::,.rn’

r<ryp.
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This general addition theorem of Fessel functions holds both for H = H!
and for H = H?, and hence for any linear combination of the two, so that
in (15) we may replace H on both sides by

Z = aH' 4+ H?,
hence, in particular by
I = 3(H' + ),

in which latter case the distinction 7=r, becomes immaterial. The
theorem holds, under more general conditions than those assumed in the
derivation, if, as in footnote 22, we replace p/2 by an arbitrary number,
say v .

D. PASSAGE FROM THE SPHERICAL WAVE TO THE PLANE WAVE

For r,— oo we deduce a representation of the plane wave In
many-dimensional space from the last line of (15)

First we obtain on the right side, according to Hankel’s approxima-
tion (19.55),

-in 2 . 1=
H:l-r:?f?(krn}:a'e i nﬂ’ a= /;zkroexplt(kr“"p 9 "2-)}

Correspondingly, on the left side we obtain

Hyp, (k R) = ]/ { kR——P;— 31_2_)}

However for r,— co we have

R= rn(l-—2ricosﬂ -%"“)%= ro—rcosd + 00
0

therefore,

)

oo| |

Hy\y(k R) = V:TET exp [ i(k ro— k 7 cos ﬂ—ip_-;___l
¢

=aexp{—itkrcosd},

so that the left side of (15), with the corresponding approximation for the
denominator, becomes:

(kru) 57a €XP {(—tkrcosd}.
0

After canceling the common factor on both sides we obtain
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-
T =0

This represents an incoming wave in the direction of the positive axis
# =0 , or, in other words, a wave which proceeds in the negative direc-
tion of this axis. The wave which proceeds in the positive direction is
obtained from (16) by replacing + 2 with — 7. The reader is asked to
verify that this formula coincides for p = 1 with the three-dimensional
representation (24.7). In the two-dimensional case in which (4b) breaks
down (see footnote 22) equation (16) is replaced by the representation
(21.2b).

Through a suitable averaging or with the help of an “addition
theorem?* of Gegenbauer polynomials’” we obtain from (16) remarkable
relations between Bessel functions of integral and of fractional indices.?’

00
(16) e-ikrcosd — 992 F(};};) \ (n + g) e-naf2 P,, (Cﬂsl?[p) {rjf_pf‘{!_!f_ﬂ .

* See the lucid collection of Gegenbauer’s results in the book by Magnus and
Oberhettinger, Formeln und Siitze uber die speziellen Funktionen der Mathematischen
Physik, Springer, 1943, particularly p. 77.

5 G. Bauer, Sitzungsber. bayr. Akad., 1875, p. 247, generalization to higher
dimensions, A. Sommerfeld, Math. Ann. 119, 1 (1943).



CHAPTER VI

Problems of Radio

The problems of signals with electric waves have been in the fore-
ground of applied physies since the beginning of the century. Can we
understand the remarkable range of radio signals from the otherwise
completely reliable Maxwell theory? The answer is both yes and no.
Yes, in so far as only the known electrodynamic laws are applied. No,
in so far as the ionosphere (IKenelly-Heaviside layer) plays an essential
role in overcoming the curvature of the earth, and has to be added to the
Maxwell wave propagation as a deus ex machina.

Unfortunately we shall be unable to treat the reflection processes in
the ionosphere, and shall restrict ourselves to questions of propagation
in the homogeneous atmosphere and in the earth which is also assumed to be
homogeneous. We shall also have to omit the questions of the construc-
tion of transmitters and receivers, which are of such great importance
for the engineer, since they do not properly belong to the domain of
partial differential equations. Instead, we shall idealize the transmitter
to the utmost and treat it as a Hertz dipole (§31). On the other hand the
questions of propagation definitely belong to our domain and they will
give us a complete demonstration of the usefulness of the methods which
we have developed above and which we have so far applied mainly to
rather artificial problems of heat conduction and of potential theory.
Further demonstrations of this usefulness are given by problems in
general electrodynamic oscillations. They are treated with some com-
pleteness in the textbook by Frank-Mises, Chapter XXIII, and t-l.le
reader is referred to that book. If, among these problems, we agaill
consider radio, it is because the previous representation was simplified so
drastically that it could not be reconciled with practical problems.
Now we shall not place our antenna-dipole on the surface of the eartl}.
but at some distance from it, we shall treat the radiation of the horl-
zontal antenna in more detail and demonstrate its asymptotic identity
with the radiation of the vertical antenna for increasing distance from
the origin, and we shall treat the radiation characteristic with 1'&31?9'3‘-
to the terms of second order in 1/r, etc. The energy conditions ( required
energy supply for prescribed antenna current, heat loss in the ea::th)
will be discussed in the final section. We shall almost always consnde:r
the earth as a plane. The analytically interesting problem of the earth’'s

236
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curvature, which opens a further domain of application to the method
of eigenfunctions, can be treated only in an appendix, since even an
only moderately complete treatment of the problem of a plane earth is
almost too long for us here.

§ 31. The Hertz Dipole in a Homogeneous Medium Over a
Completely Conductive Earth

We assume that the reader has a knowledge of the concepts of
electrodvnamics and their interconnection through Maxwell's equations.
Since we are not dealing with atomic physics but only with the phe-
nomenological Maxwell theory, we shall use the system of the four
units, M (meter), K (kilogram mass), S (second),  (charge, measured in
Coulombs). In this system the specific inductive capacity and the
permeability are definite quantities; as usual their values in a vacuum
are denoted by ¢, and wo. We then have & up = 1/¢%.  The parasite
factor 4, which mars the customary electromagnetic equations, is
suppressed in our system through the suitable choice of units, wher-
ever it is not implied by the spherical symmetry of the problem.

A. InTrRODUCTION OF THE lHERTZ DIPOLE

In the electrostatic case we deduce the potential of the dipole by an
oriented differentiation from the fundamental potential @=1/r (see
§24 C); the field E of the dipole is then obtained from this potential
by another differentiation. In the electrodynamic case @ is replaced
by the function of the spherical wave

(1) IT= % e*”  ormore completely IT= -} e T

The notation I7 is due to Hertz! himself. As shown by the second form
of equation (1), we assume the oscillation to be purely periodic and
undamped 1n time (this is realized for the tube transmitter).

In the abbreviated first form of (1), which we shall use in the
following discussion, we have to remember that

(2) N=—iwll=—zkcll.

where

' In his fundamental work “Die Krifte elektrischer Schwingungen,” collected
works I, p. 147, which also contains the well-known force lines of the oscillating
dipole,
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w = circular frequency
(2a) k= 2n/A = w/é¢ = wave number
¢c=wlk= velocity of light in a vacuum.

As we know, IT satisfies the oscillation equation (7.4), which for purely
periodic processes becomes the wave equation:

(3) AIT 4+ 2T = 0.

In the electrodynamic case II is not a scalﬁr but a vector. Hence
in the future we shall speak of the Hertz vector JF, It1is connected with
the vector potential A by the simple relation

-

(3a) II= A.

Just as the individual elements of which A is composed have thedirection
of the corresponding elements of current, so our JI in empty space
(i.e., in the absence of the earth) for a single antenna would have the
direction of the antenna current. Here we assume the antenna to be
short compared to the wavelength, that is, with both ends loaded with
capacities so that the current can be considered in the same phase along
the whole antenna. In representation (1) we could express the vector
character of 77 by multiplying the right side of (1) by 2 constant vector
which has the direction of the antenna and, as we shall show later, the
dimension of an electric momentum (charge X length). However, we
shall refrain from doing this in order not to make the formulas unneces-
sarily cumbersome; hence we retain equation (1), although it is incon-
sistent from a vectorial and even a dimensional point of view. Only in
§36 shall we correct this flaw. However, we wish to stress now that,
due to the vector character of I7 , we have to give the Laplace operator
A in (3) its general vector-analytic meaning

-

(3 b) Al = grad div IT— curlcurl IT.

(see v.1I, equation (3.10a)). This will be used In §32. Only in this and
the following section, where we deal with one Cartesian component I7,

or IT, at a time, can we use the ordinary a4 . -
We now claim that the field E, H can be obtained from I7 by the

following differentiation process:

3 -

curl I1.

_ 1277 T .
(4) E = k2 Il + grad div IT, H-——‘““{HI
In order to prove this we must show that Maxwell’s equations in 2

vacuum
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p.GI:I +cwlE=0,
eE — curl H=0
are satisfied, where as in (2) we have to replace

(9)

(5a) H by —iwH, E by —iw E

Due to (4) and (52) the left sides of (5) become:

curl (— A* 4 A* 4 grad div) I}?
and

— iwey(k? + grad div — curl curl) 77,

Both vanish, the first due to curl grad = 0, the second due to (3) and
(3b). Hence, if for 77 we substitute (1) and determine the free con-
stant in terms of the strength of the alternating current in the antenna,
then, according to Maxwell, we have in (4) the field radiated from the
antenna, valid for all distances that are large compared to 4 = 2 n/k
For the immediate neighborhood of the antenna our description breaks
down owing to the excessive idealization of our antenna model. Follow-
ing Hertz, we call our model an oscillating or pulsating dipole, since the
ends of the antenna (both in this picture and in reality) carry alternating
opposite charges. This extreme simplification of the antenna, which 1n
reality is of complicated construction, may serve as an example of the
degree to which physical data can be idealized in order to make them
accessible to fruitful mathematical treatment.

We now pass from the case of vacuum to that of a medium “earth”
of general electromagnetic behavior: it is still homogeneous but with
arbitrary dielectric constant & and conductivity o; also its perme-
ability # will be arbitrary for the time being. The equations (1) and
(3) for IT remain formally valid; however the wave number & is no
longer determined by (2a) but by

(6) F=cpwtipgow.

At the same time (4) is replaced by:

(7) E=Fk ﬁ'—l— grad divﬁ', H=—"_ culII.

prw

As before, we prove that the corresponding generalized Maxwell equa-
tions
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uH+ curlE =0,

(7a) .
ceE+o0cE—curlH=0

are satisfied. The oscillation equation, from which we obtained the
wave equation by the elimination of time dependence, is obtained in
analogy to (7.4):

32
(71) dﬂ=(sy3—£2+ap %)H

B. INTEGRAL REPRESENTATION OF THE PRIMARY STIMULATION

We first wish to bring the representation (1) of I into the form of a
superposition of eigenfunctions. Since we are dealing with cylindrical
polar coordinates 7, @, 2, we shall use the eigenfunctions u and eigen
values 4 of (26.3) and (26.3a) that are independent of ¢ ; we denote
the quantity ma/k by u .*

We then have:

8) u=I,(Arjcosuz, K=+ p.

However, whereas the A has previously been restricted to a discrete
spectrum corresponding to the boundary conditions on the cylinder of
finite radius, we now have a continuous spectrum 0 < 4 <00 corre-
sponding to the unlimited medium (see §28). Thus, according to (8)
the u also have continuous, and in general, complex values. Further-
more, since we no longer have the boundary condition for the bases of
the cylinder, we shall replace cos u z by exp (4 x 2)- Hence we are
looking for a representation of I of the form

(9) H=0[F(/1) I, Ar)ex#2dh,  p=VR—k,

where F(A)dA represents the arbitrary amplitude constant by which
any eigenfunction may be multiplied. Due to the altered meaning
of 7 (cylindrical coordinate r instead of the spherical polar coordinate 7
in (1)) we have to rewrite the expression (1) for I as

(kR

R ° R? = 12 4 2%.

(10) =

Our condition (9) then reads for z = 0:

2 A confusion between this # and the above magnetic constant u is
The latter. moreover, will soen disappear from our formulas.

unlikely.
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oo

| F@) Iyar)da.

0

skr

(11) < =

T

In order to satisfy this condition we use the integral representation of an
arbitrary function by the Bessel functions of §21 B. We employ:equa-
tion (8a) of that section, which for

j(?.) _ gtkr

n =10

becomes

tikr

= fa @(0) Iy(o ) do,

plo) = [e*e I (o) do
0

The first of these equations becomes identical with (11), if we make the
following changes in notation

c=14, ogple)=F@), hence g(o)=FA)A;

The second equation then becomes

(11b) F() =2 f° e*e] (o) do,
0

which is the solution of the integral equation (11). The integration in
(11b) can be performed in an elementary fashion, if we use the repre-
sentation (19.14) for I, with the limits of integration + # ;namely, by
reversing the order of integration we obtain

+ x oo +n

12 F)=g [ du [éearieon do = — 52 | rvess:
0

The last expression arises from the lower limit ¢ = 0 in the preceding
integration with respect to g; the term arising from the upper limit
0 = oo can be made to vanish by a small deformation of the path of
integration into the ‘“‘shaded” region of the w-plane (see Fig. 18). The
remaining integration with respect to w yields

2
(122) o7
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Hence (12) becomes:

A

(13) F () = e

4
o

and (11) becomes:

=4
E__ikr A d;‘
(133') - == ro (2. T) T a
0
From (10) we now obtain a corresponding representation for II
Namely, we can complete (13a) to a function of r and z, which satisfies
the differential equation (1) by setting:

AR

A dA
(14) Il = R = ro (A7) e~ #12
0

M

where y = /22— k2 is to be taken with positive real part, In order
to insure the convergence of the integral and its vanishing in the limit
2 — + oo . The fact that (14) coincides with (13a) for z = 0 insures
that it also gives the correct representation of ¢*?/R for 25 0.

In the following section we shall transform (14) into

+ <o
1 m _ iz A d
(14a) O=5 [ HY@Ane =7
- 00

with a more exact determination of the path of integration, which will
then be complex. Due to the asymptotic character of H) equation
(14a) has the advantage over (14) in that it demonstrates that the
radiation condition is satisfied, just as in (1) where the factor exp( + k)
is adapted to the radiation condition.

C. VERTICAL AND HORIZONTAL ANTENNA
ror INFINITELY CONDUCTIVE EARTH

Up to now we have dealt only with unlimited space, whether empty
or filled by a homogeneous medium with the constants & 4,9 - We
now pass to the case of the half-space z > 0, which, at z = 0, is bounded
by an infinitely conductive earth (¢ — o0}, in which E =0 . Henct.?,
due to the equality of the tangential field strength, \vl}ich 18
required by the Maxwell theory, we know that Etang must vanish also
on the positive side of z = 0. According to (7) this means

(15) (k? IT 4 grad div 17 Jtang = 0 forz = 0.
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We satisfy this condition by adjoining the mirror images of opposite
sign to the two single poles of the given dipole: Figure 27a,b serves to
illustrate this.

a) Vertical antenna at a distance h above z = 0. The arrows leading
from the negative to the positive charge are in the same direction for the
original dipole and for its mirror image. Hence we write:

(16) SO A il {Rz=f2+(z—-k)2,

I R2=12+4 (z+ k)%

The parallelogram on the left side of the drawing shows that charges of
the two dipoles equidistant from z = 0 act on a hypothetical unit charge
situated in the plane z = 0 so that the resulting force 1s in the z-direction.
This means Eyapg = 0

b) Horizontal antenna at a distance h above z = 0. The arrow of the
reflected dipole has the opposite direction to that of the original dipole.
Hence we write

#
Eikﬂ' tkR

C
17) I=1,=5;— "5

where R and R’ are as before.? The parallelogram on the right side of
the drawing shows that two associated charges of the two dipoles act
on a positive unit charge in the planez = 0

G .

1 _________

P Air
Z20 1 ——
TR PP e ';ﬁ’%’rﬁﬂ pr

a) b)

Fig. 27. Reflection by infinitely conductive earth. a) The vertical dipole.
The auxiliary construction on the left shows that the horizontal components of
the forces exerted by a pair of mirror image poles on a particle on the boundary
plane cancel. b) The same thing is shown by the auxiliary construction on the
right for the horizontal dipole. For the latter the orientations of the arrows in

#

the original and its mirror image are opposile, for the vertical dipole they are equal.

so that the resulting force is perpendicular to the plane z = 0. Hence
we again have E 0 = 0.

3 The opposite choice of signs in (16) and (17) indicates the vector character
of IT, which is suppressed in equation (1).
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In exercise VI.1 we shall compute this using the vector formula

(15) for both cases a) and b).
In one respect a) and b) differ fundamentally. Namely, if we pass

to the limit A — 0, we obtain

Ei}'r.ﬂ‘.

II=2—

, from (16) but I[IT=0 from (17)

Hence: a vertical antenna located directly on the earth for a sufficient con-
ductivity of the soil generates the field which would be generated by the
same antenna in empty space in complete absence of the earth. On the
other hand a horizontal antenna located directly on the earth for a complete
conductivity of the soil is canceled by its mirror image. The former
made it possible to adapt the formulas and figures of Hertz’ original
work, which were relative to empty space, to the case of a grounded
antenna (Max Abraham). In fact, we can cut the Hertz pattern of force
lines of the oscillating dipole along its central plane and replace that
plane by the surface of the earth. The force lines are then perpendicular
to this plane and hence satisfy condition (15). The latter, that is, the
disappearance of the horizontal antenna field for 2 = 0 as expressed by
(17), decreases rapidly in importance for k2 > 0 (see the figures in §36).
Indeed, the horizontal antenna is an effective means of communication
even when % <A and the medium is sea water (a very good con-
ductor for the comparatively long radio waves). Thus we see that for
the horizontal antenna the nature of the ground and the distance from
the ground play a greater role than for the vertical antenna. The formula
IT — I7, in (17) is then no longer adequate and must be generalized

(see §33).

D. SymMMETRY CHARACTER OF THE FIELDS OF ELECTRIC
AND MAGNETIC ANTENNAS

As we have just seen, the verticgl antenna gives the field of a
Hertz dipole of strength 2 for the limit A — 0, and the horizontal antenna
yields a zero field. However, if in the latter case we let the antenna
current increase at the rate at which k& decreases, then we obtain the
field of a quadrupole. In fact under this limit process Fig. 27b goes over
into the quadrupole scheme as seen on p. 152. Replacing the amplitude
factors 2 and zero by A and B we can write:

elkB

R

plkR
Horizontal antenna: I7T, = B% - Quadrupole.

Dipole,

(18) Vertical antenna: II,= A4
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The latter representation corresponds in Fig. 27b to the combination
of the pairs of poles which lie on the same vertical line to a vertical dipole
and to their relative translation in the horizontal direction. This means
that the horizontal antenna in the z-direction is equivalent to vertical
antennas with opposite current that are mutually translated in the
r-direction. We shall discuss this more closely in connection with Fig. 30.
Written 1in polar coordinates # = rcosg, y = rsingp the second
formula (18) reads

ra elkB _ r d eikE8
(18a) 17 =B?§,; T =Bcos<p}-fET.

e of

Hence, the directions ¢ = 0 and ¢ = & parallel to the antenna are
preferred directions for /7;; in the perpendicular directions @ = 4 /2
II,vanishes. The associated direction characteristics of the horizontal
antenna will be described in Fig. 29, where we shall also compute the
constant B (which vanishes with increasing conductivity). On the
other hand the field of the vertical antenna is symmetric with respect to
the z-axis and hence its direction characteristic is a cirele. From this
follows the particular suitability of the horizontal antenna for directed
broadcasts (see §33).

Rod antennas of vertical or horizontal direction are called electric
transmatters. A coil traversed by an alternating current or any (circular,
rectangular, etc.) closed conductor is called a magnetic transmitter,
because then the magnetic field is concentrated in the axis of the coil
(the normal of the wire loop) ; the customary notation is “frame antenna.’’
In the central perpendicular of the frame a magnetic alternating current
pulsates, while along the rod antenna there pulsates an electric
alternating current. While the magnetic force lines are cireles around
the rod axis in the electric transmitter, in the magnetic transmitter the
electric force lines are circles around the normal of the frame antenna
(at least for distances that are large compared to the frame). These
statements are correct only for the vertical electric or magnetic dipole;
for an oblique or horizontal position the circular symmetry is disturbed
by the conductive ground. Generally speaking the data for the magnetic
transmitter are deduced from those for the electric transmitter by replac-
mg EH by H,—E, (for details see §35). Due to the boundary
conditions for E (not for H ) in the case of an infinitely conductive
ground, the signs in (16) and (17) are interchanged. Namely, for the
magnetic II, (horizontal position of the plane of the frame), we have

.
EIIE elka

(19) H=—F%—"%, H=0 forh—0
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and for the magnetic 77, (vertical position of the plane of the frame)
we have

]
kR gtk B ei‘lﬂ

(20) H;¢=T+—“RT: H$=2—-R— for h — 0.

The proof will be given in exercise VI.1. The frame antenna of type (19)
1s of no practical importance, the antenna of type (20) will be treated in
§35. As a transmitter this latter antenna shows a marked direction in
the plane of the frame (e.g., for 77, the y,z-plane) with the same charac-
teristic as the electric rod antenna of (18). As a receiver it is arranged
so that it can be rotated around the vertical line; if it is then oriented for
maximal reception its plane points to the origin of the signal and it is
therefore particularly suited for range finding (see §34).

§ 32. The Vertical Antenna Over an Arbitrary Earth

Let ¢ and o be the electric constants of the ground. As regards
its magnetic behavior we may assume u = g, , which is sufficiently
close to reality and simplifies the following calculations. We write

(1) n? = a—l—i%)/en

and, as in optics, we call n the ‘“‘complex refractive index.” The wave
number & of (31.6) will, in the following discussion, be called kg in order
to distinguish it from the wave number of air for which we keep the
notation k. Then according to (31.6) and (31.2a) we have

(2) kg = nk.

We denote the altitude of the dipole antenna above the ground by 4,
asin (31.16).

We have to distinguish three regions:

I. Airz > h. In addition to the primary stimulation that becomes
singular at the dipole z = k, »r = 0, we have a secondary stimulation
that is regular throughout due to currents induced in the ground. We
write according to (31.14) and in analogy to (31.9)

- + A)
k(e d;..

®) My =[Io e "V 22 [T = [F) Io(Ar) e
0 0

where F(A) is, so to speak, the spectral distribution in the 4- continuum
of the eigenfunctions, and is as yet undetermined. The factor exp (— H 7_‘)
in the representation of I7,,, is convenient for what follows, and it 1S
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permissible since 1t is a pure function of A2 and thus merely alters the
meaning of F(4) .

II. Air layer h > 2z > 0. Here, too, we have a primary and a
secondary stimulation. Due to z < A and according to the rule of
signs of (31.14) we must write the former with a sign opposite to that
n (3); the latter, being an analytic continuation, has the same form as
in (3):

(4) ﬂprim—II (4 f)e+F{3_h)}dA: sec_fF e~ HEEM g2

Equations (3) and (4) insure the continuous behavior of the I7- field
at the boundary between I and II for an arbitrary choice of F(A) .

III. Earth 0 > 2 >-20. Here there is no primary stimulation:
the II-field — denoted by IIp — must be continuous throughout.
In order to satisfy the differential equation for earth (31.3) with k%
instead of k%, we write:

(5) g = [FgA) I,(Ar)etrez—uhga, Py = A — k.
0

According to our general rule we must choose the sign of ugz positive
since z < 0. The factor exp (—u %) is adjoined for reasons of con-
venience; again, this merely influences the arbitrary function Fgz(4).
The functions Fgz(A) and F(1) are determined from the boundary
conditions on the surface of the earth.

According to Maxwell we must require thé continuity of the
tangential components of E and H. These are merely

E,and H, .

Indeed, the electric force lines are in the planes through the dipole axis,
the magnetic force lines are circles around this axis, and hence E¢ and
H, vanish. (This follows from the fact that I7 = I, is a function of
r and z alone.) Now according to (31.4) and (31.7) we have

0 oIl — k3
H k* oIl

(ﬁ) Er='é,r_3z y q’:#uiw@_f- furzl}O,
0 oIl —k, o1y
E, =55 H’F=pnim ~ forz < 0.

Hence the continuity conditions for z = 0 are:

We can integrate these conditions with respect to » and the constants of
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integration must be zero since all expressions vanish for # = oco. If in
the second equation above we replace Li by n%k? according to (2) then

we obtain:
ol oI,

(7) = I=n2Ilp forz=0.

On the right side of this equation we have to substitute the value of
IT; from (5) and on the left side we have to substitute the sum of

IT,;. and II, from (4). We thus obtain the conditions:
(7a) [LAr)es**(A—pF —pg Fg)di =0,
0
Q0
(7b) [IO(Ar)e"“"(A-I—yF—nz‘uFE)E-%=0.
0
They are satisfied if we set,
uF+pup Fg =12,
puF —n2 yFp=—2.
Hence
A 2 Uy ) 24
8 F==|1 — _
(€) #( ntu + pg)’ Fr n*u + g

Thus, we have demonstrated that equations (3), (4), (5) do indeed lead
to a solution of our problem with its boundary conditions. The fact
that there can be no other solution is deduced from the uniqueness
axiom of physical boundary value problems, which always provesreliable.
Due to the meaning of 7, u, gz equation (8) can be written in the
more symmetric form:

A YR —— e r—
CYrR—k BYe—E+ R)r—k

e 2 Ak
T RYr—r e

(82)

We again write the primary stimulation in its original form et/ R
with K2 = 72 + (z — h)? to show that the contribution to T, that s
due to the first term of F in (8) differs from Iy, only by the fact that
we have to replace — h by + k, and hence R? by R? =1+ (2 + h)?.
Then representations (3) and (4) for regions I and II can be contrac
and we obtain as the general solution of our problem for z > 0 and z < 0:
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oo

__eikR etk R’ . ‘ —nz+R) Ug AdA
Il = + t+ = 26/ In(Ar)e T a s
) . |
— ppe—pn __~dA
HE_2f%@ﬂe Tt
0

If in particular we have & = 0 so that we can use equation (4) for
the coinciding expressions ¢*"'/R and ¢*" /R’, then the first line of (9)
can be rewritten in an elegant manner. According to previous work
by the author we then have:

oo
. —uz 20 AdA
H_J%aﬂ T
(10) 3
B ppz 22d)
1T, = [ L) s 222

If, on the other hand, we consider the special case |n|-—>o0 of a
completely conductive earth then gz can be neglected as compared
to n?2 and the integrands in (9) will vanish. This confirms the result
of the elementary reflection process in §31, equation (16):

eVkE kR

(103.) H= R +"':R_r-; HE': .

1t is profitable to consider this limit process with respect to n some-
what further. To this end we replace n? u + uzp by 7% in the denom-
inator of the integrand in the first equation (9), and in the numerator
we write, for all values of 4 that are not too large,

(10 b) pp=V22—ky=kg V—"l"l'g"”—"ikz,
E

and hence BE _ __ ik
n
(concerning the sign of up see the figure below). Then the first equation
(9) becomes:

etk B Elkﬁ'

(10 G) H;..: T + J7G + g‘;'fflo(l f) 6“'“{2-"’0
0

Ad2
e

An intuitive interpretation of the latter integral* can be obtained as

¢ Since the denominator #* vanishes at A = k the path of integration must
be chosen in the complex A- plane so as to avoid the point A= %. This remark
holds for the following 2- integrals, too. In the preceding integrals, starting with
(31.14), we had the denominator x, which did not destroy the convergence.
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follows: corresponding to

oo
- ixR’ 1da
R=Vrtethl, G = [Ianerernid
0
we write
T1kR" Adl
R =Vryerip, _fl (3 7) emret i L

and compute

oo

f‘”” fdk’ da —fz (h7)e M“"fe-ﬂﬁ'dhf
h a h
—ro (A7) e”HE+R Ad""

hence the integral in (10c¢) stands for the action of an imaginary con-
tinuous covering of the ray h <k’ <<oo with dipoles that reach
from the image point z= — h, r =0 to 2=—o00, r=10. Hence
the approximating equation (10c) can also be written as:

(o'
et kR etk R’ 2.k [ aii:ﬂ”
R + R! + ﬂ- .Rll'f
h

ar’.

(104) 7=

In this connection we should remember a similar covering of a ray with
imaginary source points that we used in a heat conduction problem In
Fig. 15. While there we required exact satisfaction of the simple
boundary condition du/én -+ hu = 0 (the & there, of course, had nothing
to do with the A here), we now require approximate satisfaction of the
complicated boundary conditions that arise from the juxtaposition of the
air with the highly conductive earth.

From the above formulas we can deduce the field E, H by differen-
tiation. However, we shall not write this somewhat cumbersome
representation since we shall need it only in connection with the energy
considerations of §36. _

The integrals in (9) and (10) are not yet uniquely determined
because of the square roots

(11) u=VE—kK, up=VE—k}

that appear in them. Corresponding to the four combinations of signs
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of # and ug, the integrand is four-valued, and its Riemann surface
has four sheets. By our rule of signs in (31.14), which refers to the real
part of  and also applies to the real part of ug , one of the four sheets
is singled out as a ““permissible sheet.” In order to insure the convergence
of our integrals we demand that the path of integration at infinitv shall
be on the permissible sheet only. We achieve this by joining the
““branch points”

(11a) A=%k and A=1kg

by two (essentially arbitrary) “branch cuts,” which may not be inter-
sected by the path of integration. Referring to Fig. 28 we therefore do
not integrate along the real axis over the branch point A=1%, but
avold it by going into the negative imaginary half-plane and from there
to infinity in, say, a direction parallel to the real A-axis. Thus, along
the path denoted by W, in Fig. 28 we integrate from 1 =0 to A = oo ;
this makes the meaning of the integrals in (9) and (10) precise.

But even then the representations (9) and (10) suffer from a
mathematical inelegance: they are integrals with the fixed initial point
A =0, not integrals along closed paths in the A-plane,

}.Lmngitnrj
i :
| I
| 14
: ! g QE
| | i
| 1 ;
| Q ll udg
Ir |
¥ | | OF
_._‘-—-‘-\“*-J l . lr 1
..‘k_ ﬂ\\—_J,_ N ¢a

"

Fig. 28. The paths W, and W = W, + W, in equation (13); deformation of
the path W into the loops Q@ and Qg around the branch cuts and into the closed
path P around the pole.

which, due to their deformability, would be much more useful. We
remove this flaw by using the relation

Io=% (H + HY)

and the ‘‘semi-circuit relation” (10) of the introduction to exercise IV.2.
If in the latter we set @ = A, then the preceding equation becomes
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(12) I, = 5 [HyAr)—H} (Ae™ 7)].

We imagine (12) multiplied by an arbitrary function of A2 (indicated
in the following by ... ) and by AdA and integrated over W,. Then,
if we write A’= 1¢€'* , we obtain from the subtrahend on the right

side of (12)

(12a) [HYAr) ... vdn.
"}

Here W’ is the path obtained from W, through reflection on the origin
taken in the direction A’ = 0 —- 1" = —oco, which, except for sign,
1s 1dentical with the path W, in Fig. 28. Hence (12a) is the same as

(12b) Wfﬂﬁ(ﬂ'r} o AR

and from (12), if we denote the variable of integration throughout by
1 and combine the paths W, and W, to W = W, + W,, we obtain

(13) [L@r)...adi= 5 [Hyar ... dd.
W, “w

Thus we have achieved our purpose to replace the seemingly real inte-
gration that starts at A= 0 in representations (9) and (10) by a
complex integration over a path which closes at infinity. We consider
this transformation (13) performed on all the integrals in (9) and (10).
In particular we write, e.g., the primary stimulation of (31.14) and the
first line of (10) in the new form

1 - A dA
(14) Hpﬂngfﬂé(ﬂf)e MEIT’
w
_ 3 1 — uz ﬂzldl
(14a) I = ;i:l HyAdr)e ey

The attentive reader must have noticed long ago that Fig. 28 comn-
cides with Fig. 26 (even with respect to the notation of the paths W,W,
and the variable of integration 4), and that the present problem (de-
termination of the function I7 in space as subdivided by the suyfacg of
the earth for prescribed singularities at the dipole antenna) 1s sum-
marized under the general problem of Green’s function. Here we con-
structed the solution from eigenfunctions that satisfy the fat?'tﬂt‘!ﬂn
condition at infinity. The fact that this condition is satisfied in the
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present case is made evident by the fact that in (14) and (14a) only the
first Hankel function H! enters.’

We now consider the upper part of Fig. 28 Since we know that
H'(A7) vanishes in the infinite part of the positive imaginary half-
plane, we can deform the path W into that half-plane. The path cannot
be deformed across the branch cuts (11a), which it avoids by the loops
Q and Q. However there i1s a further singularity of the integrand in
(14) and in the analogous integrals, namely the point at which the
denominator n%u 4 ug vanishes. We denote it by

A=7p.
This corresponds to a pole of the integrand and must be avoided by the
path of integration in a circuit P. We have not drawn the paths which
join P to infinity since in the integration they cancel each other.
Of the three components Q,Qg,P of the integral we can ignore the
contribution of Qg for large |kg|, since H(i7) vanishes exponentially
for great distances from the real axis. We first consider P separately,

but we shall soon see that P and @ can hardly be separated.
From the defining relation for p

we have

pP— K k? . Kk
(16) pe._ kﬂg = ki ) pPT = kz_l__ ki )
which we can also write as

1 1 1

Due to |lkg| > k we have approximately
16b _rf{1_1% p= kR
(16b) L (1 21:;)’ k—p A

However, we wish to stress the fact that the precise value of p given by
(16) or (16a) is symmetric in k and kg.

5 Here we have assumed a time dependence of the preferred form exp(—1 w¢).
For a time dependence of the form exp (4  w {) we would have to make the transi-
tion from I to H?in (12) with the help of the semi-circuit relation (10a) in exercise
(IV.2). Thus we would obtain a representation that, e.g., in (14a} is constructed
from elements of the form

H:(A r) e~ H* etrwt

and hence also has the type of radiated waves.
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We now compute the integral over P by applying the method of
residues to (14a). Here we can let 2 = p in all the factors of the
integrand of (14a), but we must replace the denominator which vanishes
for A=7p by

d , o . f 7 1
” (78 p+ pg) =2 (l"ﬁ; WF—E) )
taken for 2= p. We thus obtain:
12 2
(1) PR K= 4 L,
k2 Vpr—k Y=k

here the new quantity K is symmetric in k and kz. Hence, as the con-
tribution of P to (14a) we obtain: '

(18) IT=2 i qi(pr) eV~ F
d 25 o(pr)e :

In the same manner, for z < 0 (earth, interchange of k& and kg, and re-
versal of the sign of z) we obtain

(18a) UE=‘2:I'£E;H$(;J r) et VTR

Except for the immediate neighborhood of the transmitter, Ilal'.l'lel}’, for
all distances |p7|>>1 we can replace H by the asymptotic value
(19.55). We then obtain

5TT I ipr iR
(19) n=2]/2_;;.%;e" o=k 22> 0,
(19a) [y =2 7/228 & rr+iv=iye 2 < 0.

pr K

These formulas bear all the marks of “‘surface waves,”” which are mf?n-
tioned in v.II in connection with the water waves or the seismic Rayleigh
waves, and which have the following properties: _

1. They are tied to the surface z = 0 and decrease in both directlluns
from that surface; in the direction of the earth they decrease ra.pldl}'
due to the coefficient (p*— k%)t of z; in the direction of the air the
decrease is slow at first but exponential for large z.

2 The propagation along z = 0 is given by

dr__ﬂ

dt p’

. 5 - S
and hence depends in a symmetric manner on the material constant
air and earth, as must be the case for a surface wave.



§ 32. 2(a PROBLEMS OF RADIO 2!

et T
o

3. If for the time being we neglect the absorption in the radial
direction, then the amplitude of the expressions (19), (19a) decreases as
l/l/?, with increasing distance from the transmitter, whereas the in-
tensity decreases as 1/». This too i1s a criterion for the essentially two-
dimensional propagation of energy in the surface z = 0 (see p. 100).

4. For the sake of completeness we also mention the exponential
absorption in the radial direction; it is given by the real part of ipr and
according to (16b) and (1),(2) it 1s given by

kr iy krsua/ 0 _rf_)
—% Re (5)=—F 22 /{e+ ),

which is valid both for z > 0 and forz < 0.

For sufficiently large r, where the relative change of 7~ ¥ is small,
we can consider (19), (19a) as waves whose origin 1s at infinity, e.g., n
the direction of the negative z-axis. These equations then become

(20) I = Ak efPr— Vo k2,
(20&) HE=Ak2 SApzt Vot —ke'z

where 4 is a slowly varying amplitude factor, and hence represent the
so-called “Zenneck waves.” As early as 1907 Zenneck,® in great graphical
and numerical detail, investigated the fields E, H derived from (20),
(20a), and discussed the material constants of the different types of soil
(also fresh and salt water). It was the main point of the author’s” work
of 1909 to show that these fields are automatically contained in the wave
complex, which, according to our theory, is radiated from a dipole
antenna. This fact has, of course, not been changed. What has changed
is the weight which we attached to it. At the time it seemed conceivable
to explain the overcoming of the earth’s curvature by radio signals with
the help of the character of the surface waves; however, we know now
that this is due to the ionosphere (see the introduction to this chapter).
In any case the recurrent discussion in the literature on the “reality of
the Zenneck waves” seems immaterial to us.

Epstein? has recently shown that the surface wave P taken by itself
is a solution of our problem, and hence in principle does not have to be
accompanied by the wave complex represented by . The latter, gener-
ally speaking, has the character of spatial waves and, in contrast to (20),
is represented by the formal type

II=18B

eikr

r a
¢ Ann. Physik 23, 846.

T Ann. Physik 28, 665. '
® P. S. Epstein, Proc. Nail. Acad. Sci. U. S., June 1947.
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Under the actual circumstances of radio communication P + Q is best
represented by one contour integral which goes around the near points
A=p and A==1%, and which must be discussed with the help of
the saddle-point method. This has been carried out most completely
by H. Ott.® However, we have to forego the presentation of his results
in order not to get lost in the details of the problem.

We shall consider one more general aspect and one special formula
which 1s convenient for numerical computations.

The general aspect concerns a kind of similarity relation of radio,
the introduction of “numerical distance.” Measured in terms of wave-
lengths the radial distance traversed by a spatial wave in the time ¢ is &7
(except for a factor 2 @), the distance traversed by the surface wave
in the same time is equal to the real part of pr. We form the difference
of these distances and introduce the quantity

(21) o=1t1(k—p)r.

The absolute value of p is called the numerical distance. The quantity
¢ is a pure number whose absolute value is small compared to kr.
In fact, according to (16a) we have

kr ke kr
(21a) [Q[Ng'ﬁ:la:g]njz'

Hence, for small values of ¢ the spatial-wave type predominates in
the expression of the reception intensity; in this case the ground peculiar-
ities have no marked influence and we can make computations using an
infinite ground conductivity without introducing great errors, as was
done by Abraham (see §31). For larger p the rivalry between spatial
and surface waves becomes apparent, as the value of ¢ in (21) was
defined in terms of the difference of the two propagations. In this case
the material constants of the ground are important, and indeed not
only o, but also & Generally speaking, equal @’s imply equal wave
types and equal reception strengths. Thus g indicates a similarity
relation. The fact that for sea water, due to its relatively high con-
ductivity, @ is much smaller according to (21a) (for the same absoluiﬁe
distance r) than it is for fresh water or for an equally level dry soil,
explains the good reception at sea (the difference in reception during the
day and night is, of course, due to the ionosphere). _

An expansion in ascending powers of @ led the author, in his ﬁ_rst
investigation (1909), to a convenient approximation formula, which
since has been rededuced by different authors (B. Van der Pol, K. F.

9 Ann. Physik 41, 443 (1942).
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Niessen, L. H. Thomas, F. H. Murray) partly in a simpler manner. In
its final form the approximation formula reads:

tkr — — Ve
(22) m=2% (1 i Vmeee—2 Vo e'”fe“'ci’a),

0

It is valid for the air close to the earth.

In order to confirm the preceding remark we note: The first term,
which is the dominating term for small g, is of the spatial-wave type,
and due to the factor 2 it corresponds to an infinitely conductive ground;
the second term is of the surface-wave type and corresponds qualita-
tively, and for the purpose of our approximation even quantitatively,
to the first equation (19); the third term represents the correction for

larger o. The generalization of (22) to the case of small finite distances
z above the ground is

Ve
ix —
(23) I=2°: R( ! ?:V:?'EQ e"—ZVQ_e"fe"'dﬂ);
0

where

r={(k—p)'r(1+ ﬂ;)z;

forz = 0 we have v = ¢ and (23) becomes the same as (22).

§ 33. The Horizontal Antenna Over an Arbitrary Earth

For a horizontal antenna lying in the z-direction it seems advisable
to set the Hertz vector J7 equal to IT,. However, as we remarked at
the end of §31 C, this is possible only for an infinitely conductive ground.
We start by proving this fact.

For 7 — 7, we obtain from (31.4) and (31.7)

31T, oI,

kﬂH _I_azz ] EF=3z3y 220’
1 ST o211,
E.= k% H:E -+ 31:51 E,= éxa; 2z 0.

where E; and E, must be continuous at the boundary z = 0. From
the above formulas for E, we then deduce the continuity of IT,, which
implies the continuity of &2/1,/éz*. But then the formulas for E,
imply the equality of k2 and k£, which is a contradiction.
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We resolve this contradiction by writing the Hertz vector with fwo
components:

(2) I = (1, II,);
then instead of (1) we have
Ex=k2HI—|—z—xdivﬁ, F,= div I7 z >0,

(3)

I

] D | o
S| <

E,—Kd,z+ o divIl; E, div 7, 2<0.

Hence forz = 0:

(4) div [1 = div I
and
(5) I, =kpI,g.
For the magnetic components, according to (31.4) and (31:7), we have
k> oI, K gerl, eIl
H,= tpgw 0y ’ H, = T pow (33 ox ) 220,
K oIT,, K jell,, o,
H.= Tpow 0y H"’=£yﬂw oz ox ) 2= 0.
From the continuity of H; it follows that
(6) k2Hz= kgEHEE

and from the continuity of H, it follows that

21T o 0IT, 5
2 T x
(7) o =kpg -

Hence we have two conditions (5) and (7) for IT, which we can write
in the form

oI, o oIl
(8) Ha;:%zan, 3z——‘n 22 "

After we have determined IZ, we obtain the two conditions (6) and (4)
for I1,:
aﬂ' 31]', E 31?#]' 3H=

—
—— ——— | — -

(9) I, =n?ll,g, Dz oz T ox ox

The computation of 7, is carried out by the methods of §32. We
again distinguish the three regions:

I. co>2z>h, II. 2>2z>0, JIII. 0 > 2 > —oo.
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In I and II the function I7, is composed of a primary and a secondary
stimulation, which can be expressed exactly as in (32.3); in III we have
only the secondary stimulation of the form (32.5). The conditions (8)
then yield, in analogy to (32.7a,b),

oo
(10a) flu(ﬂur) e P A —uF—n2ug Fg)di =0,
0
Qo
—ph 2 i _
(10b) fIO(}.r)e (A+pF—n?pFp) == =0
0
and by setting the parentheses equal to zero we obtain:
A 2 u 1 22
(1) F=F(_1 ?—_I-?;)’FE‘%“#+#:'
This expression for F is written so that the second term vanishes for
n —00 , which is the same as gg —> oo , so that in the limit only
the first term F = — A/ remains. If we substitute (11) in the equa-

tions (32.3,4,5), then in analogy to (32.9) we obtain the representation
of the [II_- field:

o0
(fkB gtk R —u+h Adi
Hz=—‘R_—-—R—,+26/‘IO(A?)B #+#3,
(12) -
2 +upz—ph Ad2
0

where R? = 2+ (z — h)?, R"? = r* + (2 + h)%
If in particular k. = 0 then we have R’ = R and (12) simplifies to:

AdA
“+ pe’

H,=2f10(zg-) e 17
(12a) 0

0o

2 Adl
H#E=';:EJIO(A?)E+FIEF+FI-

If on the other hand we consider the special case n — oo, then we
also have |up| — oo and the integrals in (12) vanish, so that (12)
reduces to

E{I:B Eltﬂ

(12}3) I1, = R "R ? HzE =0

in agreement with (31.17).
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The integration in equations (12) and (12a) is to be taken over the
path W, of Fig. 28. Here again we can profitably replace this path by
the closed path W = W, + W,. If at the same time we replace I, by
3 H} then for vanishing 2 but finite kg we obtain, in analogy to
(32.14a),

AdA
#+ px’

(2¢) I, = [HyGr)e#e 200 o= [ Hy(Ar)e* s°
W W

We now turn to the determination of 7, and first consider the
second condition (9). Since fI, and I7,z do not depend on z and ¥
separately but only on 7 = |22 4+ %2 , we have

oIff, oIl or
éx = or oOx

oI, -
= COoS @ =— , p = < (z,7),

and a corresponding relation for oIf,/0x. From the second equation
(9) it follows that J7, must also contain the factor cosg . Hence we
deduce that II, can no longer be constructed from the eigenfunctions
I, (A7) eT#% ; it is necessary to use Bessel functions with the next
higher index 1

I, (Ar)cos@eTh?

Considering the fact that I7, should contain no primary stimulation we
write:

II, =cosg [I,(Ar)e *¢TP D (2)dA,

(13) II,; =cosg [ I, (A7) etrez—6#h () dA.

where @ and @y are still to be determined. The first condition (9)
then yields

(133) ¢ — 'nz @E.

The second condition (9) yields
-— CO8S @ f Il (}.f) e_"" (F; D -+ ‘ugng) dA

13 b 1 ’ —un 2A3dA
(13} =cos:p(g-—-1)f10().r)e “h#-{-s‘:'

In fact, in the representation (12) the terms not under the il.ntegral signs
vanish for z = 0. If we multiply the numerator and denominator of the
integrand on the right side by u— pg and consider the fact that

p2—p§.=k§—k2=k%(l-——1—

ns
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and that according to (19.52b) we have I;, () = — I, (¢) , then we
can contract (13b) to

(13c) — cos tpffl (A7) e“"}'(‘u@ + upPg + é— (2 — pg) ﬂF)dﬁ. = 0.
From this we deduce a further relation between @ and @y :

2
(13d) #@+HE¢’E=“E p— pg) A%

This, together with (13a) and (32.2), yields

2R u—py _
(14 O6=_Zriot, oy

According to (13) the final representation of 77, is then

__2 —u@z+h) _H—HE a0

15 I,=—fcosg [L(An)e e da,
2 +pugz—uh H—Hg g

IT, ¢ ——-——kicosqul'l(lr)e E e A2 dA .

The path of integration is W, of Fig. 28, or, if we replace I, by % H},
the path W = W, 4+ W.. Since the denominator in (15) coincides with
that of I7, in §32, ‘‘surface waves’ also exist for the JI, which is in-
duced by a horizontal antenna. These surface waves correspond to the
pole P in Fig. 28 and they are superimposed on the ‘“spatial waves’ or
merge with them. Under the assumption kg — oo, which implies
n—>00, up —>o0o , the component II, vanishes. Hence the in-
duced vertical component is strongly dependent on the nature of the
ground and thus does not appear in the previous elementary treatment
of §31.

A principal distinction of the horizontal antenna as compared to the
vertical antenna is its directed radiation, which is implied by the factor
cos @ in (15). The same factor is contained in the electric and magnetic
field components which determine the radiation and it is a quadratic
factor of the radiated energy. Later on we shall see that the component
IT, , which is free of cos @. in general gives no essential contribution
to distant transmissions, and hence it can be neglected in the following
discussion.

The solid curve in Fig. 29 represents the ‘“‘direction characteristic”’
of the horizontal antenna. In order to obtain this curve we plot the
radiated energy VE = M cos ¢ in a polar diagram, where M is the
maximum of VE radiated in the direction @ =0. This curve is
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symmetric with respect to the direction ¢ = - #/2 in which there is
no radiation; the radiation in the forward direction @ = 0 and in the

-
- -

-
----------

& = Ly o

Fig. 29. Upper half: solid curve = direction characteristic of the horizontal
antenna: broken curve = direction characteristic of the Marconi antenna.
Lower half: diagram of the Marconi antenna.

backward direction @ = @ is the same. If we combine the horizontal
antenna coherently with a vertical antenna so that the vertical antenna
alone would give the same radiation M as would be given by the hori-
zontal antenna in the direction ¢ = 0 (the polar diagram would be a
circle of radius M), then, we obtain as the total characteristic the curve

(2 M for ¢ =0
]/E=M(1—|—cosqo)=J M for ¢ = 7[2
. 0 for p=m.

This characteristic is represented by the broken curve and shows a
stronger directedness than the solid horizontal antenna curve.

In the lower half of Fig. 29 we sketched an arrangement by which
such a combination of horizontal and vertical antennas was realized on a
large scale by Marconi (about 1906) for transatlantic communication
(station Clifden in Ireland). The preferred radiation in the direction
of the arrow in Fig. 29 aroused general amazement and raised the prob-
lem studied by H. von Horschelmann,!®in which the above theory was
developed (Marconi worked only with the instinct of the ingenious
experimenter). However the Clifden arrangement was somewhat
cumbersome, and it has since been replaced by a more convenient com-
bination of two or more vertical antennas (see Fig. 30). .

In Fig. 30 we have drawn a horizontal antenna of the effective

10 Dissertation, Munich 1911, Jahresber. f. drahtl. Tel. 5, 14, 158 (1912).
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length I, together with the current which flows through and the influx
and outflux through the earth. The last two are equivalent to two

i i
I [
i

b

b

p o

@ X
A K

K

Fig. 30. Horizontal antenna with the accompanying earth currents; at a
distance the effect of the two vertical antennas 1s the same as the effect of the
horizontal antenna.

coherent vertical antennas of opposite phase, which we have indicated
by towers. Their action at a distance is represented by a formula of the
type

Eil:E

(16) lcos q?{;-—rﬂ-’:, Il = ——>

where I7, is the Hertz vector of the individual tower. We want to
show that our theory in a rough approximation really leads to a formula

of this type.
Since we are interested only in action at a distance we set A = 0 in

(15) and in analogy to (32.10b) write
p—pp~—pg=1tkn,  nPu+pg~npu.

In addition we have the relation
o .
2 Iy(r) =—AL (r).

The first equation (15) thus becomes

; - —uz 2dA
(162) H,=-§icosqa§_ffn (A7) e MT,
0
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<o that we now have the primary stimulation ¢**/R under the integral
sign. Hence, we have actually obtained the form of equation (16); for
the length of the antenna ! we obtain

0 EVE;
(16b) = = ool

Due to the meaning of & this length | [ ]| is of the order of magnitude
of the wave length 4, but it also depends strongly on the nature of the
ground; in the limit ¢ — oo we have ! = 0 as has been stressed before.

The same approximation method leads to an estimate of the order
of magnitude of fI,. We start from the first equation (12) and set
h =0aswellas u + ug~pg~—121~kn. We then obtain

III_—-%IIO(AT) e #?LdA = i;;[[u(}.r)e_“%
(16{:) W, LLIEY
o Eia_eftﬂ'
kndz R
Now we have
o e‘kR zd eRR g eikR rd e'*hB
iz R  RdR R ® o R ~ RdR E °

The ratio of these latter quantities is z/r, and hence is very small in the
neighborhood of the surface of the earth at a great distance from the
transmitter. According to(16¢) and (16a) — J7, and II, have thesame
ratio. Hence we have

(17) |11, < |17, |-

This fact has been mentioned before but is proved here for the first time.

The result is very remarkable: The primary stimulation II,
serves only lo give rise to the secondary stimulation II,. The trans-
mission at a distance is caused by IT, alone. Only in the immediate
neighborhood of the transmitter, due to the prescribed pole of 17,
does I7, have an effect which outweighs that of I7,. At a great
distance the field of transmission of a horizontal antenna has the same
character as the field of transmission of a vertical antenna, except for t-.he @-
dependence which indicates the primary origin from a horlzont.al
antenna. In both cases the signals for large distances are best received _w:.th
a vertical antenna; a horizontal antenna would be unsuited as a receiver,
since the horizontal component of the induced field is always sm_all
compared to the vertical component, even for a moderately conductive
ground.

These results are generally known in practice, but they can hardly

]
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be understood without our theory which takes the nature of the soil into
account.

We note that approximations (16a) and (16¢) can be considered
as the first terms of an expansion in ascending powers of the numerical
distance p. Just as we had to complement the term "R /R by terms
dependent on g for the vertical antenna, so now we must correct (16a)
and (16¢c) by terms dependent on g.

§¢ 34. Errors in Range Finding for an Electric Horizontal
Antenna

In navigation, range finding means the location of that direction
from which a signal reaches the receiver. As an ideal receiver for radio
signals we have the frame antenna, which was described at the end of
§31, and which will be investigated in greater detail in §35. We con-
sider the receiving antenna rotatable around a vertical axis. As for
navigation, we assume the receiver to be at sea, near the surface of the
earth. We assume the {ransmitter to be a horizontal antenna. Then,
corresponding to the directional characteristic of Fig. 29, we not only
expect maximal reception on all points of the z-axis for an z-directed
transmitter, but at every point (z,y) on the earth we expect a maximal
reception in the r-direction from which the signal comes, and no recep-
tion in the g-direction. In reality things are not that simple because,
in addition to the principal radiation of the order 1/r, the horizontal
antenna also emits radiation of the order 1/r%

In order to prove this last fact we have to carry the approximation
of the field one step further than we did in the equations of the preceding
section. Namely, equations (33.16a) and (33.16¢) yield diviI=0
and hence, since I, =0, for A = 0 and z = 0 they yield a field E,
perpendicular to the surface of the earth. We now compute Jiv 17
with greater precision. We obtain 7, from (33.12¢) with 2 = 0, and
IT, from (33.15) by setting 2 = 0 and replacing I; by # ;. Then we
obtain

art, . _az A2d2
P =*—GOS§O[H1(/1.T)8 # s
W
oI, 1 —pz B B—Hx 12
5 = cosq:le(J.r)e k*n*p-i—,u,;l di,
w
div Il =

- 1 B u—p .
—cong [ man e (i — ) wa
W
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and by a simple contraction:

- — p2di
dwﬂz-——cosq:fﬂi(}lf)e ;
" w4 niu - pg
2 s AdA
=COSQ?E;_‘[H(1) (Ar)e * T
14

According to (32.14a) the last integral is nothing else than the ZZ-field
of a vertical antenna divided by n®. Since we assume z = 0 we may
represent, this field by (32.22). It even suffices to use the first term of
(32.22), which we can write as

a e:‘tr

— O
(2) div I7T = é CoS @ =

r

It is now profitable to use polar coordinates. Then we obtain from (2),
if we neglect the terms with (&kr) 73,

R 2 & ek

grad, div /Il = E—dwﬂ = —5C0S @ = Er

2 k2 2\ efkr

g (1= 2)2
> 13 2 1 0 et*r
grad, dwﬂ—-—-—%dlvﬂw nsmtp-—-a_—r—

2k? sing et*r
- - b

n: 1kr r

and from (31.4) we obtain:
E,=cos@E_ 4 sinpE = k2cos ¢ I, + grad, divil,

(4) -
= —singE_-+4 cospE, =—k?singpll, { gl‘ad.,d-l‘-’ﬂ-

. E

@

We still have to estimate I7,. With the approximation in (33. 16¢)
we w oqld obtain I7_ = 0 for z = 0; a more exact computation yields,
if we again ignore the terms with (Ar) 73,

L
Hence we obtain from (3),(4),(5)
E,= 2?1.1:2‘:059)(1 iir) E‘:r’
E,—+ 3 Tor 7
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and thus, due to kr > 1,

2;:2 Elkr
Er = — F Co3 @

(6) T

4 }* sing e'*T

n 1kr r

E, =+

From this we conclude that for ¢ = 0 we have E, = 0 and that the
horizontal antenna field is in the r-direction. Therefore —

A rotatable frame antenna situated on the extension of the trans-
mitting antenna shows the strongest reception in the direction of the
transmitting anlenna, as we had expected from the start.

On the other hand for ¢ = 4 #=/2 we have

411:2 efkr

(1) E,=0, E, = — g5

A rotatable receiving antenna situated on the perpendicular to the trans-
mitting antenna shows a misdirection. In the position of maximal
reception the receiving antenna does not point in the direction of the
transmitting antenna, but in a direction perpendicular to it, which is
parallel to the transmitting antenna. However, the reception 1s very
weak, being of the order 1,/7?; this explains the fact that in Fig. 29, where
we considered only terms of the order 1/r, this reception was zero.

Generally we may denote E, as ‘‘correct direction” and E_ as
“misdirection.” The latter, as in (7), is entirely due to terms of the
order 1/r2,

For an arbitrary ¢ the “relative misdirection’ in our approxima-
tion is, according to (6),

By
E,

= Ei;fsll.n
— kr ¥ -

It increases to infinity as @ approaches z/2, which means that for that
value the correct direction vanishes, corresponding to E, = 0 in (7).

The practical engineer is in error if he considers such misdirections
the result of mistakes in the construction of the transmitting or the
receiving antenna. As we have seen these misdirections are in the nature
of things. Certain other misdirections called “‘after effects,” which are
due to reflections on the ionosphere, will not be discussed here.

§ 35. The Magnetic or Frame Antenna

The frame antenna can be used not only for range finding but also
for directed transmission. In both cases the plane of the loop is taken



268 PARTIAL DIFFERENTIAL EQUATIONS $ 35.1

perpendicular to the surface of the earth and the normal to this plane
will be taken as the z-axis. For rectangular forms the loop consists of
two pairs of coherent vertical and horizontal antennas of opposite phase,
similar to the scheme in Fig. 30.

In §31 D we called such an antenna magnetic, no matter what the
shape of the loop. Our frame antenna, which is situated in the y,z-plane,
1s equivalent to a magnetic dipole in the _z-direction; 1ts primary
action can be represented by a Hertz vector I7 , = IT,. Due to the
presence of the earth this Hertz vector becomes a general vector J7.

The relation between ﬁ and the electromagnetic field In a
vacuum Is the same as in (31.4), but we must replace E, H, &, #y by
H, —E, f49, & In fact this interchange transforms the Maxwell
equations (31.5) into themselves. Thus, in a vacuum, as counterpart to
(31.4) we have:

—r kﬂ

(1)  H=RII+grddivll, — E= _culll = — pgi curl If

and in the earth, as counterpart to (31.7) we have:

— — 2 -
(2) H = k3 IT } grad div IT; —E=£:‘—Ecurlﬂ,
where we have as before:
(2a) ke = epgw? +iopugw, k%= gy, w? = w?c?.

The vector II again satisfies the differential equation (31.3). _
The boundary conditions for z = 0 force us to consider II as a
vector with two components

I = (1., 11,).
just as in the case of the electric horizontal antenna. Indeed, we have
oIT, oI,
(3) I, =11, 5, (4) = = 3 2

due to the continuity of Ey, s

5) div T = div [, 6) BII, =} 1T,
due to the continuity of Hgang-

Hence, we have two conditions (4) and (6) for II,, apd two furthqr
conditions (3) and (5) that determine I7, from the known IZ,. Condi-
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tions (4) and (6) are exactly the same as the conditions (32.7) for the
vertical antenna. Hence, we can apply the previous representations
(32.9) et seq. directly to our II,. Written in the form (32.14a) as special-
ized for h = 0, these representations read:

[z 2 A1dA
I7T, fH (Ar)e” ﬂfy o

(7)

AdA
+up2
IE__-/‘H (Ar)e np+ pg’

For the same reasons as in the case of the electric horizontal antenna,
we write JZ, in the form (33.13) that contains cos¢@ . However, due
to condltlon (3), the functions @ and @g will now be equal; their
common value is determined from (5):

Y l ud A
ntyu + pp K
Hence by setting ~ = 0 and replacing I by H we obtain from (33.15)
n,=— “””[Hl (A1) e * ;‘#__l{‘;g Azda,
(®) cosrp Hz
I, = jHl (A7) et az? — naﬁ - 22da.

However, in contrast to the electric horizontal antenna, we may now
neglect H as compared to II,, so that in the discussion of the field
and of its directional charactenstm we shall consider the component
IT, alone.

According to (1) we then have

. oI, oIl

Now we obtained the first line of (7) from the representation (32.14a),
which for small numerical distances was approximated by (32.23).
Applying the latter to (7) we obtain

Eil:ﬂ

(10) I,=25— 1+ -, R=Vr+ 2.

This agrees with the representation (31.20) for an infinitely conductive
ground. From (9) and (10) for z = 0, we now obtain

ﬁiltr ' eil'r
= 2 W % —
;= — ‘uozm

E,=E, =0, E

For the directional characteristic in the sense of p. 261 we obtain

(11) VE — Msing,
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where E is the radiated energy and M is the maximum of I/E that 1s
radiated in the direction ¢ = -+ /2 (M is proportional to r').

We compare (11) with the elongated directional characteristic for
the horizontal antenna in Fig. 29. The two curves are identical except
for the interchange of sin @ and cos ¢, in accordance with the remark
at the beginning of this section about the current in the frame and the
horizontal antenna. The interchange of sin ¢ and cos ¢ 1s obviously
due to the fact that while our horizontal antenna had the direction
of the z-axis the plane of our frame antenna was situated perpendicular
to the xz-axis.

Hence, the frame antenna has its maximal radiation in the plane
of its frame (p = X 7/2), just as the horizontal antenna has the
maximal radiation in its own direction (p = 0 and ¢ =x). Corre-
spondingly, the frame antenna has maximal reception if its plane 1s
situated in the direction of the incoming wave. Since this plane was
assumed throughout to be the y,z-plane, the signal for maximal reception
comes from the y-direction with dominating electric z-component (per-
pendicular to the ground) and magnetic z-component (perpendicular
to the plane of the frame). Then the electric z-component induces an
electric current in the frame or, as we may also put it, the magnelic z-
component stimulates the magnetic dipole of the frame. Thus, the frame
acts as a magnetic receiver, just as previously it acted as a magnelic
transmaitter.

Incidentally, in range finding we do not try for mazimal reception
but for minimal reception, which yields the more precise measurements,
as in all zero methods of measuring in physics. The frame is then In
the z,2-plane instead of the y,z-plane. The normal to the frame then
points in the y-direction, i.e., in the direction of the incoming signal.

§ 36. Radiation Energy and Earth Absorption

In discussing certain energy questions we abandon the domain
E, H of the field strengths that permit superposition, and turn to
the quadratic quantity of energy flow

S=[EH]

It now no longer suffices to consider the complex representation of the
field under omission of the time factor exp (—tw?); instead we must
multiply the real field components themselves. However, the complica-
tions which this brings with it can be eliminated by averaging over space
and time. The mean values will be even simpler than our representation
of the field so far, since due to the orthogonality of the eigenfunctions,
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the Bessel functions drop out of the representation and are replaced by
more or less elementary functions.

Most important for our purposes is the total energy flow, integrated
over a horizontal plane in the air:

(1) S = f S,do = f (E, H,—E_ H,) do.

Corresponding to whether this plane lies above (z > /) or below (z < 0)
the dipole antenna (z = 0), we denote the energy flow (1) by S+ or S-.
Both S_ and S+ are taken relative to the positive z-direction. The
energy that effectively!! enters the earth in the negative z-direction is then
given by — S_, which, for the time being, is to be taken over the plane
z = 0. However, we sce that instead of this plane z = 0 we can use an
arbitrary plane z < h, and in particular the planes z = h—e e—0,
for the computation of S— (the space between two such planes 1s free
from absorption and there is no noticeable energy loss in the direction of
infinity). Since all energy which effectively enters the earth is trans-
formed into Joule heat, the function — S— at the same time represents
the total thermal absorption f the earth per unit of time. On the other
hand S taken over the planes z =h + ¢, ¢ >0, measures the total
radiation into the air above the plane z = A per unit of time. We call
S+ the effective radiation. Hence

(1a) W = S+ — S—

is the energy needed by the antenna per unmit of time if we can neglect all
energy losses in the antenna; or, in other words, it is the power needed
by the antenna (the letter W reminds us of “watt”). In the following
discussion we shall have to do mainly with this quantity W.

A. For the vertical antenna we had E,=0 and H,= 0. If
we denote the expressions for E, and Hy, which so far were complex,
by E,and H_ and adjoin the time dependence, then (1) written explicitly
becomes:

S =-}ff (E, e~'“t 4 EY e**") (H, et HY ety rdrdp.

Upon averaging over time the terms involving exp (£ 27w ¢) drop
out, and, if from now on we understand S to be the mean value, we
obtain

S ———-}f[(E,.H:-I-E:‘H,,)?‘drw.

1 “Effective entry’”’ means ‘‘excess of influx over outflux.” The outgoing
reflected radiation is of course automatically included in S—.
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Owing to the independence of the field from the ¢- coordinate we can
write this in the form

(2) S =* f(E,H:—[—Ewa)rdr:n Re{fEfH,Pr dr}.
0

0

o] &

For the computation of S+ we take E, and H_ from (32.3) and for
S - we take them from (32.4). These expressions differ only by the signs
of IT in (32.3) and (32.4). We obtain

prim
EH @
®) E, =50 = [L,(3n) f,(,2) AdA.
0
_ e —kr [
(4) Hy= o = iwofrl (7)1, 2) L dl,
with
(5) (A, 2) =+ Ae 1A  u F(A) e—HE+h)
(6) f2(Q, 2) = : e~#tlz=hl _ F (1) e~ E+M
1

where #(A) and F(l) are determined by (32.8). The fact that in (4)
and (6) we used a variable of integration different from A and hence
had to replace pu by yx, = Ji2—k2 , will prove useful in what follows.
Using (3) and (4), equation (2) can be rewritten as follows:

(7 £ 8.= Re{icf;‘f (4, z)ﬂ.dlofo;z(t, z)llemIl an I (Ir)rdr}.

7t k2

Here we can apply the orthogonality relation (21.92), which we write in
our present notation for the special case n = 1:

(8) FII(A?')Il(Zr)rdr=6(A[l).
0

Hence, the right-most integral in (7) vanishes sor all values of ! except
for I = A, so that the middle integration in (7) yielt‘is fa(A, 2) (see
the footnote on p. 111). Thus (7) reduces to the simple integral

©) e 5. = Re{i [ 110,01 9) 2 ).

A further simplification is obtained if we let the planes- 2 = h+te
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approach the position of the dipole antenna, that is

z—h|l=e<Lh, 2+ h~2Fh
Then 1nstead of (5) and (6) we have
(10) L) = +Ade " +uF@)e?H,
(11) fod) = — L e~# — F(d) e=*+".

The product f] (A) fo(4) in (9) is thus the sum of four terms. However,
when we pass to the difference S+ — S- only two terms remain, namely,
those that correspond to the two signs of f{(4) in (10). Applying the
definition (1a) we obtain

(12) 2% W=Re l_ | e—<ﬂ+*’“’%{5}+ Re{—i[F().) e-“uw],
0 0

where due to g < k we may neglect u® ¢ as compared to 2 u k& in the
exponential function under the second integral sign. The first integral
in (12) is easily evaluated. For A > % both g and, of course, -+ u*
are real. Hence the real part of — 2 times the integral from k to oo
vanishes. Only the integral from 0 to k in which we may pass to the
limit € = 0 remains. Using the variable of integration g instead of 4
we obtain!?

k 0
(13) Re {4[“"’“}: Re {—1: [+ ) dp}=§’ﬂa-

0 ¢ —ik

Concerning the second term in (12) we first consider the term FQ)=24/p
in (32.8) which does not vanish for |kg| = oo , and thus compute:

g un A
(14) Re {— ufe z hT]

Due to the real character of g for 4 >k we again need consider
only the integral from A=0 to A=£%. Written in terms of the
variable g , with the abbreviation { = 2% k (14) becomes

0 d2 \ ef¢ —1
Re | —2 fe-nut (%2 + ©2) dy\ = k3 Re (1 + d{') T (-
—ik

12 Due to the sign of g we must follow the prescriptions concerning the
“permissible sheet of the Riemann surface’’ in Fig. 28.



274 PARTIAL DIFFERENTIAL EQUATIONS § 36. 15

By evaluating the real part we obtain:

sin ¢ d? sin{\ sin{ — { cos{
L LRI =]
Combining (12), (13) and (15) we have
2 ks /2 sin{ —{cosl | _
(16) W= IW__(-g--|-2 z ; K), {=2khn,

where K stands for the remaining contribution of F(A) for|kz| == oo,
which was not yet considered in (14), namely,

(= =)

_i . 2 ug —2uh l’d;l}
(17) K=+ Re {zofﬂ’p+p; e = J"

In connection with (16) we note that the first two terms on the right,
which are independent of the nature of the ground, could have been
deduced with the help of the apparatus of §31. However, the correction
term K can be computed only with the help of our complete theory. We
defer the discussion of these formulas to Section C.

B. For the horizontal antenna the formulas become more com-
plicated due to the combined action of IZ, and IZ,, but with the help
of the orthogonality relation (8) we finally obtain simplifications similar
to those obtained for the vertical antenna. We shall merely outline the
necessary computations. Instead of (2) we now have

(2a) S =3 Re [[(E, Hy—E,H})rdrdy

and instead of (3) and (4) we have for the time being

-3

- . 1 2 ;4.
(3a) E, = k2 cos ¢ 11, + %divﬂ, E,—= —k:sin@ll, + —;——dwﬂ,

— 2 — k2 X 31]": 1 ]]"
(4a) H.p—ipukm( cosqazf’ : z‘?‘ , H"=ipum( = —£).
Since, according to (34.1) and (33.15), div I and 7, are proportional
to cos¢ while according to (33.12) II, is independent of ¢, We
conclude from (3a) and (4a) that E, and H, contain the factor cos @,
while E, and H, contain the factor sing . We then can carry out
the integration with respect to ¢ in (2a), and instead of (7) we cbtain a
triple integral with respect to A, I and r that has a somewhat com-
plicated structure. However, if we form the difference W = S+ — .S -
then the formulas become much simpler, since only the term that arises
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from the primary stimulation 77, has alternate signs. If we also use
the Bessel differential equation for the elimination of the derivatives of
I,, then we obtain

(5a) 'T_I;._ RE{_iufﬁ-dﬂA[‘!‘{dl e'_!p"f rdr Ig(Ar) I, (I7)}

-H‘E -
0

2 k2
}l

22 (e=# — e=2hK) 4 9 M—2ppy —2hu

(6a) 4= niu+ g

where & is as before. Due to the orthogonality relation (8) this
reduces to the simple integral :

(?a) —— = RE{—-?:IE_EP.AE(IA}.
0

=kc

The integration of the term in (6a) that is independent of kg can again
be carried out as in (13) and (14), and again we need consider only the
interval 0 << 2 <<k . Thus, instead of (16) we obtain

, 2mkb/2 sin £ sin{ —&cosl | \
(162) W=""(3 -+ +1L)
where ¢ is as before and
1 ‘ m—z hlpppg—A
(17a) L=—$Re{zﬁlfe # . Adiy .

The expression (16a) is free of Bessel functions, just as (16) 1s (see
the beginning of this section). F. Renner has drawn my attention to the
fact that the expressions (16) and (16a) can also be obtained by a process
that may be more familiar to practical engineers, and that we shall
discuss in exercise VI.3. However this process yields only the power
W = S; — S_ and not the values of S+ and S- separately, and the
latter are of considerable practical interest.

C. Discussion. We first consider the principal terms of the equa-
tions (16) and (16a), neglecting for the time being the correction terms
K and L:
sin{ — {cosl

- ’

sin{ |, sin{ —{coss

— tT @

L2
(18)

BURICU RS

For ¢ —>oco they assume the common value 2/3. Dueto {=2Fkk
the limit ¢ = co is the same as h = o0 Indeed, for & = oo the
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earth has no influence on the radiation of the antenna and the vertical
and horizontal antennas must act in the same way. In both cases the
total power is transformed into radiation. Correspondingly the equa-
tions (16) and (16a) yield the common limit

47z K 47 kb

(18a) R pow 3 ppc’

This is identical with a formula given by Hertz'? for the radiation of his
dipole (freely oscillating in space). We note that the factor k* corresponds
to the reciprocal fourth power of the wavelength in Rayleigh’s law of
scattering, which does actually arise from the superposition of a large
number of distant dipoles that are distributed over the atmosphere and
that are stimulated to radiation by the incoming sun rays.

If we expand the expressions (18) in ascending powers of { and
then pass to the limit 2 = 0 so that the expansion breaks off with the
term {9, then we obtain:

(18b) § + g +eee = :—; = 2. %- for the vertical antenna,
2 1 2 ‘
3~ 1+ 3" "= 0. 3 for the horizontal antenna.

We can better understand the factors 2 and 0 on the right here with
the help of Fig. 27 in §31: through reflection on an infinitely conductive
earth the radiation of the vertical antenna doubles for 2 = 0, the radia-
tion of the horizontal antenna is canceled by its mirror image. However
we must remember that we have neglected the correction terms K and L
in (18). This disregard of K and L means that simultaneously with
passage to the limit %2 -0 wealsolet kg —>o0

Figure 31 gives a general representation of the expressions (18?.
Above the axis of abscissas we have marked the values of { below 1t
the corresponding values of . The figure shows that both for the vertical
and the horizontal antenna the passage to the limit 2/3 is through con-
tinued oscillation around this limit. The distance between the abscissas
of two consecutive extrema measured in the & scale is, for both cl,}rves,
approximately equal to half a wavelength; this corresponds to the }ntef-
ference between the incoming radiation and the radiation which 1s
reflected by the infinitely conductive ground. _

In addition, for both curves we have traced a first correction by

13 In the work quoted on p. 237; the formula can be found on p. 160 of l};is
collected works v.II. In comparing (18a) with Hertz’ formula we have to take into
consideration the dimensionality factor which will be determined in (22) below.
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broken lines as given by the terms A and L in (17) and (17a). The

value k/ | kg | = 1/100 that we use corresponds to the case of sea water
:
1
‘5}5 "
vV
i H
zh
Fig. 31. The power needed by a dipole antenna : ‘J‘H
for different altitudes h above the ground. L
V = vertical, H = horizontal antenna. the solid N
curves are for an infinitely conductive ground. 0 ﬂ. Z?T ‘iﬂ- 45
the broken curves are for sea water. Ny ;\/2 A h

for a 40-m. wavelength. We note that the ordinates of the broken curves
Increase steeply as k& tends to zero; of course for finite 2 the difference
in the ordinates from the limiting case %z — oo increases as kg de-
creases. We are dealing here with a quite complicated double limit
process, which reminds us of the double limit process in the Gibbs
phenomenon of §2: if we first let Xz = oo and then h — 0, we end up
with the finite ordinates 4/3 and 0. However, if we stop at a finite value
of kg and first let A — 0, then we end with an infinite ordinate which
remains the same if afterwards we let kg — o0.

What is the physical meaning of the infinite increase of W? It does
not add to the effective radiation S but gets lost as earth heat — S_. In fact
the Joule heat generated in the ground per unit of volume'* for a fixed
antenna current increases with increasing kg, whereas the effective
radiation remains finite. In order to prove this fact we should have to
discuss the formulas for S separately, together with the correction terms
K and L, and this would lead us too far afield.!®

D. Normalization to a given antenna current. We have developed
the entire theory of this chapter without consideration of the physical
dimensions of the quantities introduced. This omission must be cor-
rected now.

14 Since the volume in which Joule heat is generated decreases with increasing lk El
(skin effect), we see that despite the statement in the text there is no heat loss in
the limit |ky| — oo .

18 We refer the reader to the investigation by A. Sommerfeld and F. Renner,
Strahlungsenergie und Erdabsorption bei Dipolantennen, Ann. Physik 41 (1942),
where one also finds details concerning the concepts of radiation resistance and the
form factor for a finite length of the antenna, which are customary in technology.
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In the formula (31.1) we made the Hertz dipole factor equal to 1.
In reality this factor is a denominate number, whose dimension is ob-
tained from the relation between If and E in (31.4). According to
(31.4) IT has the dimension E X M2  Since, according to (31.1),
IT would have the dimension 1/r, which is the same as M "1, we obtain
for the coefficient of IT , which we set equal to 1, the dimension E X M3,
We compare this tactor with the Maxwell dielectrical translation
D = ¢E, which has the dimension of charge per unit of area, that is
Q/M?, where Q is the dimensional symbol for charge (see p. 237). Hence,
written for the special case of the vacuum, we have the dimensional

equation:

(19) QE=-2, hence EM=9

€p

where QM is an electric momentum that we set equal to el. In Hertz’
original model e was the charge of one particle which oscillated with

respect to a resting charge — e and beyond it.
Now what takes the place of this momentum in the case of the short

antenna described on p. 237 that is loaded with end capacities? The
current j, that flows in the antenna must by assumption be constant
over the whole antenna at every moment. We write it in the form:

(20) ?'t.—_-jsinmt=f Re{ie-im‘}.
The corresponding charges of the end capacities shall be

e,=ecosw?t and =-—ecoswt.

According to the general relation

we must have @ = j/w. At the time ¢{ = 0, when the current is zero,
the charges of the end capacities are == e. Since these capacities are :?.t
the distance ! of the length of the antenna they represent an electric
momentum of magnitude

2
(21) el=".
We have to substitute this product el for the momentum QM in (19).

In addition we have to append to (19) the factor /4= obta:ined fr?m the
comparison of the field (31.4) in the neighborhood of the dipole with the
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field of the antenna current. Thus we obtain for the dimensionality
factor to be appended to our IT:

(22) L

Both the radiation S and the power W must be multiplied by the square
of this factor. Using the relation

w 1
-.-.—,:c

K - V'Fu Ho

we obtain instead of (16)

(23) W=g kel 1/;15?*2(%4-2““"3"55““54_1().

This formula gives the power in watts i a dimensionally consistcn

manner. Indeed, #o has the dimension of resistance and the numer-
€9

1cal value 1207 = 377£. In our system, which is based on the unit of
electricity @ = 1 coulomb, j is to be measured in amperes. Since Al
has the dimension zero, W is expressed directly in units of power:
QA2 = watt.

After multiplication by the same factor, equation (16a) for the
horizontal antenna becomes dimensionally correct; we find

1 He oo 2 sin & sinf— ¢ cosé
(23a) W:S——-ﬂkzlzl/gfjﬂ(g = 2 + L).

Appendix

Rapio WAVES ON THE SPHERICAL ICARTH

The earth will be assumed to be totally conductive (e.g., everywhere
covered with sea water). We are dealing with a vertical antenna near
the surface of the earth. The direction of the antenna is taken as the
axis ¢ ==0 of a polar coordinate system r, &, ¢; the distance of the
antenna from the center of the earth is denoted by r¢; the radius of the
earth by a < ro. The field then consists of the components E_ E, H,
and is independent of ¢. We now want to deduce this field from a
scalar solution u of the wave equation.

The Hertz vector I7 is not suitable for the representation of this
field, since it satisfies not the simple wave equation A4IT + #31T= 0, but
the more complicated form (31.3b) which holds for curvilinear coordi-

nates. It is more convenient to start from the magnetic component
Hy= He tot
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Using the second equation (31.5) we compute E, ;= E, oe *%*
from H

1 @
rsin & o0&

(v

(1) —iwe B, = (sin9H), iweoBp= —

a_(fH);

then, according to this scheme and from the ¢-component of the first
equation (31.5) we obtain

d 0 1 o2 10 1 @ .
) = — —— E = — H):.
topgr H = or (r Ep) %E'h 1 we {arz(fm"l' r aﬂ'sinﬁaﬂ(sma )}

Hence H satisfies the differential equation

a2 10 1 o . 2
@) o5 (PH)+ — 22— = (sin 9H) + K r H=0.

We can transform this equation into the wave equation Au + ku=10
by making H proportional to 2u/e® ; for convenience we set 1n
particular

(2 4) H=£m£ﬂ%.

Then (2) becomes

2
(3) fwegr {13”" 1 ¢

29 | r ore + r2sin B o9

The first two terms in { } are equal to 4u according to the above
mentioned scheme. Hence if we choose u as a.solution of

(sinﬁg—-; +k216}=0.

(4) Au+ Pu=0

then according to (1) and (2a) the electromagnetic field 1s completely
described by

ou
1 @ (. o9u 1 (ru) H—iwe =z-
() B, = rainﬂ&ﬁ(smaﬁ)’ Eo= T 250r a9

The boundary condition Es=0 on the surface of the completely
conductive earth is satisfied if we set

(b a) g—;i-=0 for r=a.
In addition we have the condition that u is to behave as a unit soyrce
at the point r=1r,, # =0, which means the existence of a radially
directed dipole of the E -field.

In this form the problem can be solved according to the methc_}d of
§28 with the equation (22) of that section for G(P,Q), the oply dlﬂ'er;
ence being that then we had the boundary condition u = 0 instead 0
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our present condition (5a). However, this implies only a change in
the constant A. Whereas from (28.18) and the condition u = 0 we
obtained the value (28.18a) for A, we now obtain from (5a)

%
(6} Az—{g;rl‘pn(k?')//a_fcﬂ(k?)}

r=d

where here and in what follows £, stands for ¢].

From the solution (28.22) modified in this way we first deduce the
simplified formula for the limiting case r, = a, in which the antenna
1s directly on the ground. From (6) and (28.18) we obtain for this case

Yo (ka) + kay, (ka)
kry) = u, (ka) =y, (ka) — — "o 2" < (k
un( rn) H“( l.'.]} wn( n] {n{kﬂ}—{—k{l;;{kﬂ) ‘:-n( EI}
Ya(ka) o (ka) — & (ka) yy (ka)
Ealka) + ka Ly (ka) '

= ka

According to exercise IV.8, equation II, the numerator of this fraction
reduces to 7/(ka)?, so that if we abbreviate the denominator by £, (ka)
we obtain

(6a) u, (ka) = E,(ka) = C,(ka) + ka i, (ka).

Substituting this in the first line of (28.22) we obtain for &, which is
our present u:

ke

471

— Cy (K1)
ﬂ;; 2n + 1) P, (cos ) Eka)’

(7 @ =

This equation holds for all values ¢ <r < oo and 0 < & < x; the do-
main of validity of the lower line of the same equation (28.22) has
now reduced to zero. This result (7) agrees with the previous treat-
ment of this case by Frank-Mises (except for a factor which depends
on our present definition of the unit source). In addition, the results
there for arbitrary earth can be deduced here by a suitable extension
of §28 (continuation into the interior of the sphere instead of the
boundary condition on the surface).

If, further, we wished to treat the korizontal antenna on the spherical
earth, then we should have to introduce, in addition to u, a function v
which arises from the interchange of H and E, and we should obtain
a representation for » that is similar to (7) but somewhat more
complicated.!s

However, the convergence of the series (7) 1s very poor, like that

18 This was done by P. Debye in his dissertation, Munich 1908; Ann. Physik 30,
67 (1909). See alzo Frank-Mises, Chapter XX, §4.
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of Green's general representation in Chapter V. In order to see this
for the present case we merely have to note that because of the ratio
of earth radius to wavelength the numbers ka and kr are >1000. As
long as n is of moderate magnitude, Hankel’s asymptotic values for ¢
are valid and they show that the ratio ¢,/&, in (7) is nearly independent
of n. We should have to use more than 1000 terms of the series until
the Debye asymptotic approximations (21.32) became valid; and only
the latter can bring about a real convergence of the series.

In order to obtain a usable computhtion of u, we apply a method
which was first applied successfully to our problem by G. N. Watson,'’
and which we shall find to be connected with the method developed in
Appendix IT to Chapter V. Namely, we transform the sum (7) into a
complex niegral.

To this end and on the basis of the relation

P, (cosP) = (—1)* P, (—cos ).

which is valid for integral (and only for integral) n, we first rewrite the
series 1n (7) in the form

o0
{8) 2 1) (— 1)» _ tn(kr)
;G'( n+ 1) (— 1) Py (—cos ) 270

We then replace » by a complex variable » and we trace a loop A
in the »- plane of Fig. 32 that surrounds all the points

(8a) v=0,1,2,3,...7m,...

B A
ret }\(
] T
4= Y4
B A

1 axis. The curve B runs

Fig. 32. Deformation of the loop A around the rea
between B and A

parallel to the imaginary axis of the y-plane. The connection C
must be considered situated at infinity.

17 Proc. Roy. Soc. London 95 (1918).
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1n a clockwise direction. Over this loop we take the integral

21’—'—1 &r(kf)
) fm Py (—cosd) ey @

which is obtained from the general term in (8) by interchanging n and
y , suppressing the factor (—1),, and appending the denominator
sinyxz. As on p. 215, P, does not stand for the Legendre polynomial,
but for the hypergeometric function

(9a) P,.{:t:}=F(—-1r,v+1, 1,1—;—:’:)

(which is identical with the Legendre polynomial only for integral » ).
Now the integrand of (9) has poles of first order at all the zeros of ginv 7 ;
the zeros that lie inside the loop A are the points (8a) and in the
neighborhood of the point ¥y =2 we have as a first approximation:

pinyn=snnnan+ (v —n)nrcosnn = (— 1)*n(vy— n).
Hence the residue of the first fraction in (9) becomes

2n 4+ 1 n
“2ia O
and by computing the integral (9) as —2a¢ times the sum of all

residues we obtain

n Cn (KT)
(10) —Z(?n+1){—1) P(——cas:‘}}én(k "t
which is identical mth (8) except for sign.
The next step consists in a deformation of the path A. We note
that the hypergeometric series in (9a) is a symmetric function of its first

two arguments. Hence we have for all (including complex) indices »:

(11) P,=P_,.,.
With the notation

(11a) v=26—1%
equation (11) becornes

(11b) P,y =P_,;-

Hence P,.; is an even function of s.

This also holds for the last factor of the integrand in (9). In order
to prove this we start from the representation (19.22) of H', which is
valid for arbitrary indices; if we denote the index by s we have:

B (@) = L [esore gotom g,
W,
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If we replace w by —w, s by —s and reverse the orientation of W,
we obtain:

Hl—s ({?) _ %fﬁiecosw Eis{w-ﬁ-n)‘ﬂ}dw _ Eis:: H!H (Q)'
I,

If we multiply this equation by }/a/2e and use (21.15) in order to
pass from H to ¢ then we obtain

(11c) $os-y (@ =€ {4 (0)
The same relation holds for the quantity .z (k4) of (6a):
(11d) $.s-3 (ka)= €7 &, 4 (ka).
By division we find that the quotient
(12) C:-'} (k)
E:-i {kﬂ_}

is also an even function of s.
Finally the first fraction in the integrand of (9) written in terms

of s is
238

—2icossmw’

(13)

and therefore 1s an odd function of s.

We now deform the loop A into a straight line 13 (which is parallel
to the imaginary axis of the »- plane and passes through the point
s =0,ie., v= —%%) and two paths C (which are at a great distance
from the real axis and, so to speak, join the ends of B with those of A).
The poles that have to be considered in this connection will be discussed
later. For the moment we show that the integrals over the paths B
and C vanush,

For the path B this follows directly from the odd character of the
integrand of (9) as written in terms of the variable s. In order to show
the same thing for the path C we investigate the factor /& of the
integrand for large values of ». We start from the series (19.34)

_ (e/2y
I,(0) = o+ 1)

where all the terms indicated by ... can be neglected for [v|>e.
According to Stirling’s formula we have

I'lv 4+ 1) = '/2:.':1.! e~ "y,

hence 1 eo\r
I,(0) = ;
@) V2 =y (2 :r) ’

1—=-°),
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and for general complex »:

1 eg \-V
4 1-‘! = — T -
(14) 0 = = (_21_)

From this follows:

2w
O (ay (fr_g) |
I_,(e) v

This last quantity approaches zero if the real part of » appivaches
plus infinity. Hence, in the representation (19.31) we can neglect I,
as compared to I.,. If from H, we pass to

Cr = I;‘ ;‘é H#«l—}

and from Z,(kr) we pass to the quotient of two - functions, then,
from (14) we obtain:

r+1
(16) 7 Cy(kT) _ (E) _
Ly(ka) r

Since a'r < 1 the quantity in (15) vanishes if the real part of v4+1
approaches plus infinity, as is the case on both parts of C. The same
statement holds for the quotient ¢,(kr)/&,(ka), which according to (6a)
and (14) can be written in the form

E,(ka) =L, (k a}[l +o 22
¢yle)
From this we see that the third factor of the integrand in (9) vanishes.
The first factor vanishes due to the denominator sinvz. The fact
that the second factor vanishes follows from (24.17) which holds for
an arbitrary complex index of the spherical harmonic. Hence our
original path A can indeed be deformed through the infinite part of
the half plane in which the real part of v is positive.
However, in this deformation the path cannot cross the poles of
the integrand:

} = L, (ka) [—v).
o=ka

(15a) Eka)=0. v = yy,v;,Vay+

We shall now investigate their position more closely. For the neigh-
borhood of the m-th root we write:

ok,
(16b) E(ka) = (v—vp) ny(ka), Ny = (al’ )rnvm .
Then by forming residues we obtain from (9)
(16) x> 2v+1 b sty D

sinr7w ny (ka)

Fe==V¥y, V1,554«
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Now, except for sign, the integral (9) is identical with the series (10)
and the latter in turn is identical, except for a constant factor, with
the solution (7) of the sphere problem. Hence the series (16) also
represents the solution of the sphere problem, and suppressing the
immaterial constant factor we may write:

2v+1 o (k1)
17 _ . .
(17) %= ; R P,(— cos®) T

We see that the passage from the series (7), which is summed over
integral n, to the series (17), which is summed over the complex »,
1s obtained by forming residues in a complex integral twice.

Before we proceed with the discussion of (17) we return for a
moment to Appendix II of Chapter V. There, too, we were dealing
with a series summed over integral n and one summed over complex
non-integral », namely, the series (1) and (3). We now show that
there, too, the identity of the two series can be proved by forming
residues in a complex integral twice. Written in analogy to (9) this
integral is

2 1

252;—#3 Py (— cosd) u, (k, 7o) &, (kr)dy r>"fg,
a9 2v+1

2isinvym P"(_—cma) :y (k"ﬂ)“r (k, r) dv r<Tfg,
with ay (k1) = 2 (k7) &y (ko) — y, (ka) , (k-r)_

Sy (ka)

We see that the poles of the integrands under consideration are the
zeros of the denominator

(184a) Ly (ka)=0, v=1v, ¥3, V35 coe Vpy + s

which is common to the functions «, (k,r) and %, (k,r). The corre-
sponding residues of 1w, (k,r) and «, (k,ro) are

agpy P EALEN g _wkabEn
nw (ka) Ny (k@)
where, in contrast to (15b), we have
gy
(18 c) ’?’ - E V= l'm'

The original path of integration for the integrals in (18) is a_gain the
path A of Fig. 32. As in that figure, we can deform the path into the
sum of the contours around the points » = »,, v, ..., since here too the
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paths B .C make no contribution to the integral. Thus we obtain as
the common representation for the two integrals (18)

2y 41 v, (k a)
19 - P, (— y (k s kr).
(19) Z 2isiny v (— cosd) ny (k@) S (B70) &y (1)
It can be seen that this coincides with the series (9), Appendix II to
Chapter V, by considering the relation (II) from exercise (IV.8)

¢, (0) v, (@) — &, (0) vy (0) = £/0?,

This relation yields the fact that for ¢ = ¥a and ¢, (ka) = 0 the quantity
v, (ka) is inversely proportional to &, (ka).

Thus the novel series of Appendix II can be derived by complex
integration from ordinary series summed over integral n. In particular,
this derivation shows the mathematical reason for the remarkable fact
stressed on p. 217 paragraph 1, that the two n-series which are different

for r Z ro merge into the same »-series (19).

In order to conclude our discussion of the spherical earth problem
we must first show that the roots (15a) lie in the first quadrant of the
v-plane (just as the roots of (18a) ). In (15a2) we had the roots of the
transcendental equation:

(20) &y (kﬂ:‘= (o +9C;}g=kn= 0.

For ¢, we again must use the special trigonometric form (1la) on
p. 218 (both saddle points of equal altitude), since, for the general
exponential form of &,, equation (20) can have no roots at all. Hence
we can take d¢,/do from (1le), p. 219. We then obtain

) . : : 7
Vo (sinz + @ sin & c082), z=p(sinx — x COs &) — —.
ol sin «

(20a) ¢, (ka)=
Due to the quantity ¢ = ke the second term in the parentheses (20a)
is dominant. Hence, the roots of &, = 0 (in contrast to the roots of
Z,=0 on p.219) are given with sufficient accuracy by

(20 b) cosz = 0, Z = —»(m—[—%):m sin z = (— 1)™.

From this we obtain, in analogy to (21.40),

(21) r=(_)cu5r:x=ka(l—a—;)=ka{1+%(4m+1)*(43;;

)* et n}a} ,

so that to each m = 0,1,2, ... a root », does indeed correspond in
the first quadrant of the v-plane.



288 PARTIAL DIFFERENTIAL EQUATIONS

Since the absolute values of the v, are large numbers (because
ka > 1), we can compute P,(—cos®) in (17) from the asymptotic
equation (24.17). This equation can be written in the form

Pr(_cnﬂﬁ)z—V 1 e-f(!’*i){ﬂ-ﬂ'}ﬁ'iﬂf‘_

2 ;tvein 9

if we neglect an exponentially small part. With the same accuracy
we have

pinve =e~¥v72¢,

Hence we can write in (17)

(22) P#(_EDSﬂ) — -V 2i e‘{p"-i)ﬂ‘

siny 7t 7T ¥ 81N

We now specialize the factor ¢/y in (17) to the neighborhood of
he surface of the earth, that is, we set r = a. According to equation
(11a) on p. 218 with sin z = (—1)™ we now have

)
by = o Vsin«x

(— 1™

and if we restrict ourselves to the principal term of (20a) we obtain
from (15b)

— 1t
o }/sin &

oz
— _— i — 1y — .
Ty (— o sin & ( ’)z

In analogy to p. 219 we have &/&v = — «. Hence,

3 1 1 1
(23) Sr — ~ .
Mo pxsBina kaasino ke o

Substituting (22) and (23) in (17) we finally obtain

(24) % == K?j E"_"‘ 1 S+ 42,

ke <~ Ynvsind

The last factor «—? depends on the index of summation m; in fact
we have as in (21)

37\
2 i ] -24n/8
x (¢m + 1) (41&&) €

In the first factor under the summation sign of (24) we may replace
» by the first term of the last member of (21), which is independent
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of m. Thus (24) simplifies to

(2b) u=---(sind)t N (dm 1) Teitrm+h 9
where the terms which are independent of m and # are denoted by . .
In our original series (7), summed over n, we would have had to con-
sider more than 1000 terms. In our present series, summed over m,
convergence 1s so rapid, due to the exponential dependence of the
terms on tv,,# and to the increase of », indicated in (21), that we
may break off at the first or second term. Because of the positive
imaginary part of » the increase of »,, indicates an exponential damp-
ing of the radio signals with increasing distance along the surface of
the earth; the factor (sin®)~* indicates an increase of intensity at the
antipodal point # = = of the transmitter.!3

We have omitted all numerical details since our formulas aic of no
importance for radio communication due to the predominant role of
the ionosphere. However, our formulas are of interest for the general
method of Green’s function in Appendix II to Chapter V and they
show the power of this method for a special example.!®

®* The apparent infinity of (22) for # = m contradiets our general condition of
continuity, but this need not disturb us since the equation (24.17) which was used
in (22) loses its validity at the points # = 7 and & = 0. A more precise investiga-
tion of the point 9 = 7 leads to a kind of Poisson diffraction phenomenon of finite
intensity (see J. Gratiatos, Dissertation, Munich; Ann. Physik 86 (1928)).

191 wish to mention the fact, communicated to me by Mr. Whipple on the occa-
sion of a friendly visit by English physicists, that Watson's results can be deduced
directly without the use of complex integration. I may venture the guess that the
particular physical considerations which were made for this case are contained in
the general method of our Appendix II to Chapter V.



EXERCISES FOR CHAPTER 1

I.1. The position of the maxima and minima wn special Fourter
approximations. Show that the extrema of the Fourier approximation

SQH_1=sinm—|-%-sin3a:+---+2n{_15in(2n—1)$

lie at equal distances, and that except for the extremum z = #/2 which
is common to all S, they lie between the extrema of Sy, 4;.

I1.2. Summation of certain arithmetic series.  Compute the higher
analogues to the Leibniz series (2.8) and to the series 2,, 2, in (2.18).

I1.3. Ezxpansion of sin xz in a cosine series. Expand sin z between
0 and 7 in a cosine series,

a) by considering sin z continued as an even function in the
interval —ax <z <<0 | or

b) by substituting b = 0 and ¢ =&« 1in (4.5).

I.4. Spectral resolutions of certain simple time processes. Compute
the spectra of the time processes which are indicated in Fig. 33a and 33b
from their Fourier integral and represent them graphically. In the
same manner compute the spectrum of a sine wave sin 2 & ¢/r, whichis
bounded on both sides and which ranges from ¢t = =7 to t = +T
where T=n7 (Fig. 33c), and deduce from this the fact that the
width of a spectral line varies inversely with its life span. An abso-
lutely sharp, completely monochromatic spectral line would therefo?e
need a completely unperturbed sine wave that extends to infinity In

both directions.

1.5. Examples of the method of complez integration. Give the
reasons for the result of exercise 1.4a (Dirichlet discontinuous factor) by
the method of complex integration; also, resolve the spectrum of the
sine curve bounded on both sides into the spectra of two waves that

are bounded on one side.

I.6. Compute the first Hermite and Laguerre polynomials from
their orthogonality condition by the method applied to spherical har-
monics, normalizing so that the leading term of H,(z) is (2z)" and the
constant term of L, (z) is nl.

For the definition of these polynomials see the table on p. 27.

290
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EXERCISES FOR CHAPTER 1II

II.1. Elastic rod, open and covered pipe. Compute the transversal
proper oscillations of a cylindrical rod of length I, which is clamped at
z = 0 and oscillates freely at x = [, and compare them to the proper
oscillations of an open and a covered pipe.

11.2. Second form of Green’s theorem. Develop the analogue to
Green’s theorem, see v.I1, equation (3.16), for the general elliptic dif-
ferential expression L(u),

a) where L(u) is brought to the normal form,

b) in the general case.

¢) Investigate the conditions under which the boundary value
problem becomes unique for a self-adjoint differential expression L.

We may restrict ourselves to the case of two independent variables,
for which Green’s theorem is

fudvdu+f(gradu,gradv)do f-u—ds

I1.3. One-dimensional potential theory. Determine the one-dimen-
sional Green’s function from the conditions

0 < ¢,
a) ﬁa_:(} for =
dz? E{xsls
b) G =0 for z=0 and z =1,
c) ﬁ ___Z,_i_ — 1 and G continuous for z = £ ,

and apply it to the (obviously trivial) solution of the boundary value
problem:

d2u u_—"uu ft)r:l': = O_,

' r 0<z<l
777 = 0, u continuous for U= {u —w, forz=1
Condition ¢) means “yield 1”’ of the source of G which is situated at
Z=§&; G4 is the branch z > &, G- the branch =z < & of G.

I1.4. Application of Green’s method which was developed for heat
conduction to the so-called laminar plate flow of an incompressible viscous
fluid. We assume the flow to be planar and rectilinear throughout; this
means that it is to be independent of the third coordinate z and directed
in the direction of the y-axis. The velocity v then has the single com-
ponent v, = v, which, due to our assumption of incompressibility, is
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independent not only of z, but also of y, so that the quadratic con-
vection terms (v grad) v vanish. The Navier-Stokes equation for » is
then according to v.II, equation (16.1)

ov v 1 op .
(1) ot ka:ﬁ - g o0y’

where &k is the kinematic viscosity; the right side is independent of z
due to the corresponding equation for the vanishing z-component of
velocity, hence it is a function of ¢ only, say a(¢).

The flow is to be bounded at z = 0 by a fixed plate, which is at
rest up to the time ¢ = 0 and thereafter is in motion with the velocity
vo(f). Due to the adhesion of the fluid to the plate we have for x = 0:

0...t£0,
(2) V =
Vo (t) ...t >0.

For the linear Couette flow (see v.II, Fig. 19b) we would have to add
further boundary conditions on a plane that is at rest at a finite dis-
tance from x = 0. However, for the sake of simplicity, we shall con-
sider this plate situated at infinity. The limiting case obtained in this
manner is known in fluid dynamics as plate flow. For this flow we have,
in addition to (2), the condition for z = oo:

(3) v =0 and p = po (independent of y).

From this it follows that a(f) = 0, so that (1) goes over into the equation
of heat conduction.

We are thus led to a boundary value problem, which is a specializa-
tion of the problem illustrated by Fig. 13 only in that we now have
1 = o and ro = 0, and is a simplification of that problem because in
the initial state in which the plate and hence the fluid are at rest,
we have:

(4) v =0 for t=0 and all z > 0.

The solution is obtained as in (12.18), if the principal solution V_ 1S
replaced by a suitable Green’s function. Discuss the resulting velocity
profile »(x) for increasing values of ¢.

EXERCISES FOR CHAPTER III

II1.1. Linear conductor wilh external heat conduction according to
Fourier. Let the initial temperature for z > 0 be u(z,0) = f (:r:): .Ho?v
must this function be continued for z < 0 so that the condition 18
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cu
%-{-?au:(}

satisfied for r = 0?

II1.2. Deduce the normalization condition in anharmonic analysis
by specialization from Green's theorem.

I11.8. Ezxperimental determination of the ratio of outer and inner
heat conductivity. A rod is to be kept at the fixed temperatures u; and wu;
at its ends z = 0 and r = [ and is to be in a stationary state after the
effect of an arbitrary initial state dies out. The flow of temperature
would then be linecar if the lateral surface of the rod were adiabatically
closed. Hence, at the middle section of the rod r = { 2 we would have
temperature u; = (u; + u3),'2. Ience from the measurement of

Ut
7= 2 u,

we can determine the ratio of outer and inner heat conduction
(essentially our constant 4). Deduce the relation between ¢ and h
needed for the evaluation of the measurement; according to the above
q = 1 corresponds to A = 0.

[I1.4. Determination of the ratio of heal conductivily % to electric
conductivity o. A metal rod is to be heated electrically, where the
current 7 per unit of length gives the rod the Joule heat 2%2/ga
(¢ = cross-section of the rod); the rod is to be insulated against lateral
heat conduction. Write the differential equation of the stationary state
and adapt it to the boundary conditions v« = 0 for x = 0 and =z = [
that are realized in water baths. The potential difference V at the
ends of the rod and the maximal temperature " at the mid-section of
the rod are to be measured. From them we are to compute the ratio x/a.
For pure metals this ratio has a universal value (Wiedemann-Franz
law).

EXERCISES FOR CIHAPTER IV

IV.1. Power series expansion of I, (g). Compute this expansion
from the integral representation (19.18)

a) for integral n,

b) for arbitrary n
with the help of a general definition of the I- function.

IV.2. Deduce the so-called circuit relations for HY and HZ for inte-
gral n from the integral representations (19.22).
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IV.3. Compute the logarithmic singularity of Hy(p) at the origin
from the integral representations (19.22).

IV .4. An elemeniary process for the asymplotic approximation to
H.(¢). Verify the asymptotic limiting value of H.(p) by successively
neglecting 1/¢ and the higher powers of 1/o already in the differential
equation. This method is of course dubious from a mathematical point
of view.

IV.5. Expansion of a function f(&, ¢) on the sphere.
a) Expand f first in a trigonometric series in @, and then in
spherical harmonics in cos &#. That is, find the expansions

- OO . o0
S O, em?, C,= X A,,P7 (cos?d)
= — 00 nt=m

f{ﬁr @) =
m
and as combination of both these expansions
— oo < m <+ o9,

1 3, ¢) =X 3 A4,, P} (cos ) ™
1) )= s )™ { oo,

b) Construct f from general surface spherical harmonics Y, and
determine the coefficients from the orthogonality relation for

Y,,,= P™(cos ) e *™?,

that is, find
0o +n .
o)== X Y, , Y,= X A4,, P’(cos?) e'™?%;
n=0 m=—n
and as combination of both expansions:
¢ ’ T i i i p COS !
@ o m L n c < m<+n.

Clarify the apparent dissimilarity in the order of summation in (1) &I}d
(2) by a figure (lattice in the m,n-plane) and show that A,,, and 4,, 10
(1) and (2) formally have the same meaning (by interchanging the order
of summation and integrating).

IV.6. Mapping of the wedge arrangemen! of Fig. 17 wnto c:frcula‘:!:
crescents. Transform the 60°-angle wedge of Fig. 17 by reciprocal radi
with a suitable position of the center of inversion C (see the text for
this figure); the three straight lines 1,-1; 2,-2; 3,-3 then go into three
circular arcs and the angles formed by them go into circular crescents.
Examine the association of these regions and consider the fact that
the Green’s function of potential theory can be obtained for each of
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these regions (spatially speaking they are spherical erescents) by five
repeated reflections.

IV.7. Mapping a) of the plane parallel plate into two tangent spheres,
b) of two concentric spheres into a plane and a sphere. Investigate the
three-dimensional figure into which the plane parallel plate of p. 74
together with its mirror images are transformed upon inversion. The
sphere of inversion is best situated so that it is tangent to the boundary
planes of the plate. Show that the plate i1s thus mapped into the
exterior of two tangent spheres; and its mirror images are mapped Into
the space between two interior tangent spheres. b) Show that two
concentric spheres can be inverted into a plane and a sphere. Hence,
conversely, we can transform the potential of a sphere towards a plane
into the much simpler boundary value problem for two concentric
spheres. The same holds for the potential of two arbitrary non-
intersecting spheres.

IV.8. Evaluation of two expressions involving Bessel functions. In
equation (5) of Appendix I to Chapter IV determine

(D) H, (o) I,(e)— H,(0) I, (0)
and in equation (20b) of the same appendix determine
(IT) Ea(0) Yal) — Lale) wa (@)

EXERCISES FOR CHAPTER V

V.1. Normalization questions. Normalize the functions I,(47)
and y, (k7) of (26.3) and (26.2) to 1 for the basic interval 0 < r < a
with the boundary conditions I;(E a)=0 and 1;::,(16 a) = 0 in analogy
to equation (20.19).

V.2. The Gauss theorem of arithmetic mean wn potential theory.
Prove the theorem: The value of a potential function u at any point P
of its domain of regularity S is equal to the arithmetic mean u of its
values on an arbitrary sphere K,, which has radius a and center P
and which lies entirely in S.

V.8. Summation formulas over the roots of Bessel functions. Verify
that the coefficients 4,,, in the expansion (27.13) equal those of (27.14),
and derive interesting identities for the ¥, from the equality of the
coefficients of IT™ (cos £,) e '™% in these two expansions. These
identities can be rewritten as identities for the ,.
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EXERCISES FOR CHAPTER VI

1"[.1. Vertical and horizontal antenna at the altitude h over an
infinitely conductive ground. Show that the formulas (31.16) and (31.17)
for the two clectric antennas:

etk R et kR’ etkR et k B

|
R ' R

a) HI=1I,=

satisfy the conditions (31.15) for the vanishing of the tangential com-
ponent of E in the entire plane z = 0.

In the same manner show that the formulas (31.19) and {31.20)
for the two magnetic antennas:

= ¥
etk R el k B efkB  ikR

R R’

C) H:Hz':

satisfy the conditions (35.1) for the vanishing of the tangential electric
component.

VI.2. Behavior of the electric force lines for a Zenneck wave in the
neighborhood of the earth's surface. Show that the lines of force in the
air are bent forward, i.c., in the direction of propagation and that the
lines of force in the earth are dragged behind.

VI.3. Simplified computation of the power needed for the vertical and
horizontal antenna. Prove the expressions (36.16) and (36.16a) by
determining the work Ejl done per unit of time by the field strength E
and the current j for the length { of the antenna.



HINTS TFOR SOLVING THE EXERCISES

I.1. The equation which determines the position of the extrema is
(1) cosz 4 cos3x+ -+ cos(2n—1)ax = 0.

If we write this in the form
(2) RE(E‘I—I-EE” G v e ef2n Ty = ()

then we can sum this geometric series.  We obtain finally

sin 2 : 2; 2n—1)

3 mi HI — O L 4 —_— l _1 . .

) 2sin x ’ hence (1) = On’ 2n’ ’ 2n

Due to the denominator in (3) we do not count the points r = 0 and

z=n. Equation (4) proves the statement in the exercise.

I.2. By integrating from 0 to r we obtain a sine series from the
cosine series (2.17): and if in the sine series we set x==m/2 then we
obtained the analogue to the Leibniz series which follows (2.14).
Integrating this sine series we obtain a series in terms of 1 — cosr,

1—cos 3z, ... and setting z=n/2 here we obtain the next analogue
to (2.16), from which we deduce the value of %;. This process can

be continued indefinitely, but it does not seem to lead to a transparent
law for the successive analogues.

1.3. The two processes mentioned in the exercise lead to the series

sin & = E2»(1-—
T

2 5 2
13 cosZ2x — 3=

cos4:r..,)

from which, by setting, e.g., x = 0, we obtain a representation of 13
as a series In the reciproecals of odd integers.

I.4. Consider case a). If in (4.8) we replace r by ¢ and perform
the integration with respect to & we obtain

+ 0 oo
(1) f(t)zi f %wgin(%re‘mlzofa(m)msmtdm.
— 00

where |a (w)| stands for the amplitude of the spectrum of f(¢) with the
frequency @ and, according to (1),

(2) ﬂ(ﬂ_}) — iﬂlﬂ.ﬂlffz

n  wf2

This function has its principal maximum of altitude t/x at w=0,
207
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followed by secondary maxima of decreasing altitudes at intervals with
lengths asymptotically equal to dw = 2 afr.
In case b), where according to the figure we are dealing with a
function f which is odd in ¢, we obtain in the same manner:
~+ 00

oo
f(t):TtI %(1—cusﬂ%;)e‘m:fb(m)ainmtdm;
(3) — Q0 0
1 1—coswt/2 1 sin? w /4
b = — — = — — .
(@) 7T w/2 by w4

Wenow have b(w)=0 for o= 0; the first maximum liesat o ~ 4.7/7;
as before, the subsequent secondary maxima successively decrease in
altitude.

o +T5
—_— e e —— | — e ———1
T+ Vs
a) b
Fig. 33.
a) f(1) = 0 for |?| > 7/2, b) f(t) = 0 for |¢] > 7/2,
f(ty =1 for |¢]| < 7/2. fy=1 for —7/2 <t <0,

—1 for 0 <t << 1/2.

In both cases a) and b) we are dealing with a “grooved spectrum”
that extends to infinity.

In the beginning of the theory of x-rays an attempt was made to
interpret them as ether impulses of the type a) or b). From a spectral
point of view, which is the only one that is physically justified, this is
not a departure from the wave interpretation, but merely an (arbitrary
special) assumption about the nature of the x-ray spectrum.

__________ N}
_____ %
dw
Nl
2
w,=8
Fig. 33c. Schematic representation of the intensity in the spectrum of a wave
2 . . :
process of frequency wy = Tﬂ which breaks off on both sides. Here dw is the

half-value width of the corresponding spectral line. The ruled middle portion of
the spectrum consists of sin?-like oscillations, just like the unruled part.
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For the wave process of length 27 = 2xz7% which breaks off on

both sides (Fig. 33¢c) we start most conveniently from equation {(4.11b)
and find

4 sinwT

oD
(4) () = fb{m} sin w ¢ d, b (w) = = wnh(if)“
0

T

The principal maximum of b lies, as expected, at the frequency w,= 27/

and has the altitude &, = nz/z corresponding to the intensity I, = (?g

and hence increases with increasing length. This principal maximum is
flanked on both sides by secondary maxima of successively decreasing
altitudes at intervals with length asymptotically approaching =z nt;
for all these maxima we have sinw 7 ~1. We seek the two maxima
for which I = 14],, that is, according to (4), those maxima for which
9

(6) w—wti= V22 V2 w2=‘”§(12*1$z_n

ntT nn

The difference of their frequencies is the so-called half-value width of
the corresponding spectral line. If we assume n >>1 then this fre-
quency difference is, according to (5),

(6) .».‘1-:u=l/§ :'2—21{-5-

—— Wy

TR

Hence the half value width decreases with increasing 7 as stated in
the exercise. Only for 77— oo do we obtain an absolutely sharp
spectral line.

1.5. The function f({) of Fig. 33a) for /2 = 1 is known in the
mathematical literature as the Dirichlet discontinuous factor:

o0 1 <1,
(1) p=2 sinmcoswt(}—w—={% [l = 1,
s “ 0 |t >1.
If we set t = 0 here then we obtain the funda{‘nental integral
o + o0
(2) fﬂiﬂmg=£ or (23) f Bi_nmﬂ=ﬂ.
w 2 w
0 — 00

which was used in connection with Fig. 4, p. 11. This can be verified
directly through complex integration: since sinw/w. is analytic on the
real axis and in its neighborhood, we can avoid the point w =0 (e.g., as
in Fig. 34a, p. 301) below the real axis, and we then can decompose (2a)
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into the difference of the integrals

— 1 im@ 1 —lw&u
(3) I-—-Efﬁ P > II € —

21 w

both integrals being taken over the heavy line of the figure. The path
of integration in II can be deformed into the infinite part of the lower
half plane, where the integral vanishes. The path of integration of I
must be deformed into the infinite part of the upper half plane since
exp (i @) vanishes only there; however, it cannot be deformed across
the pole w =0 . The residue at the pole is 2=xi.  This proves (2a)
and hence (2).

Finally, we easily verify that those parts of the path of integration
which in the figure are indicated by short arrows and their dotted
continuations also make no contribution to I and II.

The method of complex integration also serves to extend the state-
ments of the preceding exercise for the wave which is bounded on both
sides. Such a wave can be considered as the superposition of two waves,
which are bounded on one side, of opposite phase, one ranging from
t = —T to t= oo, the other from¢ = +7 to ¢= o0 . However these
processes cannot be represented individually in the Fourier manner,
due to the divergences at t= oo . For this purpose it is necessary to
transfer the path of integration in equation (4) of the preceding exercise
from the real axis into the complex domain (as shown in Fig. 34b), and
then to perform the decomposition. This is explained by the following
transformations which start from equation (4) on p. 299:

o0
f(t)=%fsinwtsium?’ 2 do
0 w _(r_)

2 ¥ dw
= cosw(t—T) —cosw(t+ 7)) —, 2 7\ 2
T w*— (3)
0
+ 0o
=l f (f@@—T) _ galt+ ) do = I-IT,
T mz_(g_’_' :
— 00 T
I }=_lfefmu;|;ﬂ d‘”2 - s
11 * o —(F)

where the integral signs without upper and lower limits are to be taken
over the complex path of Fig. 34b.

We claim that I represents the wave process starting at ¢ = —1
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and II represents that starting at ¢t = + 7. both continuing to ¢ = oo.

i

b
AR

Fig. 34¢. a) Dirichlet discontinuous factor. We prove equation (31 by deform-
ing the path of integration of IT downward, that of 1 upward. bt Wave process
which breaks off on both sides. The complex integrals T and [l represent wave
processes which are bounded on one side.

In order to prove this we set 7 = 0 for simpheity, and show that

4) folt) = — %f&i ox # d{iE;}n)z
w? — (2]
T
is 2 sine wave which starts at ¢t = 0 and continues to t=oo. The
proof is given in a manner similar to that of (3): for ¢t < 0 the path of
integration can be drawn into the infinite part of the lower half plane
and the integral vanishes there. For ¢ > 0 the path of integration

must be drawn into the upper half plane. Due to the poles =+ 2afr
we obtain the residues

_eznilfy

. E—ER“II
2m1

and Qi —
4 ft 7 — 4 /T

so that

: . 2t
fﬂ(t) —_— %(Eﬁﬂilff__ E_Eﬂ{"jTJ — SmT -

This completes the proof.
If instead of starting from (4) we start from

dw
w— 2 nft

(6) fn () = — %{ RE[E“’”

then we see that for the same choice of the path of integration and the
same deformation of this path we obtain the same result as before:

0 t<0,
(6) fo®) m{ainzm /> 0.
T

The interest in this representation lies in the optic theory of dis-
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persion. We 1magine that perpendicularly to the plane z = 0 the
wave (6) enters a medium filling the half space z > 0, and decompose
it according to (5) into partial waves of the form a (w)ef?t. Each of
these waves propagates in the direction of increasing r independently
of all other waves and we represent it here by a (w)exp [i (kz— o ?)].
The wave number & in a dispersion-free medium would be &,= w/c;
due to the induced oscillation of the electrons (numbering N per cm.?)
we have

- w? N e?/m

% i =)}

where w, 1s the proper frequency of the oscillating electrons (for the
sake of simplicity we neglect the damping of these oscillations). Hence
in the infinite part of the -plane we have:

k=k,, ﬂ:m—mt:kux——mt=%(:c-—ct).

Thus the question of whether the path of integration is to be deformed
in the direction of the positive or negative half plane is determined
by the sign of x — c¢t. Since this criterion is independent of e it 1s
the same for all partial waves, so that 2 = ¢f stands for the entire light
stimulation at the point z of the dispersive medium. The head of
our light signal therefore propagates with the vacuum velocity dz/dt = ¢,
not, as one might think, with the phase velocity V = w/k which is char-
acteristic for the dispersive medium. We interpret this in the following
way: the electrons are at rest for ¢ < x/c and start plane oscillation for
t = x’c. The full amplitude corresponding to the incoming oscillation
is attained only at a later time that is determined not by the phase
velocity V but by the group velocity U = dw/dk. The oscillation proc-
esses which precede this time may be called forerunners of the light signal.

1.6. a) Hermite polynomials. Due to the even character of g(z) =e¢™=
and the fact that the interval is — oo < < + oo we see that the
Hermite polynomials, like the spherical harmonics P,, are even or odd
functions of z depending on whether n is even or odd. Considering
this fact and the customary normalization of H, (see exercise) write:

Hﬁ=1, H1=2:]:,, H2=4.T2+ﬂ.’ H3=8m3+br‘ Hd=1'GI'I+CI2+d
and compute the coefficients a, b, ¢, d through a repeated application
of the orthogonality condition (result:

a=—2, b=—12, ¢ =—48, d = + 12).

b) Laguerre polynomials. Due to the weighting factor g(z) = ¢ *
and the fact that the interval is 0 < x < oo the polynomials are no
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longer even or odd. Considering this fact and the customary normaliza-
tion (see exercise) write:

Ly=1, Li=axz+1, Ly=0ba?+cx+ 2, Ly=dx*+ ex?+ fxr+6

and compute the coefficients ab, . . . f as in a) result: a = —1, b = 1,
¢c=—4,d=—1,e=09, f= —18).

I1.1. The differential equation (7.8) to which this exercise relates
is obtained as follows from the theory of beam bending: we start from
the differential equation:

M LY.

cxt Bl cx®
The bending moment M of the exterior static load of the beam is to
be replaced by the moment of the dynamic inertia resistances

J%u
@ G

(e = mass per unit of length of the oscillating beam). Let this beam
be clamped at z = 0 and let the free end be z = [. All the ecross-
sections z < & <! contribute to the bending moment at the cross-
section z, each cross-section with the lever-arm § — z. Hence we have

i {
2 c M Wi . o2 4y, 2
@  M=—p [G—nrds, e [Z@d =l
x i

o

™
(]

2 éx ét? x: 2 -

Substituting this in (1) we obtain (7.8) and for the constant ¢ (of
dimension c¢m.2/sec) we obtain

(3) El
. M .
According to (2) we have at the free end M = :;j— = 0. According to

equation (1) above this means

2u o3 u
4 _ _ xr=1.
) dx? cx3 0

On the other hand the clamping implies
oxr

If we write w= Uei®!, U= e*= then (7.8) yields

, | py
“‘=Eu—, oa=+k and = Xk, k=V_€'
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Hence there are four particular solutions of the differential equation for U:

ek:ﬂ E—RE’ Eik'ﬁ"', G_sz

b ] 2

which for the following can be combined more conveniently into the forms
sinh Arx, cosh krx, sin kx, cos kx.
Hence the general solution becomes
(" = A4 sinh kx + B cosh kx + C sin kx + D cos kx.

According to (4) and (5) there are four relations among the constants
of integration A,13,C,D, from which we obtain through elimination the
transcendental equation

1
M= — —
(6) cos cosh ki

The graphical treatment of this equation in the manner of Fig. 7 yields
an infinity of roots at intervals which asymptotically become

2

- hay 4 -
(') kn-i-l—‘{'nz'z"& wn-%l_'wn:gcn}-z_

For the basic oscillation we have
(7a) k= k,= 1.875/1, w=w,=ckj.

The differential equation of a pipe is the same as that of an
oscillating string, that is equation (7.6) where » = longitudinal velocity
of air, ¢ = velocity of sound. For the pipe which is open on both ends,
or one which is covered at z = 0 and open at r = [ we have the boundary
conditions

ou .
(8a) P =0 forx =0 and z =1 (open pipe)

or

(8h) u=0 for =0, =0 for z = I (covered pipe)

c.:lq.:
8 I=

(due to the hydrodynamic continuity equation ou/éz= 0 means the
same as dpfat=0, that is p = p, = atmospheric pressure which we
assume to hold approximately). Writing »= Ué®¢ for the proper
oscillations we obtain from (8a, b)

(9a) U= Acosk,z, k,=n> w, = ¢ kp,

k, = 3.14/
E H

(gb) UzBﬁiIlkﬂ:E’ kﬂ=(ﬂ+%) 'FT;, wn=ﬂkn, klz 1.57/£-
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The value (7a) of £, lies between the values (9b) and (9a). The sequence
of @ is harmonic for both the open and covered pipe; for the elastic
rod it becomes harmonic only asymptotically for high overtones (see (7)).

I1.2. a) Using the 1dentities

cu Jur cu o ( E"n)
- »

¢ ox* éx ¢xr  ox vt’;*_.r
cu oD v %,

and writing L(«) in the normal form (10.1), we obtamn

X Y
(1) b L+ A v, )= o

ox cy
with

D v ol v
9 . _ N 0L N A
(2) A(u,v,...)= (grad %, grad v) -+ u(a_r + oy l),
(3) X=0 4 Due, Y=0vL+Eur

ox cy

Here A is a bilinear form in the w,v and their first derivatives. If L is
self-adjoint then, because D = E = 0, equation (10.6), we have:

(4) A = (grad u, grad z)— Fuwv,

which 1s symmelric in u and v.
b) If L has the general form (8.1) then we again have equation (1),
but with

bu ov u & u v du &v
5) Afuv..)—= A4 culn PN Lo
B) A(u,v...) AEI8I+B(3$ay+&y3I 5 52
oDv , obv 4 tA ou | 9Bou OB ou .3.9'_3_“)
ﬁLu(@x +E:'Jy — ¥ )+v(c7:;:_3r éx oy cy ox dy 0y
; cu ou e cu
! =2 (4= ou — U Lof Eu).
() x-—*(ﬁax-l-ﬁﬁy-{*l)u), Y v(.BaI—l— T

If L is self-adjoint then, due to (10.6), the expression 4 simplifies to

oz oy ' 2y oy oy | oz oy

A= cu ov B(e?-u ;‘E‘w 3:&(21_1) C?EEE-}—&DHEJA—&EHE-Fuu,
ox oy Oy ox

which is again symmetric in the u and v. This can be further simplified
by taking the terms

sDuv ok uv
oUUY and =
ox ay
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over to the X,Y on the right side of (1). We then obtain:

cU C cu v éu v\ cu v
: A=aP D gl dudey Goudy
. C cu ou cu
(8) v 5$+Bay’ Y v38z+03y

If we now integrate equation (1) over a region S with the boundary
curve C we obtain the most general version of the second form of Green’s
theorem:

(9) JvL(u)ydo+ [A(u,v,...)do= [ {X cos(n, x) + ¥ cos (n, y)} ds.

¢) In order to investigate whether the solution of the differential
equation for a given boundary condition is unique we proceed as in
the case of the equation 4« = 0:

Assuming that for given values of u on the boundary curve C
different solutions wu,,u, exist, we set as in (9)

U =0V = U — U

Then, because of the linearity of L, the first term on the left side of (9)
vanishes. Also, because » = 0 on the curve C, we see by (6) that
X =Y =0 on C, so that the right side of (9) vanishes. Thus (9)

becomes
(10) [ A, u,...)do=0.

If we restrict ourselves to the self-adjoint case and introduce the abbre-
viations ¢ = duféx, 5 = dufdy we obtain
£2 2 F o2 according to (4)

(11) A 2,...)= {A 24+ 2BEn+ Cn®2— Fu* according to (7)

The upper line of (11) contradicts (10) if F(z,y) is negative throughout S;
the second line contradicts (10) if the quadratic form A&+ 2B&y +Cnt
1s defintle and F'(x,y) has the opposite sign throughout S. In both these
cases we conclude from (10) that

(12) u =0 and hence u; = w

that 1s the uniqueness of the boundary value problem.

This 1s identical with the non-existence of ‘‘eigenfunctions” (see
Chapter V). In particular, for the self-adjoint differential equation in
the normal form 4u 4 Fu= 0, where F = const. = k2, we see that

the differential equation

(13) du—i2uw=0
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has no ecigenfunctions in contrast to the equation of the oscillating
membrane

(13a) Au+ kEBu=20,

where the eigenfunctions are of basic interest.

The fact that for the self-adjoint differential equation of elliptic
type the uniqueness question for the bou ndary value problem or the question
about the eristence of eigenfunctions can be decided quite generally on
the basis of the second form of Green's theorem, explains the preferred
role of these differential equations in mathematical physics.

In order to stress the physical importance of equation (13) we
remark that as the Yukawa meson equation it plays the same role in
nuclear physics as is played by the potential equation in electron physics.

11.3. From the conditions a), b), ¢) of the exercise we obtain

(fOI‘ O{x{E...G_=——(l-—-—%):c,

ifur 5{:.::::1...(};:—(1—%)5.

On the other hand the solution of the “boundary value problem’ for u
1s obviously

(1)

(2) u = uy + (g — %p) -':i

Figure 35 represents the lines for G and u. Verify that Green’s equation
(10.12) for one dimension

TR &G
{3) 1[£= u,; (&—x—')i— ‘Hﬂ, (aI )ﬂ

I1.4. According to equation (2) of the exercise, v = vo(t) 18 gi:ven
forz = 0 and ¢ > O: hence the required Gireen’s function G must satisty
the condition:

(1) G=0 for z=0.

This function is obtained from the principal solution V(£ S, 7,
equation (12.16), through reflection on the line z = 0 (see also §13):

Q= Vi, t; £&,1)— V(x, t; —§&,7)
_.[;[:—-&]2 -—-(I+$F
— {4nk(1‘—- t)}"i(exp {4 k{‘r—_ti}_exp {4 k(t—1) })’
and hence for z = 0:

2 G _ & (pa—y)? —¢ ]
(') o~ 2ym e Exp{ﬂ&—t)




308 PARTIAL DIFFERENTIAL EQUATIONS

This value is to be substituted in (12.18) for V/ez, so that we obtain
the tollowing simplification. On the right side we have to cancel the
first term. since according to equation (4) of the exercise we have

=~

Fig. 35. Behavior of Green’s function G with the source point == & and
behavior of the potential function « with the boundary values w,. ;. The figure
at the same time indicates, by the dotted extensions, an elementary construction
of the ordinate of ¢ at the point z = & coincides with (2) if we use the values of G
from (1).

"= 0fort = 0. In the second term the part corresponding to z, = oo
vanishes, so that only the term corresponding to r, = 0 remains, which
according to (12.18) is to be taken negative; in this term the part
multiplied by V vanishes because of (1). Hence, due to equation (2)
of the exercise we have:

(3) v (1) = 5 fvﬂ(t)exp{ — & }( g

2V 7k 4k(z—t)y] (z—0i
0

If instead of ¢ we substitute the variable of integration p= &/}/4k(z—?1)
then we obtain

2 &2 2
4 ’ — — 0 — -2 d
(4) v(§,7) Va ’ v ( 4kp2) e~ dp
EiVa kx

as the final solution of the problem.
In order to discuss (4) we expand

& vy (r) & v, (1) &
() "’“( _4:.:3;2):“’“{‘)_ Y TR TRy T T
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Replacing the variables &7 by rt then we obtain from (4):

z? v, (1) ¢ v (¢)
(6) v, =v0) L) — 13 -7 L&+ 5 gy A=

with the abbreviations

oo
(M) 3= I/::kt , I, ()= i/i?-fe"'dp, I,(2) = ?E—fe"'i:q—.

7T

Here I,(z) is essentially the well known and frequently tabulated
“error integral.”! We have forz = =

(8) LO) =1, I~ ——.
Vr 2
The corresponding statements for I, (z) are
e %
(8a) I, (2)-2*" -0, I, (2)+2°" ~
o A

The expansion (6) is valid for z < 1. For z>> 1 we have:

-2

(9a) ¢

v(x, f) ~ — 0.

The transition between these limiting laws takes place at z
that is, for

I
=

{gb) T 4kt.

The plate flow investigated here is a useful preparation for recent
investigations of the turbulence problem (see v. II, §38).

III.1. According to (13.1) we write

(1) u(z,t) = F{f(é) U (z, &) + f(— & U (z,— ) és.
0

Here j(£&)is given and we have to find f(—§)- For x = 0 we have

o0 _£
) (4ﬂks)iu(o,:)=f{f(s}+f(-— g ye ‘**de,

0

0 d _i
3) @akop (B2 —— [(pe— 10 gg e M

0

If we assume that f(£) can be made continuous at ¢ = 0, that is, that

4) Lim f(— &) = Lim f(+ §) = fo» £ >0,
E—>0 &0

and if we transform the integral in (3) by integrating by parts, then the
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resulting term free of the integral sign vanishes and the right side of (3)
becomes

md _ _ﬂ_
(4a) fd—g-{f{s)—f(—- Eye ‘*tag.
1]

The condition imposed in the exercise for z = 0 is satisfied by the inte-

grands in (2) and (4a). Considering the fact that here d/en 1s the same
as —a/ox , we write:

(5) (j% + ?s)f(— H=X, X= (-é‘% —h) 1®).

The differential equation for f(— &) obtained in this way becomes
integrable if we multiply by exp (8 £) and yields

£
(6) (=& =f(E)—2he-2¢ frn f(n) dy.
0

This expression for f(—¢) is to be substituted in (1). Verify that we
obtain the representation of G in (13.15) if in (1) we now specialize f to a
é- function.

111.2. We are dealing with Green’s theorem (16.6) from which we
are to deduce the normalizing integral (6.3a) by the limit process
Am—> A . Since this integral assumes the form 0/0 we apply de "'Hos-
pital’s rule by first differentiating the numerator and denominator with
respect to A, and then setting 2,, = 1,:

dup dun 4 dun | z=1
din dz ndiy, dz | z=0
dkq '

Ek"ifz_,,

The numerator must be computed for = = I only, since for r = 0 it
vanishes even before we pass to the limit.
According to (16.5) and (16.5a) we obtain

Z
fuidz:—é—(ens“ﬂﬂn+Binﬂ.i.,,:z-—-ﬁl
0

7 sin 4, ﬂcnsl,,n:),
which coincides with (6.4a) if we specialize our present ! to =x.

We performed this calculation mainly in order to be able to use it as
a model in later cases where the normalizing integral cannot be inte-
grated in an elementary manner.

I111.3. In the stationary case equation (16.11) becomes

: v ., o 2h
(1) d:u’ -—2. u, 2— —'E—-.
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From this we obtain as the general solution

u= Ae’® 4+ Be=;
The coefficients A and B are computed from the values

wu=uforr=0u=uforxr=1
We obtain

(2) U = Us Einh AT + iy Sinh l(f — _r)
sinh Al

and, setting z = /2,

uy = (up + ug) sinh 2L/2 _ w + u
sinh 4! 2cosh 4l/2°

The symbol ¢, which was introduced in the exercise now becomes:

(3) g = cosh 417/2.

From this we obtain a quadratic equation for exp (11/2), which yields

(4) ’123 — log (¢ + V@ —1).

According to (1) we also have h expressed in terms of ¢. According to
(13.5) k stands for the ratio of the exterior heat conductivity (which was
denoted there by 4a7T?) to the interior heat conductivity #. Forg =1
we obtain from (4) that & = 0 as required in the statement of the exercise.

IIT . In the stationary state the energy extracted from the.
element of the rod (length dz, cross-section ¢) through heat conduction
must equal the Joule heat generated in the same element. If we express
the current 7 in terms of the potential difference V then we obtain as the
differential equation of the stationary state:

du 14X

— e == (L, Q= - —,
dz? ’ 12

Due to the boundary conditions at the ends of the rod the integration
of this differential equation yields a symmetric parabola as the graph of

the temperature process. We determine a in terms of the maximal
temperature U and obtain:

— e W AR

g 8U

Thus, through measurement of ¥ and U we can verify the empirical law
of Wiedemann and Franz which, according to the theory of metal elec-
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trons, asserts that

* 72/ k\2
a=3(e) 7

where 7" = the absolute temperature, ¥ = the Boltzmann constant,
and e = the electron charge.

IV.1. a) For integral n we can expand the function exp (i e cos w)
of (19.18) in the well known power series. As the coefficients of o* we
then obtain

et (k-n) njf2
T 27 k1 2k

+n
(1) a, f (E“"’ + e-* lﬂ')k etn v dyy .

If we perform the binomial expansion under the integral sign then only
one term remains upon integration, and even that term remains only for
k — n = 0. This result agrees with (19.34).

b) For non-integral n (¢ is assumed real) we substitute in (19.14)

@) t= S ettomsam,  dw— dT"'_
The path W,, which may be assumed rectangular, is then transformed
into the loop of Fig. 37a which starts from + oo, circles the origin in

clockwise direction, and returns to 4+ oo according to the scheme

. T 7T L1 3x . 3n
w=lm_—2" _-2_1 0! +'§l ?I, 21 1m+2}
= 4 oo o 2 8 2@ ¢nja € e

Equation (19.14) then becomes
o*
efn n ~-t+— -n-1
@) Inle) =— 2::?(%) f‘* e db.
S

2 .
If we now expand in exp (%) we again obtain the series (19.34), provided

we use the following general definition of the I-function:

1 etn(z+1)
(4) e . g _——-,-—fe"‘t""‘d!;
I'(z 4+ 1) 27

We can easily verify that this definition coincides with the clementary
definition I'(x 4 1) = z! for integral z by forming residues for ¢t = 0.

IV.2. In order to complete the investigation of the real part of
ipcosw (p. 86) we compute for complex p= |g|ef® the quantity
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1) X =Re(ipcosw)= el [sin (p — @) ¢? —sin (p + O) e 7].

lv] -

In order that X become negative in the infinite part of the upper half
of the w-plane (g >> 1) we must have

2) sin(p —0) < 0.
The shaded strip

—n<p<OU
of Figs. 18 and 19 then shifts into the strip,
— 7 + O < P < 9!

that is, the strip is shifted to the right or left in Fig. 18 according as #
increases or decreases. The opposite holds in the lower half of the
w-plane, where according to (1) we must replace (2) by

3) gin (p + ©) > 0.

For 0 < ® <z (upper
half of the positive ¢-
plane) the shaded regions
of the upper and lower half
planes have finite seg-
ments of the real axis in
common, so that the path
W1, can be situated en-
tirely within the shaded
region. From this follows,
without the use of
the asymptotic formula
(19.55), that H!' vanishes
for o—c in the upper

half plane. Due to this

. _ Fig. 36a. Distortion of the path of integrs}t?nn
shift of the shaded regions W.,of H: into W, for a full circuit around the origin.
we also see that for §

0 >0 >—=n (lower half of the e-plane) the path W, must necessarily
lead across the non-shaded region so that H' becomes infinite as g — oo.
The opposites of both these statements holds for W» and f*=.

Figure 36a illustrates the effect of this shift on a full circuit of e
around the origin with respect to the path Wi. The beginning of W,
has been shifted by 2=z, the end by — 27 thus W, has been distorted
into W,". However W, can be decomposed into three partial paths of
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the same character as the original W,,W; following the symbolic equation

(4) W/ =—Wy,— W,— Wye-27n,
Here — W, is the middle one of the three shaded partial paths of the
figure and it differs from W, in orientation only; — W, is the path on the

right; the path on the left is obtained from W, by replacing wby w—2x ,
thereby changing the factor exp (i »w) in the integrand by the factor
e=?27tn  Thus, as a result of (4) we obtain:

(6) Hy, (ee*™Y) = —H, (9)— Ha(o) (1 + e~274m),
When n isan integer this becomes
(6) H,(¢e*™')=—H,(0)—2H, (o),

which we can rewrite in the form:
(6a) Hy(0e* ) —H, (o) =—2{H, (o) + Ho(0)} =—141,(0).

This change in H} of 41, together with the relation H! = I 4 N corre-
spond to the change in loge of 2z 4 in the formula (19.47) for M.

Figure 36b represents the correspondingly distorted path W’ of H?
for a full positive circuit of ¢ around the origin. This path can be
decomposed into five partial paths of the same character as W, W,
following the symbolic equation:

(7) W;= We+ W, + W, e2nin Woe-37én | W,et3nin,

Here W, is the middle one of the five partial paths, W, is the path adja-
cent on the left, W; e27¢n is the path adjacent on the right, etc. Instead
of (5) we now obtain

(8) Ho(0e®™) = Hp(o) (1 + €7274" 4 e*274m) 4 H (o) (1 + &747).
When 7 1s an integer this becomes

(9) H; (ee*™%) = 8 Hy (¢) + 2 Hy (o),

9a) Hy(ee*™)—H, (o) = 2 (Hp (o) + Ha(0) = 4 L, (o) -

The change (9a) together with the relation H2 = I — N
again correspond to the charge in loge of 2=+ in (19.47).

The equations (5) and (8) are the so-called circuit relations of the
Hankel functions for the angle increment 4@ = 2x. These relations
correspond to the ‘‘relationes inter contiguas” which were established
by Gauss for the hypergeometric functions (see §24). Just as the equa-
tions (6a), (9a) for integral n are obtained from (19.47), the general
relations (5) and (8) can be derived from the representations (19.31) and
(19.30).
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The circuit relations can be generalized from the full cireuits
A®=2ny (v = integer) to half-circuits 40 ==v. or a later applica-

,.M{,e

7? AW
% \
2nin “\

F 5
N
=2

Fig. 36b. Distortion of the path W, of H. into W2’ Fig. 36c. The Ela.lf-
for a full eircuit around the origin. circuit relation for H,.

tion in §32 we discuss the half-circuit relation for y=1 and n = 0.
The relation reads

(10) Hj (g e*™) = — Ho (@)-

For a proof, a look at Fig. 36¢ suffices. For real ¢ the path Wi (indi-
cated by dots and dashes in the figure) leads from the region —z <p <0
to the region 0 <p < +=n; for the present argument get” this path
has been shifted by + = in the upper part and by —= in the lower part,
as indicated by the arrows in the figure. The path W)’ obtained in this
manner is identical with the path W, for H>. But this is the statement of
equation (10).

A relation which is analogous to (10) 1s obtained if we replace
e by ge'=:

(10a) H: (o e~*") = — Ho (o) -

Considering the factor exp (tnw) of the integrand we can generalize
(10) to

(11) H (pet™) = — e~  Ho (),
-{n)

for arbitrary n. or (replacing ¢ by @

(11a) Hi(pe '™ = — et** Hy (o).
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These half-circuit relations can also be derived directly from the
equations (19.30) and (19.31) with the help of the equations

(12) I(e &™) =™ Io(g), I n(e-e™")=eimn I_(g).

which follow from (19.34).
These relations become very simple if we write them for v, (o)
and ¢, (¢) in which the corresponding Hankel and Bessel functions of

index n + 3 with integral » are multiplied by }/2¢/x ; namely we have

(13)  {M(eeEtm) =(—1)"*1 {21 (), Ynl@e2 M = (—1)"*1 y, (o).
In the representation (19.22) for H2(p) we substitute
. 1 dz
= 1pcosw, aw = ————,
z2 + p?

The path W,, which for convenience is to be taken rectangular, is then
transformed into the x-plane according to the scheme

Fig. 37a. The loop integrals for, 1/I"(z + 1) . b. The loop integral for H, (o)
for small p .

T . T T T .
w=-‘§'+‘m: _""2": 0: +§: E"I“"ml
r= — o0 ’ 0, to, 0, - 00 *

We thus have the loop integral of Fig. 37b that begins at the negative
infinite end of the real z-axis, circles the point == i¢ and returns to the
negative infinite end of the real axis; the orientation of this loop is con-
trolled by a small displacement of the real branch of W,. From (19.22)
we then obtain:

+ i@

21 e*dx
H! = 2 S .
(1) o (0) y f V = A

— Q0

This integral is obLtained by the combination of the two branches of
Fig. 37b, where the originally negative sign of the returning branch l}as
been reversed through the complete circuit around the branch point
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z =140 . Through integration by parts with respect to z we obtain

R
23

@  He =2 {Flog(s+ VI + @))emio— ) [ Flog(z+ Yt o) da.

-
— oo
Substituting a = ig in the first term and letting ¢ — 0 in both terms
we obtain

0

N a0 -
(3) Lim1’7&',:1,(@}7—'—‘!la:urgi!r_ur—'—t / ez log 2 z dx.
6= 0 oy | by

— Q0

With the substitution r = — { the last integral becomes
> >
(4) log (—2)+j et log tdt = log (— 2) — C = log (:;:)
0

Here C and y are the quantities defined in (19.41a) (check using the

Laplace integral for the I'-function). Combining (4) and (3) we obtain
from (1):

. 213 Vo 7 2¢ Y0
1 —_ - S | = — L=
(5) ?-EHG(Q} ~ (]og 5 2) — log == + 1.

Due to the relation

Hy=1I,+ 1Ny, LimHy= 1+ 1Lim N,
e—>0 e—0

equation (5) coincides with the equation (19.48) for V.

IV.4. 1. If we neglect 1/p in the differential equation (19.11)
we obtain H,—= A e (A = constant of integration; the solution involv-
ing e—f¢ corresponds to H3).

9 We now consider 4 not as a constant but as a “‘slowly varying
function of ¢ ”’ such that 4',4’/e and 4/e* can be neglected. This
yields a differential equation for 4 (¢), from which we obtain A = B/}/e.

The normalizing constant B cannot, of course, be determined in this
manner.

IV.5. a) According to the equations (1.12), (22.14), (22.31) we
obtain as the coefficients C,, and A, of the exercise:

+ i
om - ﬁf‘f{&"’ 'ipﬂ) e im®s d?’nr

+7

f C,, (Bs) P™ (cos B) sin B dB,
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7T

+7%
— ! . -im
-t t (n—m) f sin 9, dd, f o f (B0, p0) P (couB)e T

(n 4 m)!
0

b) From the scheme for f(3,¢) in the exercise we see that if we
multiply f(#, ®o) by

Y,,= Pl (cosd,) e t#%

and integrate with respect to ¢, then we obtain

+ T

f Jf(ﬁﬂ: ‘Pn} Yv,u d?’n = 2” z An,u P: (CDS'&E)) Pi‘ (Cﬂﬂﬂu) 3
n

-1

Integrating with respect to sin#,d#, A s n=+m
from (22.14) and (22.31) we obtain .
the result o .
[ [ B0®) Yy, dog=2n N 4,,, 5&@\\@ :
After a change in notation (v, x4 instead s g . % .
f n,m) this coincides with the expres- 2 %
O : P ke« =
sion for A,,, in a) except for the order NP 7
of summation (see Fig. 38). “._?'5 ' é ’
In a) the horizontal strips Sty
|m| <n< oo are summed in the ver- T~ .
tical direction, and in b) the vertical ‘.
strips —n <m < +7 are summed in the Y-m N\ n=-m
horizontal direction. In both cases Fig. 33. The double sum in the

the total domain of summation is number lattice of n,m; arranged in
bounded by the lines n = 4 m; thus hnngnntal strips for case a) and in
the sums are the same vertical strips for case b).

IV.6. Again we draw the 60° wedge of Fig. 17 together with its
five reflected images, so that the original wedge lies symmetric with
respect to the horizontal plane. For reasons of convenience we situate
the center of inversion C on the horizontal line through the vertex O
of the wedge and we let the circle of inversion (dotted circle in the figure)
pass through O. Since the point at infinity is mapped into C and Phe
points of intersection O and S; of the line 1 with the circle of inversion
remain fixed, the position of the circle into which the straight line 1, — 1
is transformed is determined by the points O,C,Si. The arcs of the circle
which correspond to the half lines 1 and — 1 are again denoted by 1 and
— 1. The same holds for the line 2, — 2 which is mapped into a circlf:
of the same radius passing through the points 0,C,S.. The line 3, — S
goes into a circle of diameter OC in which the upper and lower semi-
circles correspond to the half lines — 3 and 3.
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Now the wedge 1,2 is mapped into the exterior of the circular diangle
C,S81,1,0,2,8,,C; both regions are indicated by a shading of the boundary.
We now seek the images of the reflected wedges. All these images
are interiors of certain cir- -3

cular diangles (crescents); /

e.g., the wedge 2,3 1s mapped

into the crescent C,8,2,0.3,C, -2 ol
and the wedge — 2, — 1 is = LTI

. e il

mapped into the small lens- s 3 v B
like region C,— 2,0,— 1,C 1n . \
the center of our figure. AN ¢ M

Up to now we have
described the drawing as a X
plane figure and spoken of T
straight lines, circles, circular =/
diangles, etc. However there ,
is nothing that prevents us 2
from interpreting the figure 3
as three-dimensional and to Fig. 39. The wedge 1.2 of the 60° angle 1s

speak of planes and spheres mapped by inversion into the exterior of

. . . C.1.0.2,C of the intersecting spheres 1, —1 and
instead of straight lines and 5’ 5 1o reflected wedges 2.3; 3, —1;. .. are
circles.  These spheres are  mapped into spherical crescents.

then situated with their

centers in the plane of the drawing. The original wedge 1,2 then is
mapped into the exterior of the two intersecting spheres which belong
to the circles 1, — 1 and 2, — 2; in the same manner the reflected
wedges correspond to the regions bounded by two of the spheres 1,2,3.

Just as before, we obtained Green’s function for the wedge from the
elementary reflections in Fig. 17, now in the case of the potential equation
(but only in this case) we obtain Green’s function for the corresponding
circular or spherical regions by finding the “electric image’’ of the given
pole upon inversion on the boundary circles or spheres 1,2,3 and by
giving alternating signs to these poles. For the symmetric structure
of our problem it suffices to have five such electric images in order to
satisfy the boundary condition « = 0 on the boundary of each of the
regions under consideration.

IV.7. a) In the inversion in the sphere K (broken line) of Fig. 40
all the infinite points of the reflecting planes =1, £2, +3, .. . are mapped
into the center of inversion C; thus the planes == 1 go into the spheres
+ 1 and — 1 which are tangent at C and have diameter equal to the
radius @ of the sphere of inversion. Here the exterior of the spheres =+ 1
corresponds to the interior of the plate and the interior of these spheres

LYy
b
’
A
()

‘1
..-"’
4"" I
’ ]
)
L%
Y
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corresponds to the exterior of the plate. The planes + 2 are mapped
into spheres which are again tangent at C but have a diameter of only
a/3. The images of the planes & 3 are in turn spheres which lie in the
interior of the spheres &= 2, have the diameter a/5 and are tangent atC.
The region bounded by two consecutive spheres in this sequence corre-
sponds to a reflected image of the original plate.

-2 -/ + +2

-——

k]
4

-2 -1 ‘ +/ +2

Fig. 40. Inversion of a plane parallel plate and its successive reflected images
into a system of spheres tangent at the center of inversion C.

Green’s function of potential theory for the exterior of two tangent
spheres (e.g., the spheres = 1 of our figure) can be deduced by inversion
from Green's function for the plane parallel plate. The infinitely many
image points of the arbitrarily prescribed pole of Green’s function that
arise in the inversion are situated in the successive spherical regions
mentioned above, and they accumulate at the point C.

b) If the radii of the concentric spheres I and II are a and 2a then
we may choose the radius of the sphere of inversion equal to a and place
its center C on sphere I. Then sphere I is mapped into the plane i,
and II is mapped into a sphere Ky of radius 2a/3; the minimum distance
between Ky; and Ey is a/6. Conversely, E; and Ky are mapped into
the concentric spheres I and II.

For an arbitrary position of the non-intersecting plane E and sphere
K we can proceed in the following way (kindly communicated to me by
Caratheodory): from the center of K we drop the perpendicular L to E;
from the foot F of L we draw tangents (of length ¢) to K and dra:w the
auxiliary sphere H with center F and radius ¢t. As the center of inver-
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sion we choose one of the points of intersection S of L and /. Then L
is transformed into a straight line, /f/ becomes a plane which is per-
pendicular to L, and £ and K be- £,
come spheres which are perpen-
dicular to 4 and L and hence have
their center at the point of inter-
section of H and L, that is, in the
center of inversion. The radius of
inversion remains arbitrary and
determines only the size of the con-
centric spheres.

Instead of £ and K we may
also consider two arbitrary non-
intersecting spheres K, and K, (see
the last statement in the exercise).
In order to transform them into £
two concentric spheres we start from Fig. 41. Two concentric spheres I
the pencil of spheres K, + 2K,=0. and II are transformed through inver-
The pencil contains two spheres of - Jom il e Plne B e jer
radius 0, namely the two poles of
the bipolar coordinate system. If we choose one of these poles as the
center of inversion then all the spheres of the pencil, including K, and
K; are mapped into concentric spheres.

NN

IV.8. Let u; and u; be linearly independent solutions of the differ-
ential equation

Lu) =u' 4+ pu'" +qu=20

of second order, where p and ¢ are arbitrary give’n functions of the inde-
pendent variable o. Then for X = wu; — uu1 we have:
dX
wy L(ug)—up L(uy)= 7~ +2X =0,

hence X — ¢ e-f?4e, C = constant of integration.

a) For the Bessel differential equation (19.11) we have
and hence

X =_Celoge = g
e

If we take u; = H u, = H? then C is determined most simply from the
asymptotic values (19.55), (19.56). We obtain
— 41 — 43

x= 9 G= .
en 7
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Due to I, = } (H. + H?), we see that the expression (I) in the exercise,
where f 1s to stand for H!, equals half the above X, so that

S —_

o
the sign is reversed if A is to stand for H=.

The determination of C becomes somewhat less simple if we start
from o= 0 instead of p = co.

b) In the differential equation (21.11a) we have p=- 2/, and hence

X=Cl? If we take u, =¢,, w,=¢% , then according to (21.14)
we have, for p = oo,

. 1 . ' . 23 .
(2= — ekilo—m+ nafl A== C=—21.
n . 0*

Lo

For the expression (II) we then obtain:

Y2 ’
where the sign depends on whether we set ¢ equal to {® or 2.

V.1. a) Due to I.(ia)= 0 the limit process of (20.9) yields the
normalizing integral

# z
N= _aLim 2O hhGated &, 6010 Ga
e—>0 =& -

instead of (20.19).

With the help of the Bessel differential equation we
obtain

—'1—.. (A2a? — n?) I3 (Aa).

A

N —
Hence if we ‘““normalize 7,(/r) to1” we obtain
. 2 .2 I (/7)
J2at—nt 1, (. a)

b) From the relation (21.11) between , (2) and I, ., (¢) we obtain
for the present normalizing integral

ft

it
a ber 4 ' .
N-::fy:; (k) 12 dr = Ej 12y (kr)rdr.
Lk {

For the boundary condition

’ : ' 1
Y (&ﬁ'} = Vﬁ- (}n+i(l‘ﬂ)—- “—_afn+§(.{1a)) =0
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of the exercise we obtain by a limit process analogous to that of a)

T at 1

Ne = 2 Ly ka { L G b e Ty o)

2k 2 2k
with the help of the Bessel differential equation we may therefore write

¢

N = —1 yo (ka) (B2« —n (0 + 1)};

3

thus the normalized form of ., is

L} £ — J 2 b3 Y (A1) .
H b as— n (” 4= 1) vy, {.E.'H,]

V.2. The proof follows from Green’s theorem

(1) j (wAvr — rdu)dr = f (u :—}L — g) do.

if we set v = 1/r where r stands for the distance of the point of integra-
tion from P. Due to the singularity of » at P we surround P in the
customary manner by a sphere X, of radius ¢—0. If we extend the
integration on the left side over the region bounded by X, and X, , then
the left side vanishes and the right side becomes the sum of the surface
integrals over K, and K, (in both cases n stands for the exterior normal
to the region). By letting ¢ — 0 in the integral over K, we obtain from

(D)

@) 0=4MP_§,3

ud’a--l— f@da
a cn
Hg K,

The third term on the right here vanishes since throughout the interior
of 8 we have du=0. Thus equation (2) proves the theorem of the
arithmetic mean.

V.3. From equation (27.14) and the condition z = U on the sphere
o = a we obtain

(1) Q2 U = EEAan,T (cos B,) e ™ Po ;

n m

Multiplying by ¢** and integrating with respect to ¢, from 0 to =
we obtain:

2n
(2) J’ Uetvodg,= 3 Ap, IT* (cos Po) ;
D k]

multiplying by 17# (cos #,) sin #, and integrating with respect to 8, from
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0to z we have:

n Z2n
(3) [ | U I} (cos D) et # Posin y dB dpo = 4y
0 0

which coincides with (27.13a) except for notation.
Comparing the r-dependence of (27.13) and (27.14) we obtain

1 ’ n
(4 —at 3 P o) ¥ (@) = (2,

The summation extends over all the roots k¥ = k, of the equation
Y, (ka) = 0, whicharethesameastherootsof the equation g, (ka) = 0.
In order to determine the ¥, in terms of the g, we use equation (21.11)

(5) va (@) = |/ 55 Tnss (@)

and the relation (20.19) (which holds for non-integral n, too)
(58) [ Uiy ®nprdr= Sy oy,
0

where & is a root of I,;3(ka)=0, and hence a root of y,(ka)=0.
From (5) and (5a) we obtain:

a
Q [ toneryye 12 ar = 5 1, (k.
0
If we now set ¥, = Ny, and impose the condition
(7) o'F WE(kr) r2dr=1,
we obtain

N2 = 2/a® [y, (ka)I®.

Rewriting the equation (4) in terms of y,., and adopting the notation
o = rofa , we obtain:

wﬂ(knl“ﬂ} — — am
® 2 v )

For n = 0 we have according to (21.11)

sin  _
»
x

Vo (x) =

therefore

in

o (ka)=0 for k=kn,=?, l=—41,1+2,...
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In this particularly simple case equation (8) becomes

+ oo

inln«
9) o (— 1)! sin
>3 z

= —n&.

For « = 1 this yields

T
=-—4-'

which i1s the Leibniz series (2.8). In general we obtain from (2.9) for
z=2na arepresentation of the ““saw-tooth profile”

1 1
1-3+%5~

—l—%[ﬂr—x} - . FO'CT:I*‘:*{—JT,
zsina:—i-amzz—{-ﬁmax-{—-“fﬁr )
—%(H-I-I) L—n-r:::x:-c‘:O.

The reader is asked to verify this as a further exercise for chapter I.
It is apparent, however, that equation (8) for n > 0 contains far deeper
and more general analytic relations.

VI.1. a) Due to the fact that IT has the z-direction and depends
only on z and 2 = x? 4+ y?, we obtain from (31.4)

2
g _0 ol _=zoN

— 2y 9z r oréz

For the form a) of the exercise we have

off z—hd €%  z4hd *%
% - R aR B Y ®m arw F°

which vanishes when z = 0 since then R = R’. Hence the expressions
for E, and E,, which are obtained by differentiation with respect to
z,y or r, also vanish for z = 0.

b) According to (31.4) we now have

o oIl

-— L2 —

E, =t H+3.r ox’
a ofl
E,=5 iz

But since in the form b) /7 vanishes for z = 0, we also have E;and E,
vanishing for all points (z,y) on the earth’s surface.
¢) From (35.1) we obtain

. oI7 : oIl
11&”3?" E,~ —tth@g

E

=
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These derivatives vanish for z = 0, since in the form ¢) 17, 1itself vanishes
forz = 0.
d) From (35.1) we now have

E, =0, E,=tto

But according to the form d) we have

ell, z—h d &* 24 hd e*¥

&z R daR R T RTAR R
which vanishes for z = 0 since then R’ = R.

VI.2. This exercise is instructive not only for the understanding
of Zenneck waves, but also for the general knowledge of electromagnetic
rotational fields and for their representation using complex operators.

From (32.20) according to the prescription (31.4), we obtain forthe
ar

(1) E,=—ipl/p?—k Akjetrz- Vo' -¥x,
E,= p? Ak, efrz-V9'-¥z

These expressions, multiplied by the exponential time factor,
represent an elliptic oscillation as known from optics. Due to the
complex nature of the right sides of (1) the principal axes of the oscilla-
tion ellipse are oblique to the z- and z-direction. If we form the absolute
values of E, and E, together with their negatives, then we obtain the
limits between which E, and E, oscillate, in other words we obtain a
rectangle circumscribed about the ellipse. The ratio of the sides of this
rectangle is given by the absolute value of

E l:2—p?
(')} —F = V p — l‘

E, v

The value 1/n is obtained from the definitions (32.16a) and (32.2) of
pand n. Because |n|>| the rectangle is tall and narrow (See Fig. 42a).
On the other hand, due to (32.20) and (31.7), in the earth we have

E.=+ipyp—pr Ak ptpz+Vo'-kk z,

(3)
E,= P A2 etvztVoi-kpe.

Hence again we have an elliptic oscillation that, is this time, situated
in a rectangle with the ratio of sides given by the absolute value of

() L A
s D

n,
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where n is again obtained from (32.16a) and (32.2). Because |n]>1
the rectangle i1s now broad and squat (See Fig. 42b). The present
ellipse 1s traversed in the opposite sense of the former, as is seen from the
reciprocity of the values n and 1, n in (4) and (2).

Fig. 42. The rotational field of the Zenneck wave a) in the air, narrow ellipse, b)
in the earth, wide ellipse, congruent and of opposite orientation to each other.

If we think of the field in the air as pushing forward with i1ts phase
velocity in the positive z-direction, then the field in the earth appears
to lag behind against the resistance there.

VI.8. The electric field strength at the antenna and in the direction
of the antenna is E=Re{Ee*t}. At an antenna which is short
compared to the wavelength this field strength does the work Ej.dt
in the time df. Hence according to equation (36.20) we have as the time
average of work

. ¥ o C o twn A
IF=3£JRE{E¢‘ ‘} Ref{ie ! ‘]-;.

where r stands for the time of oscillation. With the method given on
p. 271 we obtain

T
W=.%I/(Ee-lml + Elle*iiml) ({e-imt_ "Ei-fwi){g
U

m«L:(_iE+£E*).
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and hence also
(1) W = 2 Re{—iB}.

a) Vertical antenna. From (31.4) and the differential equation of
IT weobtainfor 7T=17I, and E = E,
a* Il 190 elf
— Ju2 —— = — e e P
E_kﬂ+3z2 ror or
We express 17 with the help of equation (32.9) and both ¢*%/R and
¢*® /R' are expressed with the help of (31.14). Since the r-dependence
of these three terms is given by 1,(47), the application of the operator

10 ¢

— s —

r 3;-"5

under the integral sign yields the common factor 4 A2I,(ir), and
hence at the point »r = 0 of the antenna it yields the factor 2. Thus we
obtain from (32.9):

- 23
RE{—iE}=Re{_ i/(g‘#|3-ﬁ|+ﬁ-p{z th)) f_;dj-
(3) 0
r A3dA
21}[ e~ 4 (z+h) HE /~ }'

Since u isreal for 2> % (see p.273), the integral over ¥ <4< oo in
the first line does not contribute to the real part and we can pass to
z = h, that is, to the point of the antenna, without encountering diffi-
culties of convergence. Thus we obtain

k oo

. . }'3 dla . _ a"s 3.3 da].
R — —_ “2uh 2Hh )
(4) Re|{— 1 E} ﬂf t(l+e 47 2] +2RE{1’0[3 g ntu + g o }

If we take the values of these integrals given by (36.13) to (36.17),
substitute (4) in (1), and append the factor (36.22) in order to express
the result in terms of our units, then we obtain the value of W from
(36.23).

b) Horizontal antenna. For II= (II,,I1I,) and E = E, we obtain
from (31.4):
oI, ot

—_ a .
(%) E=#kII + ozt ox 0z

Now according to (33.12) and (33.15) the z-dependence of II. is given
by I,(Ar), and the z-dependence of 1. is given by —f-f.x.(?- ). Hence
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for small x,y we have
22 , x y
fu(lr]=1-1(x“+y")—[—-“, ?II(AT):EI_I“”‘*
and for-r =0

2
(6) (+55) To=5 @r2—2)

These factors 4 (2 k2— 42) and 4/2 appear under the integral signs of the
equations (33.12) and (33.15) in the computation of (5), where for the
first two terms on the right side of (33.12) we have to use (31.4) and
where in (33.15) we have to perform the differentiation with respect to z,
in addition to the differentiation with respect to x (this yields a factor
— u under the integral sign). Thus, instead of (5) we obtain

E=L (282 uleonl _gutzimy g342
2] n
(7

ﬁ ¢ o —— — _

it g kK2 n*p+ pug

0
* 2 2 )
+ _ﬂmm[m-_z A y(,u—.u,{g idA.

U

The first term in [ ] is due to the third term in (33.12), the second
term is due to (33.15). If we form the common denominator of [ ]
and observe that u2z— p% = k2 (n*— 1) (see p. 260), then we obtain

_ A —2ppu,

(= niu 4 pp
Hence for 2 = 0 the second line of (7) becomes identical with the integral
for L in (36.172). If in the first line of (7) we pass to Re {— i E}
according to the procedure of (3), then we can again replace the upper
limit oo by % and carry out the integration as in (36.16a). If we then
pass to our system of units we obtain exactly the expression in (36.23a).
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